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1.1 ¿¿¿���ãããAAAÛÛÛ: k = Q

¿¿¿���ããã¯̄̄KKKµ¦�ê� C þ�kn:"

C : f (x , y) = 0, f ∈ Z[x , y ]

Mordell ßßß���: XJ C �º� g �u 1, K C þ�õ�k
k��kn: P.

kn:�pÝ:

P =
(p

r
,

q

r

)
∈ C (Q), gcd(p, q, r) = 1

h(P) = max{ |p|, |q|, |r | }

F"éÑpÝØ�ª:

h(P) ≤ Const., ∀ P ∈ C (Q)
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1.1 ¿¿¿���ãããAAAÛÛÛ: k = Q

XXXÛÛÛ^̂̂���êêê¡¡¡���nnnØØØïïïÄÄÄ¿¿¿���ããã¯̄̄KKKººº

C : f (x , y) = 0, f ∈ Z[x , y ]

###ggg���: é?Û�ê p§� p �k�� Fp þ��

Fp = { (x , y) ∈ Fp × Fp | f (x , y) ≡ 0 (mod p) }

� C[t] � Z ��q5

Spec (C[t]) = { 4�n� I C C[t] }
= {< t − a > | a ∈ C }
= C

Spec (C[t]) = { 4�n� I C Z }
= {< p > | p �ê }
= { 2, 3, 5, 7, · · · , p, · · · }
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1.1 ¿¿¿���ãããAAAÛÛÛ: k = Q

�¡
X = ∪pFp

��
C = { 2, 3, 5, 7, · · · , p, · · · }

k��g,�N�
f : X → C

?Û�ê)£àgz�§é?Ûknê)¤(a, b) �Ñ
n
� Fp ¥���:§(ā, b̄), =�Ñ
��N�

s = (a, b) : C → X
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1.2. ¼¼¼êêê���������///: k = C(t)

¼ê�þ��ê� k = C(t):

C : f (x , y , t) = 0, f ∈ C[t][x , y ]

C þ�kn:: P = (x(t), y(t)) ∈ C

x(t) = p(t)
r(t) , y(t) = q(t)

r(t) ∈ C(t), gcd(p, q, r) = 1

f (x(t), y(t), t) ≡ 0

~f: P = (t, t)

C : (t4 + t)y3 − (t3 + 1)x4 − tx3 + t4 = 0

pÝ: h(P) = max{ deg p(t), deg q(t), deg r(t) }

¯̄̄KKK: g(C ) ≥ 2, ¦��~êh0, ¦�

h(P) ≤ h0, ∀ P ∈ C (k)

!�| Ü�ù�



1.2. ¼¼¼êêê���������///: k = C(t)

¼ê�þ��ê� k = C(t):

C : f (x , y , t) = 0, f ∈ C[t][x , y ]

C þ�kn:: P = (x(t), y(t)) ∈ C

x(t) = p(t)
r(t) , y(t) = q(t)

r(t) ∈ C(t), gcd(p, q, r) = 1

f (x(t), y(t), t) ≡ 0

~f: P = (t, t)

C : (t4 + t)y3 − (t3 + 1)x4 − tx3 + t4 = 0

pÝ: h(P) = max{ deg p(t), deg q(t), deg r(t) }

¯̄̄KKK: g(C ) ≥ 2, ¦��~êh0, ¦�

h(P) ≤ h0, ∀ P ∈ C (k)

!�| Ü�ù�



1.2. ¼¼¼êêê���������///: k = C(t)

¼ê�þ��ê� k = C(t):

C : f (x , y , t) = 0, f ∈ C[t][x , y ]

C þ�kn:: P = (x(t), y(t)) ∈ C

x(t) = p(t)
r(t) , y(t) = q(t)

r(t) ∈ C(t), gcd(p, q, r) = 1

f (x(t), y(t), t) ≡ 0

~f: P = (t, t)

C : (t4 + t)y3 − (t3 + 1)x4 − tx3 + t4 = 0

pÝ: h(P) = max{ deg p(t), deg q(t), deg r(t) }

¯̄̄KKK: g(C ) ≥ 2, ¦��~êh0, ¦�

h(P) ≤ h0, ∀ P ∈ C (k)

!�| Ü�ù�



1.2. ¼¼¼êêê���������///: k = C(t)

¼ê�þ��ê� k = C(t):

C : f (x , y , t