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1. 3¢S¯K¥§Cþ�m�'X~äk�5½Cq�5��6'X"
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�!���5£8�.

Cþ�m�'X���©�(½5'XÚ�(½5'Xü�a§ênÚO´?n�(½5

CþÚO5Æ5�Æ�"�5£8�.´�(½5(äk�Å5)Cþ�m'X��Ä���.

��§X<�N­(Y ) ��p(X) �mk�½���'Xµ�X��§Y ���u�§�XØ

Uî�û½Y"�ð�þ(Y ) ��ð¬«(X1)!��þ(X2) Ú�Yþ(X3) k�½�'X§��

ØUî�|^êÆ¼ê'XL�§��m�'X"

±þ~f¥§Ï~¡Y �ÏCþ½�ACþ§¡X�gCþ"Y ��küÜ©|¤µ�Ü

©´U
dXû½�Ü©§§´X�¼ê§P� f(X)¶,�Ü©´dÙ§¯õ�\�Ä�Ï�

�)�K�§¡��ÅØ�§�kµ

Y = f(X) + e, (7.1.1)

ùp e���ÅØ�§b½E(e) = 0"AO§� f(X)´�5¼ê�§f(X) = β0 + β1X§Kk

Y = β0 + β1X + e. (7.1.2)

(7.1.2) ª¡��5£8�.½�5£8�§§Ù¥β0Úβ1��§~ê�β0´£8�� y =

β0 + β1X��å§β1´�Ç"

�k�|��(xi, yi), i = 1, 2 · · ·n§òþã�.^��L«�

yi = β0 + β1xi + ei, i = 1, 2 · · ·n. (7.1.3)

ei��ÅØ�"e^·���O�{¦�β0, β1��O� β̂0Ú β̂1§�\�(7.1.2)¥òØ�� ei^

Ùþ� 0�O§��

Y = β̂0 + β̂1X, (7.1.4)

¡�²�£8�§§§´dn|��*	�¼��"XJ²u�§́ Ü·�£8�§§K(7.1.4)

�x
Y �X�m��''X"
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~7.1.1 ��p(X)�N­(Y )�mkCq£8'X(7.1.2)§eL«Ø
�pX§¤kK�N

­(Y )�Ù¦Ï�(X¢D!Ø !âõ�)§b½N�
n�<��pÚN­��� (xi, yi), i =

1, 2, · · · , n§�Oβ0Úβ1� β̂0 = −40, β̂1 = 0.6§K²�£8�§�

Y = −40 + 0.6X. (7.1.5)

XJ`�p160 cm§��N­ y0 = 56 kg§¡ y0 = 56��p160cm�N­�ýÿ�"

�!õ��5£8�.

¢S¯K¥K�ÏCþ�gCþ  Ø���§XkX1, X2, · · · , Xp−1§K§�kXe�5

'Xµ

Y = β0 + β1X1 + · · ·+ βp−1Xp−1 + e, (7.1.6)

ek�� (xi1, xi2, · · · , xip−1, yi), i = 1, 2, · · · , n§Kk

yi = β0 + β1xi1 + · · ·+ βp−1xi,p−1 + ei, (7.1.7)

ei��ÅØ�§òþã�§|^Ý
Lµ
y1

y2

...

yn

 =


1 x11 x12 · · · x1,p−1

1 x21 x22 · · · x2,p−1

...
...

...
...

...

1 xn,1 xn,2 · · · xn,p−1




β0

β1

...

βp−1

+


e1

e2

...

en

 ,

=µ

yn×1 = Xn×pβp×1 + en×1, (7.1.8)

Ù¥ y�*ÿ�þ§X¡��O
(S.¡{)§β���£8ëê�þ§e´�ÅØ��þ§'

u eÏ~kü«b½µ

(1) Gauss)Markovb½({¡G-Mb½)µE(e) = 0, Cov(e) = σ2I, =µ

(a) E(ei) = 0, i = 1, 2, · · · , n;

(b) V ar(ei) = σ2, i = 1, 2, · · · , n;

(c) Cov(ei, ej) = 0, i, j = 1, 2, · · · , n,�i 6= j.

(2) ��b½µe ∼ Nn(0, σ2I), =e1, · · · , en �pÕá§äk�Ó©ÙN(0, σ2).

e|^��éβ0, β1, · · · , βp−1�Ñ�O§�Oþ� β̂0, β̂1, · · · , β̂p−1§K

Y = β̂0 + β̂1X1 + · · ·+ β̂p−1Xp−1 (7.1.9)

¡�²�£8�§§§´Äý�£ã
Y ÚX1, X2, · · · , Xp−1�m�'X§�I�?1u�"

n!�z��5�.��/

k
�.L¡þ´��5�§�´²L·�C�§�±z��5�.§�we~µ
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~7.1.2 3Í¶�²LÆ�Cobb-Duglas)�¼ê�µ

Qt = aLb
tK

c
t , (7.1.10)

Ù¥ Qt!LtÚKt ©OL«� t c���!NåÝ\Ú]7Ý\§a§b§c �ëê"L¡þ

´(7.1.10)´��5'X§eòü>�éê�

lnQt = ln a + b lnLt + c lnKt,

- lnLt = Xt1, lnKt = Xt2, yt = ln Qt, β0 = ln a, β1 = b, β2 = c§Kk

yt = β0 + β1Xt1 + β2Xt2 + et, t = 1, 2, · · · , T. (7.1.11)

ùÒ=z¤�5�.�/ª"

~7.1.3 õ�ª£8§ÏCþY ÚgCþX�mäke�'X

Y = β0 + β1X + β2X
2 + · · ·+ βkXk + e,

ù´�� kgõ�ª§e-X1 = X, X2 = X2, · · · , Xk = Xk§K

Y = β0 + β1X1 + β2X2 + · · ·+ βkXk + e,

ÒC����5�.�/ª"

5µ/£80�c�d5µ=I)ÔÚOÆ[Galton3ïÄ<a¢D¯K�JÑ/Regression0

�c§¦Â81078éIf�pêâ§̂ X)I��p§Y )�f�p§ü µ=�"r(xi, yi)I3

���I�þ§��¤���§Ù5Æ��µ(1) I��pXO\�§�f�pY �O\§ù�

~£��¶(2) áup�f�@aI���f�²þ�p�'I��²þ�p$§��áuL

�f@aI���f�²þ�p�'I��p"=�N
��y�µ�p�L²þpÝ(1078�

I�²þ�p) x = 68=��§¦���f�²þ�pò$uI���p¶���p$u²þ

pÝx = 68=���f�²þ�p�puI��²þ�p"Golton)ºµ�g,k�«�åå§

<��p�¥m�/£80§Ø¬ü4©z"ùÒ´¤¢�£8�A"

o!A^

é£8�.¤?1�ÚO©Û§Ï~¡�£8©Û"£8©Û�¢SA^8Bå5Ì�k

±eA��¡µ

1. £ãCþ�m�'XµéÑéY k­��''X�ÏCþ§ïá£8�§(CþÀJ)

u�)�ä¤¶

2. ©ÛCþ�m'XµÏLé£8Xê��O§ïá²�£8�§

Y = β̂0 + β̂1X1 + · · ·+ β̂p−1Xp−1.

£8Xêβi��Oþ β̂i (i = 0, 1, · · · , p− 1)���3�½§Ýþ�N
XiéY �K����"

,��¡§A^�
ÚO©Û�{§��±©ÛgCþ�m�3��''X"

3. ýÿµ:ýÿ!«mýÿ"
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§7.2 e Z ý � � £

�!þ��þ����


½Â7.2.1 �X = (X1, X2, · · · , Xn)′�n× 1�Å�þ§K¡

E(X) =
(
E(X1), E(X2), · · · , E(Xn)

)′
��Å�þX�þ��þ§¡n× n �é¡


Cov(X) = E[(X− EX)(X− EX)′] =
(
Cov(Xi, Xj)

)
n×n

��Å�þX����
§Ù¥

Cov(Xi, Xj) = E(Xi − EXi)(Xj − EXj).

� i = j�§Cov(Xi, Xi) = V ar(Xi).

½n7.2.1 �XÚb©O�n× 1�Úm× 1���Å�þ§A´m× n ����ÅÝ
§

PY = AX + b§K

E(Y) = E(AX + b) = AE(X) + E(b).

y²µ�A = (aij)m×n, b = (b1, b2, · · · , bm)′, X = (X1, X2, · · · , Xn)′, Y = (Y1, Y2, · · · , Ym)′,

Kd Y = AX + b ��
Yi =

n∑
j=1

aijXj + bi

E(Yi) =
n∑

j=1

aijE(Xj) + E(bi), i = 1, 2, · · · ,m.

íØ7.2.1 tr[Cov(X)] =
n∑

i=1

V ar(Xi), d?trA L«�
A�,"

½n7.2.2 �Xn×1��Å�þ§KkCov(X) =
(
Cov(Xi, Xj)

)
n×n

≥ 0.

y²µ� c�?���Å�þ§U½Â��y² c′Cov(X)c ≥ 0.PY = c′X§K

V ar(Y ) = V ar(c′X) = E[c′X− c′EX]2

= E[c′
(
X− EX

)(
X− EX

)′
c]

= c′E[(X− EX)(X− EX)′]c

= c′Cov(X)c ≥ 0,

��Cov(X) ≥ 0.

½n7.2.3 �A�m× n
§Xn×1��Å�þ§Y = AX§KCov(Y) = ACov(X)A′.

y² Cov(Y) = E[(AX−AEX)(AX−AEX)′]

= AE[(X− EX)(X− EX)′]A′

= ACov(X)A′.
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½n7.2.4 � X Ú Y ©O� n× 1 �Ú m× 1 ���Å�þ§Ap×n Ú Bq×m �~ê
§

K Cov(AX, BY) = ACov(X,Y)B′.

y² l½ÂÑu"

�!�Å�þ��g.

½Â7.2.2 �X = (X1, X2, · · · , Xn)′, A = (aij)�n× né¡
§K

X′AX =
n∑

i=1

n∑
j=1

aijXiXj

¡��Å�þX��g."

XÛ¦�g.�þ�!��, ·�keã½nµ

½n7.2.5 � X � m× 1 ���Å�þ§�kE(X) = µn×1, Cov(X) = Σn×n§K

E(X′AX) = µ′Aµ + tr(AΣ).

y² X′AX = [(X− µ) + µ]′A[(X− µ) + µ]

= (X− µ)′A(X− µ) + 2µ′A(X− µ) + µ′Aµ,

duE[µ′A(X− µ)] = µ′AE(X− µ) = 0, �k

E(X′AX) = E[(X− µ)′A(X− µ)] + µ′Aµ

= E
[
tr
(
A(X− µ)(X− µ)′

)]
+ µ′Aµ

= trAE[(X− µ)(X− µ)′] + µ′Aµ

= tr[ACov(X)] + µ′Aµ = tr(AΣ) + µ′Aµ.

AOµ

(1) �µ = 0�§E(X′AX) = trAΣ¶

(2) �Σ = σ2I�§E(X′AX) = µ′Aµ + σ2trA¶

(3) �µ = 0,Σ = I�§E(X′AX) = trA.

~7.2.1 ��ÅCþX���oN§E(X) = µ, V ar(X) = D(X) = σ2, X1, X2, · · · , Xn�

ldoN¥Ä����§¦E(S2)§Ù¥S2 =
1

n− 1

n∑
i=1

(Xi −X)2.

)µòQ =
n∑

i=1

(Xi −X)2 = (n− 1)S2L«¤X = (X1, X2, · · · , Xn)′��g.§P1n �¤

k����1�n��þ§KE(X) = µ1n, Cov(X) = σ2In. d	

X =
1
n

n∑
i=1

Xi =
1
n
1
′X

X− 1nX = X− 1
n
1n1

′
nX =

(
In −

1
n
1n1

′
n

)
X = CX,
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Ù¥C = In − 1
n1n1

′
n, ù´��é¡��
,=C2 = C, C ′ = C. l
k

Q =
n∑

i=1

(Xi −X)2 = (X−X1n)′(X−X1n)

= (CX)′CX = X′C2X = X′CX,

d½n7.2.1��

E(Q) = E(X′CX)

= µ2
1
′C1 + σ2tr

(
In −

1
n
11

′
)

= 0 + σ2(n− 1) = σ2(n− 1),

l


E(S2) =
1

n− 1
E(Q) = σ2.

n!õ���©Ù

1. ½Â

d����Ú����©Ù�½ÂN´í2�����/§��e�õ���©Ù�½

Â"

½Â7.2.3 �n��Å�þX = (X1, X2, · · · , Xn)′äk�Ý¼ê

f(x) = (2π)−
n
2 |Σ|− 1

2 exp
{
− 1

2
(x− µ)′Σ−1(x− µ)

}
, (7.2.1)

Ù¥x = (x1, · · · , xn)′, −∞ < xi < ∞, µ = (µ1, · · · , µn)′, Σn×n > 0��½
§K¡�Å�

þX�©Ù�n���©Ù§P�X ∼ Nn(µ,Σ).

N´�yµ

(1) f(x)´�Ý§= f(x) > 0§�
∫ ∞

−∞
· · ·
∫ ∞

−∞
f(x1, · · · , xn) dx1 · · · dxn = 1¶

(2) E(X) = µ, Cov(X) = Σ.

y² (1)�C�Y = Σ− 1
2 (X− µ)§K X = Σ

1
2 Y + µ§|J | =

∣∣∂(x1,··· ,xn)
∂(y1,··· ,yn)

∣∣ = |Σ| 12§l


g(y) = f(Σ
1
2 y + µ) · |J | = (2π)−

n
2 e−y′y/2 =

n∏
i=1

(
1√
2π

e−
yi
2

)
=

n∏
i=1

f(yi).

d?f(yi)´IO���Ý¼ê§ÏdY�n�©þ�éÜ�Ý�uz�©þ��Ý�¦È"u

´Y�n�©þ�pÕá§�Yi ∼ N(0, 1), i = 1, · · · , n. Ï
∫ ∞

−∞
· · ·
∫ ∞

−∞
f(x) dx =

∫ ∞

−∞
· · ·
∫ ∞

−∞
g(y) dy =

n∏
i=1

[ ∫ ∞

−∞
f(yi)dyi

]
= 1.

(2) dC�Y = Σ− 1
2 (X − µ)��

E(Y) = 0, Cov(Y) = Σ− 1
2 Cov(X)′Σ− 1

2 = Σ− 1
2 ΣΣ− 1

2 = I,
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l
dX = Σ
1
2 y + µ ��

E(X) = µ, Cov(X) = Cov(Σ
1
2 Y) = Σ.

2. õ���©Ù�5�

�X ∼ Nn(µ,Σ), ò�þXn×1Úµn×1��A�©¬

Xn×1 =

(
X(1)

X(2)

)
, µn×1 =

(
µ(1)

µ(2)

)
(7.2.2)

Ù¥X(1), µ(1)��p× 1�þ¶X(2), µ(2)þ� q× 1�þ, p + q = n.òX����
ΣkXe©

¬�/ª

Σ =

(
Σ11 Σ12

Σ21 Σ22

)
, (7.2.3)

ùpΣ11�p× p�f�
"

½n7.2.6 (1) �X ∼ Nn(µ, Σ), �X, µÚΣ�©¬©Od(7.2.2)Ú(7.2.3)�Ñ§Ù¥Σ12 =

0, Σ21 = 0, K X(1)ÚX(2)�pÕá§�X(i) ∼ N(µ(i),Σii), i = 1, 2.

£2¤AOeΣ = σ2I, X = (X1, · · · , Xn)′, µ = (µ1, · · · , µn)′, KXi ∼ N(µi, σ
2), ��pÕ

á§i = 1, 2, · · · , n.

y² (1) duX ∼ Nn(µ,Σ),�Ù���
Σ k©¬é��/ª(7.2.3), N´òX��Ý¼

ê©)�Xe/ª

f(x) = f(x(1))f(x(2))

Ù¥f(x(1))Úf(x(2))©O�X(1) ∼ N(µ(1),Σ11)ÚX(2) ∼ N(µ(2),Σ22)��Ý¼ê"

(2) �X ∼ Nn(µ,Σ)§KÙA�¼ê(c.f.)�

ϕ(t) = ϕ(t1, · · · , tn) = E(eit′X) = eit′µ− 1
2 t′Σt =

n∏
j=1

{
eitjµj− 1

2 t2jσ2}
,

�Xj ∼ N(µj , σ
2), ��pÕá§j = 1, · · · , n.

'u���Å�þ��5C����5ke�(Jµ

½n7.2.7 �X ∼ Nn(µ,Σ), A�n× n�_~ê
§b�n× 1~�þ§PY = AX + b§K

Y ∼ Nn(Aµ + b, AΣA′).

y² ^A�¼êy²"

E
(
eit′Y

)
= E

(
eit′(AX+b)

)
= eit′b · E

(
eit′AX

)
(-t′A = t̃′)

= eit′b · E
(
eit̃′X

)
= eit′b · eit̃′µ− 1

2 t̃′Σt̃

= eit′b · eit′Aµ− 1
2 t′AΣA′t = eit′(Aµ+b)− 1

2 t′AΣA′t,
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=Y ∼ N(Aµ + b, AΣA′).

íØ7.2.2 �X ∼ Nn(µ,Σ)§KY = Σ− 1
2 X ∼ Np(Σ− 1

2 µ, I).

'u���Å�þ�>�©Ùke�(Jµ

½n7.2.8 �X ∼ Nn(µ,Σ)§Ù¥X, µ, Σ©¬/ªX(7.2.2) Ú(7.2.3) ¤«§KX(1) ∼

Np(µ(1),Σ11). ÓnX(2) ∼ Nq(µ(2),Σ22). d?p + q = n.

y² 3½n7.2.7¥�

A =

(
Ip 0

−Σ21Σ−1
11 Iq

)
, b = 0,

KY = AX ∼ N(Aµ,AΣA′)§d�

Y = AX =

(
X(1)

X(2) − Σ21Σ−1
11 X(1)

)
, Aµ =

(
µ(1)

µ(2) − Σ21Σ−1
11 µ(1)

)
,

AΣA′ =

(
Σ11 0

0 Σ22·1

)
,

Ù¥Σ22·1 = Σ22 − Σ21Σ−1
11 Σ12§l


Y =

(
Y(1)

Y(2)

)
= AX ∼ Nn

((
µ(1)

∗

)
,

(
Σ11 0

0 Σ22·1

))
,

d½n7.2.6��µY(1) = X(1) ∼ Np(µ(1),Σ11).

5 3þãy²¥§e�

A =

(
Ip −Σ−1

11 Σ12

0 Iq

)
^aq�{�yX(2) ∼ Nq(µ(2),Σ22).

½n7.2.7��±?�Úí2§¼�Xe(Jµ

½n7.2.9 �X ∼ Nn(µ,Σ), Ù¥Am×n�~ê
§R(A) = m < n, K

Ym×1 = AX ∼ Nm(Aµ,AΣA′).

y²µ ÏAm×n��m§3n��5�m�3n − m��þ�Am×n �1�þ©å5�

¤Rn��|Ä�þ§Pùn−m�1�þÝ
�B(n−m)×n§PCn×n =

(
A

B

)
, C�n× n�

_
§d½n7.2.7��Z = CX ∼ N(Cµ,CΣC ′),l


Z = CX =

(
A

B

)
X =

(
AX

BX

)
=

(
Z(1)

Z(2)

)
∼ Nn

((
Aµ

Bµ

)
,

(
AΣA′ AΣB′

BΣA′ BΣB′

))
,

d½n7.2.8��µY = Z(1) = AX ∼ Nm(Aµ, AΣA′).

íØ7.2.3 3½n7.2.9¥§e�A���1�þ=A = c§K c′n×1X ∼ N(c′µ, c′Σc)§=�

���Cþ��5|ÜE���Cþ"
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'u��Cþ�ü��5.�Õá5ke�(J

½n7.2.10 �X ∼ Nn(µ,Σ)§K�AΣB′ = 0�§AXÚBXÕá"

y² Cov(AX, BX) = ACov(X)B′ = AΣB′ = 0§�AXÚBXØ�'§du§�´��C

þ§�Ø�'�Õá�d§ÏdAXÚBXÕá"

o!��Cþ�g.�©Ù

1. χ2
n©Ù�½Â95�

Ñ§�5ênÚO6§2.4.

2. õ���Cþ�g.Ñlχ2©Ù��O�{

½n7.2.11 (1) �X ∼ Nn(0,Σ), Σ > 0 (�½)§KX′Σ−1X ∼ χ2
n. � X ∼ N(µ, Σ)§

K (X− µ)′Σ−1(X− µ) ∼ χ2
n.

(2) �X ∼ Nn(0, I)§An�é¡
§R(A) = r > 0§K�A���
(=A2 = A)�§�g

.X′AX ∼ χ2
r.

y² (1) PY = Σ− 1
2 X§KY = (Y1, Y2, · · · , Yn)′ ∼ Nn(0, I) ⇐⇒ Yi ∼ N(0, 1), ��pÕ

á§i = 1, 2, · · · , n. l
X′Σ−1X = Y′Y =
n∑

i=1

Y 2
i ∼ χ2

n.

�X ∼ Nn(µ,Σ)�§-Y = Σ− 1
2 (X− µ), aq�{�y²(X− µ)′Σ−1(X− µ) ∼ χ2

n.

(2) é¡��
A��� 0= 1§=�3��
Qn×n¦�µ

Q′AQ =



λ1

. . .

λr

0
. . .

0


=



1
. . .

1

0
. . .

0


d=

A = Q

(
Ir 0

0 0

)
Q′ , QΛQ′,

Ïd

X′AX = X′QΛQ′X = Y′ΛY =
r∑

i=1

Y 2
i ,

Ù¥Y = Q′X ∼ Nn(0, I)§l
X′AX =
r∑

i=1

Y 2
i ∼ χ2

r.

íØ7.2.4 (1) eX ∼ Nn(µ, I), A2 = A, A′ = A, R(A) = r§K (X− µ)′A(X− µ) ∼ χ2
r.

(2) eX ∼ Nn(µ,Σ)§Aé¡§R(A) = r§�AΣA = A§K (X− µ)′A(X− µ) ∼ χ2
r.

3. ��Cþ�ü��g.!�g.��5.�Õá5

'u���g.���5.�Õá5ke�(Jµ
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½n7.2.12 � X ∼ Nn(0, I) §eB�m × n
§A�n × né¡
§eBA = 0 §K BX

�X′AX Õá"

y² du A′ = A §- R(A) = r, A é¡§��3��
 Qn×n ¦�

Q′AQ =



λ1

. . .

λr

0
. . .

0


= Λ, d= A = QΛQ′,

P Y = Q′X, KY ∼ Nn(0, I)§Ïdk

X′AX = X′QΛQ′X = Y′ΛY =
r∑

i=1

λiY
2
i = Y ′

(1)ΛrY(1), Yi ∼ N(0, 1), i = 1, 2, · · · , r,

d?Λr = diag{λ1, · · · , λr}, Y(1) = (Y1, · · · , Yr). ¯K=z�� BA = 0 �§BX = BQQ′X =

DY§̄ DY � Y′ΛrY ´ÄÕáº

du X ∼ Nn(0, I) =⇒ Q′X = Y ∼ N(0, In)§= Y1, . . . , Yn iid ∼ N(0, 1)§K

0 = BA = BQQ′AQQ′ = DΛQ′ =⇒ DΛ = 0.

ò D ©¬� D = ( D1 | D2 )§Ù¥ D1 ��ê� m× r§D2 ��ê� m× (n− r)§K

0 =
(

D1 D2

)( Λr 0

0 0

)
=
(

D1Λr 0
)

=⇒ D1Λr = 0,

q Λr �_ =⇒ D1 = 0. ÏdD = ( 0 | D2 )§l


BX = DY =
(

0 D2

)( Y(1)

Y(2)

)
= D2Y2, Ù¥Y(1) =


Y1

...

Yr

 , Y(2) =


Yr+1

...

Yn

 ,

du Y(1) = (Y1, · · · , Yr) � Y(2) = (Yr+1, · · · , Yn) Õá§BX = DY = D2Y(2) �� Y(2) k

'§X′AX = Y ′
(1)ΛrY(1) �� Y(1) k'§��öÕá"

íØ7.2.5 � X ∼ Nn(0,Σ) , K� BΣA = 0 �, BX � X′AX Õá"

y²µP Y = Σ− 1
2 X ∼ Nn(0, I)§K

BX = BΣ
1
2 Y = B̃Y, X′AX = Y′Σ

1
2 AΣ

1
2 Y = Y′ÃY,

d?Ã = Σ
1
2 AΣ

1
2 , B̃ = BΣ

1
2 . d½n7.2.12�(J��µ� B̃Ã = 0 �,�öÕá"

B̃Ã = BΣ
1
2 · Σ 1

2 AΣ
1
2 = BΣAΣ

1
2 = 0 ⇐⇒ BΣA = 0

10



=ù�^�¤á�, BX � X′AX Õá"

'uü���Cþ�g.�Õá5§ke�(Jµ

½n7.2.13 � X ∼ Nn(0, I), A Ú B ��n × né¡
,� AB = 0 ,K�g. X′AX Ú

X′BX Õá"

y²µdAB = 0�� B′A′ = BA = 0,= AB = BA = 0���§Ïd�3ú���
 Q§

¦� A,B Ó�é�z§=

Q′AQ = Λ =


λ1

. . .

λn

 , Q′BQ = ∆ =


µ1

. . .

µn

 ,

Ù¥ λ1, · · · , λn Ú µ1, · · · , µn ©O� A Ú B �A��"

- Y = Q′X ,K Y ∼ Nn(0, In)§Ïdk

X′AX = X′QΛQ′X = Y′ΛY;

X′BX = X′Q∆Q′X = Y′∆Y,

du

0 = AB = QΛQ′Q∆Q′ = QΛ∆Q′ ⇐⇒ Λ∆ = 0

�� Λ Ú ∆ ¥�é��þ�ö�"A��´�m�§=

e Λ =



λ1

. . .

λr

0
. . .

0


§K ∆ =



0
. . .

0

µs+1

. . .

µn


§� s ≥ r,

�k

X′AX = Y′ΛY =
r∑

i=1

λiY
2
i , X′BX = Y′∆Y =

n∑
j=s+1

µjY
2
j .

d Y1, · · · , Yr � Yr+1, · · · , Yn Õá, Ïdk X′AX � X′BX Õá"

íØ7.2.6 � X ∼ Nn(0,Σ) , e AΣB = 0 , K X′AX � X′BX Õá"

y²µP Y = Σ− 1
2 X ∼ Nn(0, In)§K

X′AX = Y′Σ
1
2 AΣ

1
2 Y = Y′ÃY, X′BX = Y′Σ

1
2 BΣ

1
2 Y = Y′B̃Y,

d?Ã = Σ
1
2 AΣ

1
2 , B̃ = Σ

1
2 BΣ

1
2 . l


ÃB̃ = 0 ⇐⇒ AΣB = 0.
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§7.3 £8Xê�LS�O95�

�!�.

� Y �ÏCþ§é Y kK��gCþk p− 1 �§X1, · · · , Xp−1§§��mk�5'X

Y = β0 + β1X1 + · · ·+ βp−1Xp−1 + e, (7.3.1)

e ��ÅØ�§β0, β1, · · · , βp−1 ���£8ëê§β0 ¡�~ê�§β1, · · · , βp−1 ¡�£8Xê"

� (X1, · · · , Xp−1, Y )� n |*	� (xi1, · · · , xi,p−1, yi), i = 1, 2, · · · , n§Kk

yi = β0 + β1xi1 + · · ·+ βp−1xi,p−1 + ei , i = 1, 2, · · · , n. (7.3.2)

Ø� e1, · · · , en ÷vGauss-Markov (G-M) b½µ
(a) E(ei) = 0;

(b) V ar(ei) = σ2;

(c) Cov(ei, ej) = 0, i 6= j.

(7.3.3)

ò�§|(7.3.2)^Ý
L«µ
y1

y2

...

yn

 =


1 x11 x12 · · · x1,p−1

1 x21 22 · · · x2,p−1

...
...

...
...

...

1 xn,1 xn,2 · · · xn,p−1




β0

β1

...

βp−1

+


e1

e2

...

en

 ,

=µ

yn×1 = Xn×pβp×1 + en×1, (7.3.4)

d?e ÷vG-M b½µ

E(e) = 0, Cov(e) = σ2I. (7.3.5)

d? y � n× 1 *	�þ§X � n× p �O
§β �p× 1£8ëê�þ§e �n× 1 �ÅØ��

þ§β Ú σ2 ��§·�8�´¦ β Ú σ2 ��O"

�!LS�O

1. β�LS�O

ëê�þ β ��OkeZØÓ�{§XkMLE�{Ú���¦�O(Least Square estima-

tion,{¡LS �O)�"e¡0�LS�O§QãXeµ3(7.3.4)¥§P e = y −Xβ§¦�

‖ e ‖2= e′e =‖ y −Xβ ‖2= min

12



=�ÅØ��²�Ú������ β ��� β̂ ¡�LS�O§P

Q(β) =‖ y −Xβ ‖2= (y −Xβ)′(y −Xβ) = y′y − 2y′Xβ + β′X ′Xβ,

K

∂Q(β)
∂β

= 0 ⇐⇒ ∂Q(β)
∂β

= −2X ′y + 2X ′Xβ = 0

⇐⇒ X ′Xβ = X ′y. (7.3.6)

(7.3.6) ¡��K�§§� X ′X �_�k��)

β̂ = (X ′X)−1X ′y. (7.3.7)

¯K´)(7.3.7)´Ä¦ Q(β) =‖ y −Xβ ‖2= minºe¡�y�"

‖ y −Xβ ‖2 =‖ (y −Xβ̂) + X(β̂ − β) ‖2

=
[
(y −Xβ̂) + X(β̂ − β)

]′[(y −Xβ̂) + X(β̂ − β)
]

=‖ y −Xβ̂ ‖2 +(β̂ − β)′X ′X(β̂ − β) + 2(β̂ − β)′X ′(y −Xβ̂)

, I1 + I2 + 2I3,

d(7.3.6)ª´� I3 = 2(β̂ − β)(X ′y −X ′Xβ̂) = 0§��

‖ y −Xβ ‖2=‖ y −Xβ̂ ‖2 +(β̂ − β)′X ′X(β̂ − β) ≥‖ y −Xβ̂ ‖2 §é�� β ∈ Rp,

�� β̂ ¦ Q(β) ��4�, �¡ β̂ � β �LS�O"

2. ²�£8�§

ò β̂ �\(7.3.1)ª§e ^Ùþ� 0�O�

Ŷ = β̂0 + β̂1X1 + · · ·+ β̂p−1Xp−1, (7.3.8)

¡�²�£8�§§§£ã
 Y �gCþ X1, · · · , Xp−1 �Cq'X"

~7.3.1 ���5£8"Y ´ÏCþ§�k��gCþ X, §�k�5'X

Y = α + βX + e,

yé (X, Y ) �
 n g*	§��êâ (xi, yi), i = 1, · · · , n§Kk
y1

y2

...

yn

 =


1 x1

1 x2

...
...

1 xn


(

α

β

)
+


e1

e2

...

en

⇐⇒ yn×1 = Xn×2β2×1 + en×1,

13



�K�§�

X ′Xβ = X ′y ⇐⇒

(
n

∑
xi∑

xi

∑
x2

i

)(
α

β

)
=


n∑

i=1

yi

n∑
i=1

xiyi

 ,




| X ′X |=

∣∣∣∣∣ n
∑

xi∑
xi

∑
x2

i

∣∣∣∣∣ = n
n∑

i=1

x2
i −

( n∑
i=1

xi

)2

= n
n∑

i=1

(xi − x̄)2,

Ïd

(X ′X)−1 =
1

n
n∑

i=1

(xi − x̄)2

( ∑
x2

i −
∑

xi

−
∑

xi n

)
,

�\��K�§|��

(
α̂

β̂

)
= (X ′X)−1X ′y =

1

n
n∑

i=1

(xi − x̄)2

( ∑
x2

i −
∑

xi

−
∑

xi n

)
n∑

i=1

yi

n∑
i=1

xiyi

 ,

ÏdβÚα�LS�O�

β̂ =

n∑
i=1

xiyi − 1
n

n∑
i=1

xi

n∑
i=1

yi

n∑
i=1

(xi − x̄)2
,

α̂ = ȳ − β̂x̄.

l
 Ŷ = α̂ + β̂X �¤���²�£8�§"

3. σ2 �LS�O

en×1 = yn×1 −Xβ§ò β ^ β̂ �O�í��þ

ê = y −Xβ̂ ⇐⇒ êi = yi − x′iβ̂,

Ù¥ x′i ´�O
 X �1 i 1�1�þ"̂ ê �� e ��O§g,��^

RSS =‖ ê ‖2= ê′ê =
n∑

i=1

ê2
i (7.3.9)

��ïþ σ2 ���Ýþ§RSS ´í�²�Ú§§����N
¢Sêâ�nØêâ� l§

Ý§�±y² E(RSS) = (n− p)σ2§Ïd

σ̂2 =
1

n− p
RSS =

1
n− p

‖ y −Xβ̂ ‖2= 1
n− p

y′
(
I −X(X ′X)−1X ′)y, (7.3.10)

� σ2 �Ã �O§§¡� σ2 �LS�O"
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e¡|^ y ∼ N(Xβ, σ2I) O�E(RSS).

E(RSS) = E
[
y′
(
I −X(X ′X)−1X ′)y]

= (Xβ)′(I − PX)Xβ + σ2 · tr(I − PX)

= 0 + σ2(n− p) = (n− p)σ2,

d? PX = X(X ′X)−1X ′ �é¡�"
§́ � tr(I − PX) = R(I − PX) = n− p.

n!�5£8�.�¥%zÚIOz

1. ¥%z

3£8©Û�A^¥§·�~~I�r�©*ÿêâ?1¥%zÚIOz§ùé·�?1

ÚO©Û´kÃ�"P

x̄j =
1
n

n∑
i=1

xij , j = 1, · · · , p− 1.

d?X̄j´1j�£8gCþng���²þê"ò�.(7.3.2) ?1U��

yi = β0 + β1xi1 + · · ·+ βp−1xi,p−1 + ei

= (β0 + β1x̄1 + · · ·+ βp−1x̄p−1) + β1(xi1 − x̄1) + · · ·+ βp−1(xi,p−1 − x̄p−1) + ei

= α + β1(xi1 − x̄1) + · · ·+ βp−1(xi,p−1 − x̄p−1) + ei, i = 1, · · · , n. (7.3.11)

^Ý
L«�µ
y1

y2

...

yn

 = α1 +


x11 − x̄1 x12 − x̄2 · · · x1,p−1 − x̄p−1

x21 − x̄1 x22 − x̄2 · · · x2,p−1 − x̄p−1

...
...

...
...

xn,1 − x̄1 xn,2 − x̄2 · · · xn,p−1 − x̄p−1




β1

β2

...

βp−1

+


e1

e2

...

en


d=

yn×1 = α1n×1 + Xcβc + e, (7.3.12)

d? α �~ê�§βc = (β1, · · · , βp−1)′ �£8Xê�þ§Xc � n× (p− 1)�
§¡�¥%z�

O
"N´�y

1
′
nXc = 0. (7.3.13)

ù´Ï� 1
′


x1j − x̄j

...

xnj − x̄j

 =
n∑

i=1

(xij − x̄j) =
n∑

i=1

xij − nx̄j = 0, j = 1, · · · , p− 1.

ò(7.3.12)ªU��

yn×1 = (1 | Xc)

(
α

βc

)
+ e = X̃

(
α

βc

)
+ e,

15



Ïd�K�§�

X̃ ′X̃

(
α

βc

)
= X̃ ′y ⇐⇒

(
n 0

0 X ′
cXc

)(
α

βc

)
=

(
1
′y

X ′
cy

)

�k (
α̂

β̂c

)
=

 1
n

0

0 (X ′
cXc)−1

( 1
′y

X ′
cy

)

u´£8ëê�LS�O� {
α̂ =

1
n

n∑
i=1

yi = ȳ

β̂c = (X ′
cXc)−1X ′

cy.

(7.3.14)

(Øµ¥%z�.LS�O�µ α̂ = ȳ§
 β̂c �À�d y = Xcβc + e ULS�{¦Ñ�)"

~7.3.2 ���5£8(Y)§̂ ¥%z�{¦ α Ú β �LS�O"�¥%z����5£

8�

yi = α + (xi − x̄)β + ei , i = 1, 2, · · · , n.

U¥%z�{

X ′
c = (x1 − x̄, · · · , xn − x̄)

(X ′
cXc)−1 = 1

/ n∑
i=1

(xi − x̄)2.

Uúª(7.3.14)��αÚβ�LS�O�

α̂ = ȳ =
1
n

n∑
i=1

yi,

β̂ = (X ′
cXc)−1X ′

cy =

n∑
i=1

(xi − x̄)yi

n∑
i=1

(xi − x̄)2

l
��²�£8�§

ŷ = α̂ + β̂(X − x̄).

2. IOz

¥%z
��§��±UY�IOzC�"�(7.3.12)ª¥�x�O
Xc�1 j �lÑ§Ý

�þ�

s2
j =

n∑
i=1

(xij − x̄j)2, j = 1, 2, · · · , p− 1.


-IOzC��µ

zij =
xij − x̄j

sj
, i = 1, 2, · · · , n; j = 1, 2, · · · , p− 1. (7.3.15)
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ò¥%zêâ�. yi = α + β1(xi1 − x̄1) + · · ·+ βp−1(xi,p−1 − x̄p−1) + ei �?�ÚU�§��

yi = α +
xi1 − x̄1

s1
(s1β1) +

xi2 − x̄2

s2
(s2β2) + · · ·+ xi,p−1 − x̄p−1

sp−1
(sp−1βp−1) + ei

= α + zi1β
o
1 + zi2β

o
2 + · · ·+ zip−1β

o
p−1 + ei, i = 1, 2, · · · , n.

Ù¥βo
i = siβi, i = 1, · · · , p− 1. ÙÝ
L«�

yn×1 = α1n + Zβo + e.

Ù¥Z = (zij)�n× (p− 1) Ý
, zijd(7.3.15)�Ñ"w,d�Ek

(a) 1
′
nZ = 0;

(b) Z ′Z = R = (rij) �(p − 1) × (p − 1) �
§Ù¥rij = 1
si sj

n∑
k=1

(xki − x̄i)(xkj − x̄j)��

��'Xê§AO rjj = 1.

�·�éù��.¦�
ëê�LS�O

α̂ = ȳ, β̂o = (β̂o
1 , · · · , β̂o

p−1)
′ = (Z ′Z)−1Z ′y

��§K²�£8�§�

ŷ = α̂ +
(X1 − x̄1

s1

)
β̂o

1 + · · ·+
(Xp−1 − x̄p−1

sp−1

)
β̂o

p−1

=
(
α̂−

p−1∑
i=1

x̄i

si
β̂o

i

)
+

p−1∑
i=1

( β̂o
i

si

)
Xi.

~7.3.3 ��Á�Nì��ðøA9þ§¦Ù�±ð§§eL¥gCþ X L«Nì±��

í¥ü �m²þ§Ý(e)§YL«ü �m�Ñ�ðþ(L)"�k25|êâ§¦²�£8�§"

SÒ Y (L) X(e) SÒ Y (L) X(e)

1 10.98 35.3 14 9.57 39.1

2 11.13 29.7 15 10.94 46.8

3 12.51 30.8 16 9.58 48.5

4 8.40 58.8 17 10.09 59.3

5 9.27 61.4 18 8.11 70.0

6 8.73 71.3 19 6.83 70.0

7 6.36 74.4 20 8.88 74.5

8 8.50 76.7 21 7.68 72.1

9 7.82 70.7 22 8.47 58.1

10 9.14 57.5 23 8.86 44.6

11 8.24 46.4 24 10.36 33.4

12 12.19 28.9 25 11.08 28.6

13 11.88 28.1

�ð�§Ý�'X
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)µ¥%z�{dêâ�� ȳ = 9.424, x̄ = 52.60§l
~ê� α Ú£8Xê βc ����

¦�O©O�µ

α̂ = ȳ = 9.424,

β̂c = −0.079 8.

u´²�£8�§�

Ŷ = 9.424− 0.079 8(X − 52.60),

=

Ŷ = 13.623− 0.079 8X. �

o!LS�O�5�

1. £8ëê β �LS�O�Ý

½n7.3.1 � β̂ � β �LS�O§Kk

E(β̂) = β, Cov(β̂) = σ2(X ′X)−1.

y² d β̂ = (X ′X)−1X ′y ��

E(β̂) = (X ′X)−1X ′E(Y ) = (X ′X)−1X ′Xβ = β,

Cov(β̂) = Cov
(
(X ′X)−1X ′y

)
= (X ′X)−1X ′Cov(Y )X(X ′X)−1

= σ2(X ′X)−1X ′X(X ′X)−1 = σ2(X ′X)−1.
�

2. Gauss-Markov ½n

� c � p× 1 �~ê�þ§éu�5¼ê c′β§¡ c′β̂ � c′β �LS�O"Kd½n7.3.1��

E(c′β̂) = c′β, Cov(c′β̂) = σ2c′(X ′X)−1c, (7.3.16)

c′β ¡���¼ê"

½n7.3.2 éu�5£8�. y = Xβ + e, e ∼ (0, σ2I)§��¼ê c′β �¤k�5Ã �

O¥§LS �O c′β̂ ´��äk����ö"

y²µ� a′y � c′β �?��5Ã �O§u´

E(a′y) = a′Xβ = c′β,

dªé�� βp×1 ∈ Rp Ñ¤á§Ó�7k

a′X = c′. (7.3.17)
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·��y² V ar(c′β) ≤ V ar(a′y)§é�� β ∈ Rp¤á"


V ar(a′y) = a′Cov(y)a = σ2a′a,

V ar(c′β̂) = σ2c′(X ′X)−1c,

K

V ar(a′y)− V ar(c′β̂) = σ2a′a− σ2c′(X ′X)−1c

= σ2
(
a′a− a′X(X ′X)−1X ′a

)
= σ2a′

(
I −X(X ′X)−1X ′)a,

ù�duy²eª¤áµ

I −X(X ′X)−1X ′ ≥ 0,


 I −X(X ′X)−1X ′ �é¡��
§ÙA���K§ÏdI −X(X ′X)−1X ′ ≥ 0, �k

V ar(a′y)− V ar(c′β) ≥ 0,

�� β ∈ Rp ¤á§��Ò¤á ⇐⇒
(
I − X(X ′X)−1X ′)a = 0§= a = X(X ′X)−1c§�Ò´

a′y = c′β̂§��5�y"

3. ���5�.e§β Ú σ2 �LS�O�`û5

½n7.3.3 éc¡��5�. y = Xβ + e§e e ∼ N(0, σ2I)§K

(a) β̂ ∼ N(β, σ2(X ′X)−1);

(b) RSS/σ2 ∼ χ2
n−p;

(c) β̂ � σ̂2 �pÕá"

y²µ (a) w,"

(b) -Z = (y −Xβ)/σ, KZn×1 ∼ N(0, I). dd¯¢Ú½n7.2.11��

RSS

σ2
=

y′(I − PX)y
σ2

=
(

y −Xβ

σ

)′
(I − PX)

(
y −Xβ

σ

)
= Z ′(I − PX)Z ∼ χ2

n−p.

(c) òRSS Úβ̂ L«¤Y��g.Ú�5.µ

RSS = y′(I − PX)y = y′Ay, y ∼ N(Xβ, σ2I), β̂ = (X ′X)−1X ′y = By,

|^�g.Ú�5.Õá5�½½n��§�ö�pÕá ⇐⇒ AB′ = 0, 


BA = (X ′X)−1X ′(I − PX)

= (X ′X)−1X ′ − (X ′X)−1X ′X(X ′X)−1X ′

= (X ′X)−1X ′ − (X ′X)−1X ′ = 0,
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�Õá" �

4. ¥%z£8�.� βc Ú σ2 �LS�O�`û5

é¥%z�£8�.µ

y = α1n + Xcβc + e,

ÙLS �O�α̂ = ȳ, β̂c = (X ′
cXc)−1X ′

cy, Kk

(a) E(α̂) = α, E(β̂c) = β,

(b) Cov

(
α̂

β̂c

)
= σ2

 1
n

0

0 (X ′
cXc)−1


(c) ?�Úb½ e ∼ N(0, σ2I), Kk

α̂ ∼ N1

(
α,

1
n

σ2
)
,

β̂c ∼ Np−1

(
β, σ2(X ′

cXc)−1
)
,

� α̂ Ú β̂c �pÕá"

5. E�'Xê

P SS£ = β̂′X ′
cy ¡�£8²�Ú§SSo =

n∑
i=1

(yi − ȳ)2 ¡�?��o²�Ú§½Â

R2 =
SS£
SSo

,

¡��½Xê§§�½£8gCþ X1, · · · , Xp−1 �ÏCþ Y �[Ü§Ý"w, 0 ≤ R2 ≤ 1. R

¡�E�'Xê§R2 ��`² Y �Ã Xi k����''X"

~7.3.4 �â²�§3<��p��^�§ÙÉØÂ Ø y �N­ X1!c# X2 k'§Â

8
13<êâ"Áïá y � X1, X2 �²�£8�§"

SÒ Xi1 Xi2 yi SÒ Xi1 Xi2 yi

1 152 50 120 8 158 50 125

2 183 20 141 9 170 40 132

3 171 20 124 10 153 55 123

4 165 30 126 11 164 40 132

5 158 30 117 12 190 40 155

6 161 50 125 13 185 20 147

7 149 60 123

)µ|^¥%z�.

yi = α + (xi1 − x̄1)β1 + (xi2 − x̄2)β2 + ei, i = 1, 2, · · · , 13.

dþL¥êâO���

x̄1 =
1
13

13∑
i=1

xi1 = 166.8
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x̄2 =
1
13

13∑
i=1

xi2 = 38.85

ȳ =
1
13

13∑
i=1

yi = 130

¥%z�OÝ
�

Xc =



−14.08 11.15

16.92 −18.85

4.92 −18.85

−1.08 −8.85

−8.08 −8.85

−5.08 11.15

−17.08 21.15

−8.08 11.15

3.92 1.15

−13.08 16.15

−2.08 1.15

23.92 1.15

18.92 −18.85


¥%z�K�§ X ′

cXcβc = X ′
cy �{
2 078.92 β1 − 1 533.85 β2 = 1607.00

−1 533.85 β1 + 2 307.69 β2 = −715.00

)�

β̂1 = 1.068, β̂2 = 0.400.

q

α̂ = ȳ = 130,

��²�£8�§�

Ŷ = α̂ + (X1 − x̄1)β̂1 + (X2 − x̄2)β̂2

= 130 + 1.068(X1 − 166.8) + 0.400(X2 − 38.85)

= −62.963 + 1.068X1 + 0.400X2.

·���O�Ñ�½Xê

SS£ = β̂′X ′
cy = 1430.276,

SSo =
13∑

i=1

(yi − ȳ)2 = 1 512,
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�k

R2 =
SS£
SSo

=
1 430.276

1 512
= 0.945 9, R = 0.972 6.

�����5£8[Ü�ûÐ"

§7.4 �å���¦�O

�!�.

�ke��5�. yn×1 = Xn×pβp×1 + en×1§e ∼ (0, σ2I)§Ù¥ëê β Ú σ2 �LS�O

9Ù5�®3 §7.3 ¥0�L"3b�u�¯KÚ�
¢S¯K¥§·�~I�¦��å^�

�LS�O¯K§=k�å^�

Aβ = b (7.4.1)

Ù¥ A � k × p �Ý
§b � k × 1 ��þ(k ≤ p)§A!b �®�§R(A) = k§�(7.4.1)ª���

�N�§|"̂ �(7.4.1)���~f´3£8�.ëê�b�u�¯K¥¦e�u�µ

H0 : β1 = β2 = · · · = βp−1 = 0.

=£8�§�wÍ5u�"òþª^Ý
L«

H0 :


β1 − βp−1 = 0

β2 − βp−1 = 0
...

βp−2 − βp−1 = 0

⇐⇒ H0 :


0 1 0 · · · 0 −1

0 0 1 · · · 0 −1
...

...
...

. . .
...

...

0 0 0 · · · 1 −1




β0

β1

...

βp−1

 =


0

0
...

0

 .

d= H : Aβ = 0§d?R(A) = k = p− 2,

A =


0 1 0 · · · 0 −1

0 0 1 · · · 0 −1
...

...
...

. . .
...

...

0 0 0 · · · 1 −1

 , β =


β0

β1

...

βp−1

 , b =


0

0
...

0

 .

Ïdk�å��5£8�.�{
yn×1 = Xn×pβp×1 + en×1, e ∼ (o, σ2I)

Aβ = b, Ù¥ R(A) = k, =1÷�.
(7.4.2)

�!�å�LS)

½n7.4.1 é�å��5£8�.(7.4.2)§β �k�å�LS)�

β̂r = β̂ − (X ′X)−1A′(A(X ′X)−1A′)−1(Aβ̂ − b),

22



Ù¥ β̂ = (X ′X)−1X ′y ´ §7.3.1 ¥¦Ñ� β �Ã�å�LS)"

y²µò�å^�(7.4.1)©)§P

A =


ã′1
...

ã′k

 , b =


b1

...

bk

 ,

K�å^�(7.4.1)ª�du
ã′1β
...

ã′kβ

 =


b1

...

bk

§= ã′iβ = bi, i = 1, 2, · · · , k. (7.4.3)

- Q(β) = ‖y −Xβ‖2§̄ K=z�3(7.4.3)�å^�e¦ Q(β) ����:§̂ Lagrange¦f

{�E¼ê§P λ′ = (λ1, · · · , λk)§K

F (β, λ) = ‖y −Xβ‖2 + 2
n∑

i=1

λi(ãi
′β − bi)

= (y −Xβ)′(y −Xβ) + 2λ′(Aβ − b)

= y′y + β′X ′Xβ − 2y′Xβ + 2λ′(Aβ − b)

ò¼ê F (β, λ) é β ¦ �ê§�n¿-§��u 0§��
∂F (β, λ)

∂β
= 2X ′Xβ − 2X ′y + 2A′λ = 0

∂F (β, λ)
∂λ

= 2(Aβ − b) = 0

d= {
X ′Xβ −X ′y + A′λ = 0 �

Aβ = b �

d��±��

β̂r = (X ′X)−1X ′y − (X ′X)−1A′λ̂r = β̂ − (X ′X)−1A′λ̂r, (7.4.4)

ò (7.4.4)ª�\��

Aβ̂r = Aβ̂ −A(X ′X)−1A′λ̂r = b

⇐⇒ A(X ′X)−1A′λ̂r = Aβ̂ − b, (7.4.5)

d R(A) = k ��A(X ′X)−1A′ �_�3§�k

λ̂r =
(
A(X ′X)−1A′)−1(Aβ̂ − b). (7.4.6)

ò (7.4.6)ª�£ (7.4.4)ª��

β̂r = β̂ − (X ′X)−1A′(A(X ′X)−1A′)−1(Aβ̂ − b). (7.4.7)
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y3·�y² β̂r (¢´�5�å Aβ = b e β �LS�O"�d·��Iy²Xeü:µ

(a) β̂r ·Ü�å�§§= Aβ̂r = b§w,¤á"

(b) �y²é·Ü (7.4.1)��å^�e��� β§Ñk

‖y −Xβ‖2 ≥ ‖y −Xβ̂r‖2.

�d§·�ò²�Ú ‖y −Xβ‖2 �©)"

‖y −Xβ‖2 = ‖(y −Xβ̂r) + X(β̂r − β)‖2

= ‖y −Xβ̂r‖2 + (β̂r − β)′X ′X(β̂r − β) + 2(β̂r − β)′X ′(y −Xβ̂r)

= I1 + I2 + 2I3,

Ù¥ I3 = (β̂r − β)′(X ′y −X ′Xβ̂r). Ï�

X ′Xβ̂r = X ′X
[
β̂ − (X ′X)−1A′(A(X ′X)−1A′)−1(Aβ − b)

]
= X ′X(X ′X)−1X ′y −X ′X(X ′X)−1A′(A(X ′X)−1A′)−1(Aβ − b)

= X ′y −A′λ̂r,

l


I3 = (β̂r − β)′A′λ̂r = (Aβ̂r −Aβ)′λ̂r = (b− b)λ̂r = 0.

�k‖y −Xβ‖2 = I1 + I2 ≥ ‖y −Xβ̂c‖2, ½ny."

~7.4.1 3U©ÿþ¥§éU�¥n�( :�¤�n�/�n�S� θ1, θ2, θ3 ?1ÿ

þ§���ÿþ�©O� y1, y2, y3§duÿþ�3Ø�§¤±I�é θ1, θ2, θ3 ?1�O§¦

β′ = (θ1, θ2, θ3)′ ��Oþ"

)µ·�|^�5�.L«k'�þµ
y1 = θ1 + e1

y2 = θ2 + e2

y3 = θ3 + e3

θ1 + θ2 + θ3 = π (�å^�)

⇐⇒

{
y = Xβ + e

Aβ = b

d? e1, e2, e3 �ÿþØ�§�

y =


y1

y2

y3

 , β =


θ1

θ2

θ3

 , X =


1 0 0

0 1 0

0 0 1

 , e =


e1

e2

e3

 , A =
(

1 1 1
)

, b = π.
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5¿� β̂ = (X ′X)−1X ′y = y §d½n 7.4.1��

β̂r = β̂ − (X ′X)−1A′(A(X ′X)−1A′)−1(Aβ̂ − b)

=


y1

y2

y3

−


1

1

1


( 1 1 1

)
In


1

1

1



−1( 1 1 1

)
y1

y2

y3

− π



=


y1

y2

y3

− 1
3

( 3∑
i=1

yi − π
)
13,

=θ̂i = yi −
1
3
(y1 + y2 + y3 − π), i = 1, 2, 3 �θik�å�LS)"

§7.5 2Â���¦£GLS¤�O

�!Úó

c¡?Ø£8�.

yn×1 = Xn×pβp×1 + en×1, e ∼ (0, σ2I),

�3Nõ¢S¯K¥Cov(e) = σ2Iù�b½�7¤á§~k Cov(e) = σ2Σ, Σ > 0 (�½)§d�

XÛ¦LS)º(Cov(e) = σ2Σ L«G-Mb½Ø¤á§=§��Ø����UØ��§�ÅØ�

�m�U*d�')"d��.�

yn×1 = Xn×pβp×1 + en×1, E(e) = 0, Cov(e) = σ2Σ, Σ > 0. (7.5.1)

�¦ëê��Oþ§·�F"²L·��C�§òù��.=z¤ §7.3¥?ØL��/"ò (3.5.1)ª

ü>Ó��¦ Σ− 1
2§��

Σ− 1
2 y = Σ− 1

2 Xβ + Σ− 1
2 e

=

ỹ = X̃β + ẽ, ẽ ∼ (0, σ2I). (7.5.2)

Ù¥ ỹ = Σ− 1
2 y, X̃ = Σ− 1

2 X, ẽ = Σ− 1
2 e ∼ (0, σ2I). (7.5.2)����£8�.§d §7.3�� β Ú

σ2 �LS�O� {
β̂∗ = (X̃ ′X̃)−1X̃ ′ỹ = (X ′Σ−1X)−1X ′Σ−1y

σ̂2
∗ = ‖ỹ−X̃β̂∗‖2

n−p = (ỹ−X̃β̂∗)′(ỹ−X̃β̂∗)
n−p = (y−Xβ̂∗)′Σ−1(y−Xβ̂∗)

n−p

(7.5.3)

¡β̂∗ Úσ̂2
∗�β Úσ2�2Â���¦�O§P�GLS �O"

�!Ì�(J
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½n7.5.1 é�5�. (7.5.1) , �β Úσ2 �GLS �Od(7.5.3) �Ñ§Kk

(a) E(β̂∗) = β;

(b) Cov(β̂∗) = σ2(X ′Σ−1X)−1;

(c) é ∀cp×1, c′β̂∗ � c′β �BLU�O¶

(d) σ̂2
∗ � σ2 �Ã �O"

y²µ (a) E(β̂∗) = (X ′Σ−1X)−1X ′Σ−1E(y) = (X ′Σ−1X)−1X ′Σ−1Xβ = β.

(b) ��O���

Cov(β̂∗) = Cov
(
(X ′Σ−1X)−1X ′Σ−1y

)
= (X ′Σ−1X)−1X ′Σ−1 · Cov(y) · Σ−1X(X ′Σ−1X)−1

= σ2(X ′Σ−1X)−1X ′Σ−1 · Σ · Σ−1X(X ′Σ−1X)−1

= σ2(X ′Σ−1X)−1.

(c) ò�.(7.5.1) =�¤(7.5.2), d§7.3 G-M½n��§c′β̂∗ � c′β �BLU�O"

(d) w,"

5µd� c′β̂∗ � c′β �BLU�O§
 c′β̂ = c′(X ′X)−1X ′y E´ c′β �Ã �O§Ï�

E(c′β̂) = c′(X ′X)−1X ′ ·Xβ = c′β§Ïd�Ã �O§�Ø2´�����Ã �O§Ï�d½

n7.5.1(3) �� V ar(c′β̂∗) ≤ V ar(c′β̂).

~7.5..1 2ÂLS�O�{ü��/´� Σ = diag
(
σ2

1 , · · · , σ2
n

)
, d? σ2

1 , σ2
2 , · · · , σ2

n Ø�

��§¦ β �GLS�O"

)µ GLS�O� β̂∗ = (X ′Σ−1X)−1X ′Σ−1y.

P

X =


x̃′1
...

x̃′n

 , x̃′i = (xi1, · · · , xip), y =


y1

...

yn

 ,

Kk

X ′Σ−1X = (x̃1, · · · , x̃n)


σ−2

1 0

. . .

0 σ−2
n




x̃′1
...

x̃′n

 =
n∑

i=1

x̃ix̃
′
i

σ2
i

,

X ′Σ−1y = (x̃1, · · · , x̃n)


σ−2

1 0

. . .

0 σ−2
n




y1

...

yn

 =
n∑

i=1

yix̃i

σ2
i

,

l


β̂∗ = (X ′Σ−1X)−1X ′Σ−1y =

(
n∑

i=1

x̃ix̃
′
i

σ2
i

)−1

·

(
n∑

i=1

yix̃i

σ2
i

)
, (7.5.4)

lù�L�ª·��±wÑ§þª¥ü�Úª©O´X̃iX̃
′
i ÚyiX̃i\�Ú§¤^�“�”Ñ´1

/
σ2

i .

� β̂∗ �¡�\�LS�O"

26



§7.6 � � � 5 b � � u �

�!Úó

�Ä���5£8�.µ

yn×1 = Xn×pβp×1 + en×1, e ∼ Nn(0, σ2I), (7.6.1)

Ù¥ R(X) = p§�!?Ø���5b�µ

H : Aβ = b, (7.6.2)

Ù¥AÚβ©O�m× pÚm× 1 Ý
§R(A) = m (=§1÷�).

� β = (β0, β1, · · · , βp−1)′, ~��u�¯K§��^ (7.6.2)ªL«"~Xµ

1. u�~ê� H : β0 = 0, Ku�¯K�L«�µ

H : Aβ = 0, Ù¥ A = (1, 0, 0, · · · , 0), b = 0 ;

2. u�k�£8Xê�", = H : β1 = · · · = βk = 0, 1 ≤ k < p− 1, Ku�¯K�L«�µ

H : Aβ = 0, Ù¥ A = (0k×1

... Ik

... 0k×(p−1−k)) , b = 0;

3. u�¤k£8Xê�"§= H : β1 = · · · = βp−1 = 0, Ku�¯K�L«�µ

H : Aβ = 0, A = (0(p−1)×1

... Ip−1), b = 0 .

e¡�Ñb�u�g�µé�. (7.6.1)A^LS{§� β̂ � β �LS�O§Kí�²�Ú�

RSS = (y −Xβ̂)′(y −Xβ̂) = y′
(
I −X(X ′X)−1X ′)y, (7.6.3)

Ù¥ β̂ = (X ′X)−1X ′y. RSS �N
¢�êâ��.�[Ü§Ý"RSS ��§[Ü�Ð"

ò (7.6.1)ª\þ�å^�(7.6.2)§¼�k�å^��LS�O

β̂H = β̂ − (X ′X)−1A′(A(X ′X)−1A′)−1(Aβ̂ − b), (7.6.4)

�A�í�²�Ú�µ

RSSH = (y −Xβ̂H)′(y −Xβ̂H), (7.6.5)

êâ�#�. y = Xβ + e, Aβ = b �m[ÜÐ�^ RSSH 5ïþ"d�.¥ β �Cz��

 �
, Ï
í�²�ÚÒ�C�§u´ok RSSH ≥ RSS. XJý��ëê(¢÷v�5b

� (7.6.2)§K\þ�åÚØ\�å^���þ´���§ù�éÃ�å^�Úk�å��.§

êâ�[Ü¬´���§RSSH − RSS A���"�L5§eý�ëêØ÷v (7.6.2)ª§=
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H : Aβ = b Ø¤á§Kù
Cþ��^8\í�²�Ú§� RSSH − RSS A���§Ïdá

ý H. �^ (RSSH −RSS)
/
RSS �é��5û½ (7.6.2)ª´Ä¤á´Ü·�"

5µRSS �O�úª:

RSS = (y −Xβ̂)′(y −Xβ̂)

= y′y + β̂′X ′Xβ̂ − 2β̂′X ′y

= y′y + β̂′X ′y − 2β̂′X ′y = y′y − β̂′X ′y.

�!F u�

½n7.6.1 éu���5£8�. (7.6.1)k

(a)
RSS

σ2
∼ χ2

n−p;

(b) e (7.6.2)ª¤á§K
RSSH −RSS

σ2
∼ χ2

m;

(c) RSS � RSSH −RSS Õá¶

(d) � (7.6.2)¤á�§

FH =
(RSSH −RSS)/m

RSS/(n− p)
∼ Fm,n−p,

ùp Fm,n L«gdÝ©O� m,n � F ©Ù"

y²µ (a)
RSS

σ2
=
( y

σ

)′(
I −X(X ′X)−1X ′)( y

σ

)
∼ χ2

n−p 3½n7.3.3¥yL"

(b) é RSSH ?1©)

RSSH = ‖y −Xβ̂H‖2 = ‖y −Xβ̂ + X(β̂ − β̂H)‖2

= ‖y −Xβ̂‖2 + ‖X(β̂ − β̂H)‖2 + 2(β̂ − β̂H)′X ′(y −Xβ̂)

, RSS + ‖X(β̂ − β̂H)‖2 + 2I,

Ù¥ I = (β̂ − β̂H)′(X ′y −X ′Xβ̂) = 0. ù´du β̂ ÷v�K�§ X ′Xβ̂ = X ′y§� I = 0 ¤á"

�k

RSSH −RSS = (β̂ − β̂H)′X ′X(β̂ − β̂H).

ò β̂ − β̂H = (X ′X)−1A′(A(X ′X)−1A′)−1(Aβ̂ − b) �\�þª�

RSSH −RSS

= (Aβ̂ − b)′
(
A(X ′X)−1A′)−1

A(X ′X)−1X ′X(X ′X)−1A′(A(X ′X)−1A′)−1(Aβ̂ − b)

= (Aβ̂ − b)′
(
A(X ′X)−1A′)−1 ·A(X ′X)−1A′ ·

(
A(X ′X)−1A′)−1(Aβ̂ − b)

= (Aβ̂ − b)′
(
A(X ′X)−1A′)−1(Aβ̂ − b), (7.6.6)

Ïd- Z = Aβ̂ − b§K3H¤á�

Z ∼ Nm

(
0, σ2A(X ′X)−1A′) = Nm(0,Σ).
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Ï� R(A(X ′X)−1A′) = m, �d½n7.2.11��

Z ′Σ−1Z =
(Aβ̂ − b)′

(
A(X ′X)−1A′)−1(Aβ̂ − b)

σ2
=

RSSH −RSS

σ2
∼ χ2

m.

(c) Ï�

RSSH −RSS = (Aβ̂ − b)′
(
A(X ′X)−1A′)−1(Aβ̂ − b),

ò

Aβ̂ − b = A(X ′X)−1X ′(Xβ + e)− b

= (Aβ − b) + A(X ′X)−1X ′e

�\þª�

RSSH −RSS

=
[
e′X(X ′X)−1A′ + (Aβ − b)′

](
A(X ′X)−1A′)−1[

A(X ′X)−1X ′e + (Aβ − b)
]

= e′X(X ′X)−1A′(A(X ′X)−1A′)−1
A(X ′X)−1X ′e

+(Aβ − b)′
(
A(X ′X)−1A′)−1(Aβ − b)

+2(Aβ − b)′
(
A(X ′X)−1A′)−1

A(X ′X)−1X ′e

= e′Me + ∆ + 2c′e,

d?

M = X(X ′X)−1A′(A(X ′X)−1A′)−1
A(X ′X)−1X ′,

∆ = (Aβ − b)′
(
A(X ′X)−1A′)−1(Aβ − b),

c′ = (Aβ − b)′
(
A(X ′X)−1A′)−1(X ′X)−1X ′.

du ∆ �Ø��þ e Ã'§�Ù´��Å�"eP N = I − PX , PX = X(X ′X)−1X ′§5¿�

NX = 0§K

RSS = y′(I − PX)y = (Xβ + e)′N(Xβ + e) = β′X ′NXβ + 2e′NXβ + e′Ne = e′Ne.

Ïd§�y RSSH −RSS � RSS Õá§��y e′Me � e′Ne Õá!c′e � e′Ne Õá=�"Ï

� e ∼ N(0, σ2I)§d §7.3.2 'uü��g.Õá5Ú�5.��g.�Õá5��O�{§�

I�y MN = 0!c′N = 0. 
�â M, N Ú c �½Â9 NX = 0§N´��µ

M ·N = X(X ′X)−1A′(A(X ′X)−1A′)−1
A(X ′X)−1X ′(I − PX) = 0;

c′N = (Aβ − b)′
(
A(X ′X)−1A′)−1(X ′X)−1X ′N = 0,

� RSSH −RSS � RSS Õá"

29



(d) U F ©Ù�½Â§� (7.6.2)¤á§K (a)!(b)!(c)¤á§�k

FH =
(RSSH −RSS)/m

RSS/(n− p)
∼ Fm,n−p,

Ïd� FH > Fm,n−p(α) �Ä½ H, Ù¥ α �u�Y²"d (7.6.6)ª���òþãu�ÚOþ

U��

FH =
(Aβ − b)′

(
A(X ′X)−1A′)−1(Aβ − b)/m

RSS/(n− p)
. (7.6.7)

n!RSSH O���{

�Äb�u�µ

H : Aβ = b

ò§K\��5�.¥�§z¤��Ã�å�£8�.§¡��{�."~Xr�. (7.6.1)�

¤©þ/ªµ

yi = β0 + xi1β1 + · · ·+ xip−1βp−1 + ei. (7.6.8)

e�u� H : β1 = β2 = β3§ù��5b�äk/ª Aβ = 0§Ù¥

A =

(
0 1 −1 0 · · · 0

0 1 0 −1 · · · 0

)
, β′ = (β0, β1, · · · , βp−1).

ò H : Aβ = 0 �\� (7.6.8)ª¥§�

yi = β0 + (xi1 + xi2 + xi3)β1 + xi4β4 + · · ·+ xi,p−1βp−1 + ei, i = 1, . . . n.

^Ý
L«

yn×1 = X̃n×(p−2)α + e, Ù¥ α′ = (β0, β1, β4, · · · , βp−1),

K α �LS�O�

α̂ = (X̃ ′X̃)−1X̃ ′y,

Ùí�²�Ú�

RSSH = y′y − α̂′X̃ ′y. (7.6.9)

qÏ�

RSS = y′y − β̂X ′y,

Ïd

FH =
(RSSH −RSS)/m

RSS/(n− p)
=

(β̂′X ′y − α̂′X̃ ′y)/m

(y′y − β̂′X ′y)/(n− p)
.
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~7.6.1 b�

y1 = β1 + e1

y2 = 2β1 − β2 + e2

y3 = β1 + 2β2 + e3,

Ù¥ e = (e1, e2, e3)′ ∼ N3(0, σ2I). ¦ H : β1 = β2.

)µòêâ�.�¤Ý
/ªXe
y1

y2

y3

 =


1 0

2 −1

1 2


(

β1

β2

)
+


e1

e2

e3

 .

�5b� H �du

H : ( 1 − 1 )

(
β1

β2

)
= 0.

u´§éy3��/ A = ( 1 − 1 ), n = 3, p = 2, m = 1. ´¦��.¥ β �LS�O�

β̂ =

(
β̂1

β̂2

)
= (X ′X)−1X ′y =

(
6 0

0 5

)−1(
y1 + 2y2 + y3

−y2 + 2y3

)
=

 1
6
(y1 + 2y2 + y3)
1
5
(−y2 + 2y3)

 ,

¤±

RSS = y′y − β̂′X ′y =
3∑

i=1

y2
i − 6β̂2

1 − 5β̂2
2 .

�¦ H : β1 = β2 e�í�²�Ú RSSH§ò β1 = β2 = α (=P§��ú��� α )�\��

.§���{�. 
y1

y2

y3

 =


1

1

3

α +


e1

e2

e3

 = X̃α + e.

lù��.·�N´�� α �LS�O (�Ò´ β1 Ú β2 ��åLS�O)�

α̂ = (X̃ ′X̃)−1X̃ ′y =
1
11

(y1 + y2 + 3y3),

u´í�²�Ú�

RSSH = y′y − α̂′X̃ ′y =
3∑

i=1

y2
i −

1
11

(y1 + y2 + 3y3)2.

l
 H �u�ÚOþ�

FH =
(RSSH −RSS)/1

RSS/1
=

RSSH −RSS

RSS
.

� H ¤á�§FH ∼ F1,1. �FH > F1,1(α) ´Ä½H.
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§7.7 £8�§Ú£8Xê�wÍ5u�

�!£8�§�wÍ5u�

ò���5�. (7.6.1)�¤e�/ªµ

yi = β0 + xi1β1 + · · ·+ xip−1βp−1 + ei, i = 1, 2, . . . , n. (7.7.1)

Ù¥ ei ∼ N(0, σ2) ��pÕá. ¦e�u�

H : β1 = β2 = · · · = βp−1 = 0. (7.7.2)

�Ä½ H �`²��k�� βi 6= 0§̀ ²ÏCþY�����gCþk'"e H ��É§̀

²�éuØ�
ó§¤kgCþéÏCþY�K�´Ø­��§£8�§Ã¿Â§­��Cþ

�À\"

u��{Xeµe� A(p−1)×p = ( 0 Ip−1 )§β′ = (β0, β1, · · · , βp−1)′. w, R(A) = p − 1§

K

H : Aβ = 0.

dþ!��u�ÚOþ�

F =
(RSSH −RSS)/(p− 1)

RSS/(n− p)
,

Ù¥ RSS = y′y − β̂′X ′y, β̂ = (X ′X)−1X ′y§XÛ¦ RSSHºò H �\��. (7.7.1)C�

yi = β0 + ei, i = 1, 2, · · · , n ⇐⇒ yn×1 = β01n + e. (7.7.3)

l
 β0 �LS�O�

β̂∗0 = (1′1)−1
1
′y =

1
n

n∑
i=1

yi = y,

éA�í�²�Ú

RSSH = y′y − (β̂∗0)′1′y = y′y − ny2 =
n∑

i=1

(yi − y)2, (7.7.4)

�k

RSSH −RSS = β̂′X ′y − (β̂∗0)′1′y = SS£, (7.7.5)

§L«£8²�Ú�~�þ"u´u�ÚOþ�

F =
SS£/(p− 1)
RSS/(n− p)

. (7.7.6)

P TSS L«o�²�Ú§Kk

TSS = RSS + SS£, (7.7.7)
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Ù¥ SS£ = β̂′X ′y− (β̂∗0)′1′y �A£8gCþ�UCÚåí�²�Ú�UCþ"RSS ´Ø�²

�Ú§�)�ÅØ�!�.Ø�!­�gCþ�¢¦±9��5�é²�Ú�K�"TSS ´o

�²�Ú§(7.7.6)´ò£8²�Ú�Ø�²�Ú?1'�§��éØ����ÒÄ½ H§Ï~

ò²�ÚØ±gdÝ¡�þ�Ú§�e���©ÛL

��
 ²�Ú gdÝ þ � F' wÍ5(p�)

£8 SS£ p− 1 MS£ = SS£/(p− 1) F£ = MS£/MSe

Ø� RSS n− p MSe = RSS/(n− p)

oO TSS n− 1

� F L��Ñ Fp−1,n−p(α) ��§� F > Fp−1,n−p(α) �áý�b�§�duu�� p �

÷v

p = P (Fp−1,n−p > F£|H) < α

�§Ä½ H.

(Øµ (1) �áý H �§̀ ²£8�§k¿Â§Y �gCþ X1, X2, · · · , Xp−1 �N�'§

=��k��gCþ�@�´­��§e�Ú´Å�u�§ww=
gCþ´­��§=
´

Ø­��"

(2) � H ��É§=@� β1 = β2 = · · · = βp−1 = 0§d�kü«�Uµ� �.Ø���§

= F ÚOþ�©1��§=¦gCþé Y k�½K�§�w«ØÑ5"d�E¤©1�� (=

Ø�²�Ú��) �Uk­�gCþ¢¦§§�K�?\� RSS ¥§½öYé,
gCþk�

�5��'X"� £8gCþé Y K�(¢é�§d�A�@�£8�§Ã¿Â"

~7.7.1 uÀz¯K"

eL�ÑuÀzL§��|êâ§Y L«Àz�uM�¥¤¹,��þ§ù´ïþÀz�

Ç��I"X1 L«Ñ\ÀzL§�M�¤¹�,��u�'§X2 L«M�PH�§X3 L«M

��6þ§8�ÏLêâïá Y � X1, X2, X3 �²�'X§ÏL��,
gCþ5JpÀz

�Ç"

�Ä�5'X

Y = β0 + β1X1 + β2X2 + β3X3 + e,

A^���¦{��²�£8�§

Ŷ = 397.087− 110.750X1 + 15.583X2 − 0.058X3.

�
u�£8�§�wÍ5§-

H : β1 = β2 = β3 = 0,
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? Ò X1 X2 X3 y

1 1.50 6.00 1 315 243

2 1.50 6.00 1 315 261

3 1.50 9.00 1 890 244

4 1.50 9.00 1 890 285

5 2.00 7.50 1 575 202

6 2.00 7.50 1 575 180

7 2.00 7.50 1 575 183

8 2.00 7.50 1 575 207

9 2.50 9.00 1 315 216

10 2.50 9.00 1 315 160

11 2.50 6.00 1 890 104

12 2.50 6.00 1 890 110

O�Ñe���©ÛL

��
 ²�Ú gdÝ þ � F' p �

£8 31 156.02 3 10 385.33 23.82 0.000 2

Ø� 3 486.89 8 435.85 � �
oO 34 642.91 11 �

�½Y² α = 0.05§�L� F3,8(0.05) = 4.07§p� = 0.00 2 < α§K·�Ä½ H. @� Y �

X1, X2, X3 k�½'X"X1 �Xê�K�§� X1 O\� Y ~�§� X1 ¢S¿Âgñ§�,

�'O\�§Y �ATO\§@�£8�§k¯K§�©Û�Ï§êâ�P¹kÃ¯K§12�

êâþ��§�O\êâþ2­#O�"

�!£8Xê�wÍ5u�

1. Úó

dþãé£8�§�wÍ5u��?Ø��ée��§

yi = β0 + xi1β1 + xi2β2 + · · ·+ Xi,p−1βp−1 + ei, i = 1, 2, · · ·n.

�u�¯K

H : β1 = β2 = · · · = βp−1 = 0,

eáý H, L²£8�§k¿Â§Y ��� X1, · · · , Xp−1 ��k­�'X"Y äN�=
gC

þk'§�=
gCþ'XØ­�ºI�?�Ú�e�u�

Hi : βi = 0, i = 1, 2, · · · , p− 1.

2. u��¦{
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�.���µ

yn×1 = Xn×pβp×1 + en×1, e ∼ Nn(0, σ2I),

Ù¥ β′ = (β0, β1, · · · , βp−1)′§K β �LS�O� β̂ = (X ′X)−1X ′y§� β̂ ∼ Np

(
β, σ2(X ′X)−1

)
.

eP

(X ′X)−1
p×p = Cp×p = (cij) =


c00 c01 · · · c0,p−1

c10 c11 · · · c1,p−1

...
...

. . .
...

cp−1,0 cp−1,1 · · · cp−1,p−1

 ,

K β̂′ = (β̂0, β̂1, · · · , β̂p−1)′ �©þ÷v

β̂i ∼ N1(βi, σ
2cii), i = 1, 2, · · · , p− 1.


 σ2 �LS�O�

σ̂2 =
‖y −Xβ̂‖2

n− p
=

y′y − β̂′X ′y

n− p
,

Kò β̂i IOz��µ
β̂i − βi

σ
√

cii
∼ N(0, 1).

qòþª¥�σ ^σ̂�O§2dσ̂2� β̂ Õá(Ï
� β̂i Õá)§���Hi�½�k

ti =
β̂i/(σ

√
cii)

σ̂/σ
=

β̂i

σ̂
√

cii
∼ tn−p,

K ti ���u�ÚOþ§� |ti| =
∣∣∣∣ β̂i

σ̂
√

cii

∣∣∣∣ > tn−p

(α

2

)
�Ä½ Hi. ��©ÛLXe

(
IOØ�√

V ar(β̂i) = σ
√

cii

)
µ

Cþ½Xê LS�O IOØ���O ti pi = P (tn−p > |ti|
∣∣Hi)

β0 β̂0 σ̂
√

c00 t0

β1 β̂1 σ̂
√

c11 t1

β2 β̂2 σ̂
√

c22 t2
...

...
...

...

βp−1 β̂p−1 σ̂
√

cp−1p−1 tp−1

� pi < α (½|ti| > tn−p

(
α
2

)
) �§Ä½ Hi : βi = 0.

~7.7.2 (Y~7.7.1). ¦u� Hi : βi = 0, i = 1, 2, 3 (u�Y² α = 0.05).

)µUúª ti =
β̂i

σ̂
√

cii
�� t1 = −7.50, t2 = 3.17, t3 = −2.27, n = 12, p = 4, n − p =

8, α = 0.05, tn−p(α) = t8(0.05) = 2.306§�e���©ÛLµ

35



C þ £8Xê�O� IOØ� σ̂
√

cii ti pi = P (tn−p > |ti|
∣∣Hi)

X1 -110.750 14.762 -7.502 0.000 1

X2 15.583 4.921 3.167 0.013 3

X3 -0.058 0.026 -2.27 0.052 6

é i = 1, 2, k pi < 0.05 (½|ti| > t8(0.025) = 2.306) §Ä½ Hi§=@� β1 6= 0 Ú β2 6= 0 §§�

´k­�K��Cþ"

n!£8Xê βi �«m�O¯K

dc¡í���µβ̂i ∼ N1(β, σ2cii)§��µ

(β̂i − βi)/(σ
√

cii)
σ̂/σ

=
β̂i − βi

σ̂
√

cii
∼ tn−p,

l
k

P

(∣∣∣∣ β̂i − βi

σ̂
√

cii

∣∣∣∣ ≤ tn−p

(α

2

))
= 1− α.

))Ò¥�Ø�ª��βi��&Xê 1− α ��&«m[
β̂i − σ̂

√
ciitn−p

(
α/2

)
, β̂i + σ̂

√
ciitn−p

(
α/2

)]
.

§7.8 ý ÿ ¯ K

�!Úó

�¤�ïÄ��.�

yi = β0 + xi1β1 + · · ·+ xi,p−1βp−1 + ei = x′iβ + ei, i = 1, 2, · · · , n, (7.8.1)

Ù¥e1, · · · , en iid ∼ (0, σ2), β = (β0, β1, · · · , βn)′, xi = (1, xi1, · · · , xi,p−1)′, i = 1, · · · , n. c¡

?Ø
 β Ú σ2 �LS�O!u�Ú«m�O¯K",��¯K´e®�

x′0 = x′n+1 = (1, xn+1,1, · · · , xn+1,p−1),

¯ y0 = yn+1 ���UÄÏL x′0 
¼�ºùkü«�/µ

(1) ��Òvk�Á�§�á�Ù3Á�:	,?§y ¬��o�º

(2) Á�´�
§�k�½±Ï§X�ð��Â¼§�ýÿ�ð�þ"

y0 �L«�

y0 = x′0β + e0, e0 ∼ (0, σ2). (7.8.2)

�ýÿ�ÅCþ y0 ��§y0 küÜ©µ
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(1) x′0β ��§̂ β̂ �O β§Ï
^ x′0β̂ ýÿ x′0β ��;

(2) e0��§duE(e0) = 0, �^ 0 ýÿ e0 ��"

¤±^

ŷ0 = x′0β̂ (7.8.3)

�� y0 �ýÿ�¡�:ýÿ"

ýÿ¯K��O¯K�ØÓ:Xeµ

(1) �O¯K¥���´��ëê"X β0, βi, σ2 ½Ù¼ê x′β �§§�´��Å�"
ý

ÿþ y0 ´���ÅCþ§
Ø´��ëê"

(2) l°Ýþùýÿþ�°Ý�'�Oþ�°Ý�"y0 = x′0β + e0 Ú µ0 = x′0β �ö�ý

ÿþÚ�Oþ�^ x′0β̂ L«§�°ÝØÓ"y0�ýÿþküÜ©|¤µ̂ x′0β̂ �O µ = x′0β k

Ø�¶̂ 0 �ýÿ e0 �kØ�§§'�O¯Kõ�­ýÿØ�"

�!ýÿ��5�

1. ŷ0 = x′0β̂ � y0 �Ã ýÿ§= E(ŷ0 − y0) = 0§ù´Ï�

E(ŷ0) = x′0β , E(y0) = x′0β =⇒ E(ŷ0 − y0) = x′0β − x′0β = 0.

2.^G-M½n§�y ŷ0 � y ����5Ã ýÿ¥����ö"̄ ¢þb�a′y ´y0�?

��5Ã ýÿ§KE(a′y) = E(y0) = x′0β, Ïda′y�±w�x′0β����5Ã �O"
ýÿ

þ ŷ0 = x′0β̂ ��À� x′0β ����5Ã �O§��âG-M½n§ok

V ar(a′y) ≥ V ar(x′0β̂).

ùÒy²
·��(Ø"

5µy0 �ýÿþ�ëê¼ê µ0 = x′0β �LS�O µ̂o = x′0β̂ L�ª�Ó§§��¢S¿Â

´ØÓ�"Ú?ýÿ � d1 = ŷ0 − y0 Ú�O � d2 = µ̂0 − µ0 = µ̂0 − x′0β O�§����

V ar(d1) = V ar(ŷ0) + V ar(y0) = σ2x′0(X
′X)−1x0 + σ2 = σ2

(
1 + x′0(X

′X)−1x0

)
; (7.8.4)

,��¡

V ar(d2) = V ar(µ̂o) = σ2x′0(X
′X)−1x0 < V ar(d1).

ù���O5
u�ýÿþy0´�ÅCþ§
��OþX ′
0β´��ÅCþ"

n!«mýÿ

e?�Úb½ e1, e2, · · · , en Ú e0 = en+1 iid ∼ N(0, σ2) §Kdc¡�O���

ŷ0 − y0 ∼ N
(
0, σ2(1 + x′0(X

′X)−1x0)
)
,
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� ŷ0 − y0 Ú σ̂2 = ‖y −Xβ̂‖2/(n− p) �pÕá"ò ŷ0 − y0 IOz�

ŷ0 − y0

σ
√

1 + x′0(X ′X)−1x0

∼ N(0, 1),

òþª¥� σ ^ σ̂ �O§��

ŷ0 − y0

σ̂
√

1 + x′0(X ′X)−1x0

∼ tn−p, (7.8.5)

é���αk

P

(
|ŷ0 − y0|

σ̂
√

1 + x′0(X ′X)−1x0

≤ tn−p

(α

2

))
= 1− α.

dd�� y0 � 1− α �ýÿ«m�[
ŷ0 − tn−p

(α

2

)
σ̂
√

1 + x′0(X ′X)−1x0, ŷ0 + tn−p

(α

2

)
σ̂
√

1 + x′0(X ′X)−1x0

]
.

~7.8.1 (Y~7.7.1). éuÀz¯K¥®ïá²�£8�§§¦y0 = x′0β + e �VÇ�95%

�ýÿ«m§Ù¥ x′0 = (1, 1.5, 7.50, 1315).

)µ�\O���

ŷ0 = 397.087− 110.750× 1.5 + 15.583× 7.50 + (−0.058)× 1315 = 271.564,

σ̂ = (435.682)
1
2 = 20.88, n− p = 8, t8(0.025) = 2.306,

K y0 �ýÿ«m�[
ŷ0 − t8(0.025)σ̂

√
1 + x′0(X ′X)−1x0, ŷ0 + t8(0.025)σ̂

√
1 + x′0(X ′X)−1x0

]
= [215.756, 326.609].

SK

1. �X1, ..., Xn��ÅCþ§Y1 = X1, Yi = Xi−Xi−1, i = 2, 3, ..., n.PX = (X1, ..., Xn)′, Y =

(Y1, ..., Yn)′

(a) eCov(X)=I,Ù¥I �n �ü 
§¦Cov(Y).

(b) eCov(Y)=I, ¦Cov(X).

2. �XÚY�äk�Ó���ü�Õá�ÅCþ§y²µCov(X+Y,X–Y)=0.

3. �Xn×1, Ym×1 þ��Å�þ§Cov(X) > 0 (=��½
), ¦~êÝ
An×m§¦�

Cov(X, Y −AX) = 0.

4. ��ÅCþX1, ..., Xn �pÕá§äkú�þ�θ Ú��σ2, ½ÂQ = (X1 − X2)2 + ... +

(Xn−1 −Xn)2, ¦E(Q).
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5. �Xi ∼ Np(µi,Σi) i = 1, 2, �pÕá§�a, b �~ê§y²

aX1 + bX2 ∼ Np

(
aµ1 + bµ2, a

2Σ1 + b2Σ2

)
.

6. �X1, ..., Xn�pÕá§�þÑlN(0, σ2),y²

X =
1
n

n∑
i=1

Xi �
n−1∑
i=1

(Xi −Xi+1)2

�pÕá"

7. �X = (X1, X2, X3)′ ∼ N3(µ,Σ), Ù¥

µ = (2, 1, 2)′, Σ =


2 1 1

1 3 0

1 0 1

 ,

¦Y1 = X1 + X2 + X3 �Y2 = X1 −X2 �éÜ©Ù"

8. �X = (X1, X2, X3)′ ∼ N3(µ,Σ), Ù¥

Σ =


1 ρ 0

ρ 1 ρ

0 ρ 1

 ,

Á¯ρ ��o���ÿX1 + X2 + X3�X1 −X2 −X3 Õáº

9. ®�X ∼ Nn(µ, I).

(a) ¦Y1 = α′X ÚY2 = β′X �éÜ©Ù§Ù¥α, β ��n× 1 ���Å�þ(α 6= kβ);

(b) eα′β = 0, y²Y1 ÚY2 Õá.

10. y²5ênÚO61�ÙSK16.

11. �X ∼ Nn(µ,Σ)§A´n× né¡
§R(A)=r,y²�AΣA = A�§(X − µ)′A(X − µ) ∼ χ2
r,

Ù¥r �Ý
A ��"

12. �X ∼ Nn(µ,Σ), Á�Ñ�g.(X − µ)′A(X − µ) �(X − µ)′B(X − µ) Õá�^�"

13. �X�����©Ù§Ù�Ý¼ê�

f(x1, x2) = k−1exp
{
− 1

2
(x2

1 + 2x2
2 − x1x2 − 3x1 − 2x2 + 4)

}
,

¦E(X) 9Cov(X).

14. |^�g.�þ�9����©Ù, O�È©∫ ∞

−∞

∫ ∞

−∞
(x2 + xy + 3y2)exp{−(x2 + 2xy + 2y2)}dxdy.
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15. �
�	,«�ZÔn��FY5§Sü
�1Á�§ÿ�/`�ßÝ0X 9/ �z

Ý0y �êâXe

x 18 20 22 24 26 28 30

y 26.86 28.35 28.75 28.87 29.75 30.00 30.36

d¢S²�ÚnØ���öCq�5'X"

(a) ¦y 'uX �²�£8�§§xÑ�©êâ9£8���ã/"

(b) éx0 = 23 ¦y �ýÿ�y0"

16. �y1 = θ + e1, y2 = 2θ − ϕ + e2, y3 = θ + 2ϕ + e3, Ù¥θ Úϕ ´��ëê§E(ei) =

0, V ar(ei) = σ2, i = 1, 2, 3. �e1, e2, e3 �pÕá"

(a) ¦θ, ϕ ����¦�Oθ̂, ϕ̂.

(b) ¦cov
(

θ̂
ϕ̂

)
.

17. � 
yi = θ + ei, i = 1, 2, · · · ,m.

ym+i = θ + ϕ + em+i, i = 1, 2, · · · ,m.

y2m+i = θ − 2ϕ + e2m+i, i = 1, 2, · · · , n.

Ù¥θ Úϕ ´��ëê§�ei �pÕá§�ÑlN(0, σ2).

(a) �Ñ�O
X.

(b) ¦θ, ϕ �LS �Oθ̂, ϕ̂.

(c) y²�m = 2n �§θ̂ �ϕ̂ Ø�'"

18. é���5�.y = Xβ + e, e ∼ N(0, σ2I), y²β �LS �O�4�q,�O��"

19. �y = Xβ + e, E(e) = 0, cov(e) = σ2In, X �n × p ��O
§Ù��p, òX Úβ ©¬

¤µXβ = (X1, X2)
(

β1

β2

)
.

(a) y²β2 �LS �Oβ̂2 deª�Ñ

β̂2 = [X ′
2X2 −X ′

2X1(X ′
1X1)−1X ′

1X2]−1[X ′
2y −X ′

2X1(X ′
1X1)−1X ′

1y].

(b) ¦cov(β̂2).

20. �y = β + e, E(e) = 0, cov(e) = σ2I,��^Lagrange¦f{y²µ3�å^�Aβ = 0e§

¦‖ y−β ‖2 ��4��β ��β̂ = (In−A′(AA′)−1A)y,Ù¥A´®��q×n
§Ù��q.

21. �yi ∼ N(iθ, i2σ2), i = 1, 2, · · · , n, ��pÕá§^GLS �{¦θ ������5Ã �

Oθ̂, ¿¦ V ar(θ̂).
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22. é�5£8�.y = Xβ + e, E(e) = 0, cov(e) = σ2V, V > 0, R(X) = p.

(a) y²d�LS�Oβ̂ = (X ′X)−1X ′y E,´β ���Ã �O"

(b) y²Cov(β̂) = σ2(X ′X)−1X ′V X(X ′X)−1.

(c) Pσ̂2 = y′(I −X(X ′X)−1X ′)y/(n− p), y²

E(σ̂2) =
σ2

n− p
tr[V (In −X(X ′X)−1X ′)].

23. �y1 = β1 + e1, y2 = 2β1 − β2 + e2, y3 = β1 + 2β2 + e3, ùpe′ = (e1, e2, e3) ∼ N3(0, σ2I),

�ÑH0 : β1 = 2β2 �u�ÚOþ"

24. �y1i ∼ N(β10 + β11x1i, σ
2), i = 1, 2, · · · , n, y2i ∼ N(β20 + β21x2i, σ

2), i = 1, 2, · · · ,m, �

�pÕá§�Ñu�H0 : β11 = β21 �u�ÚOþ"

25. �yi = β0 + β1xi + ei, i = 1, 2, · · · , n. ei �pÕá∼ N(0, σ2). éub�H0 : β0 = 0 (�Ò

´£8��²L�:) �Ñu�ÚOþ"

26. é�5�.y = Xβ+e, e ∼ Nn(0, σ2I),£8Xê�wÍ5u�Hi : βi = 0, i = 1, 2, · · · , p−

1 (òu�¯KL¤���5b�H0 : Aβ = 0�/ª)§�Ñu�ÚOþ"

27. éSK15 ¥�¯Kµ

(a) ¦£8�§9£8Xê�wÍ5u�§¿�Ñ�A���©ÛL§�wÍ5Y²α =

0.05 .

(b) éx0 = 27.5, ¦y0 ��¹VÇ�0.95 �ýÿ«m"

28. l�¥é/¡þ�o>/�o��θ1, θ2, θ3, θ4 ?1ÿþ§�ÿþ�©O�Y1, Y2, Y3, Y4.

(a) òd¯KL«¤�5�.�/ª"

(b) éub�µo>/´²1o>/�Ñu�ÚOþ"

29. �£8��ÏL�:§=���5£8�.�

yi = βxi + ei, i = 1, 2, · · · , n.

Ù¥E(ei) = 0, var(ei) = σ2, ei pØ�'"

(a) �Ñβ Úσ2 ����¦(LS) �O"

(b) PÏCþY 3x0 ?��y0 �ýÿ��ŷ0 = β̂x0, ¦V ar(ŷ0 − y0).

(c) Pµ0 = βx0§µ̂0 = β̂x0"¦V ar(µ̂0)"

30. éSK15§¦£8Xêβ1 ��&Xê�0.95 ��&«m"
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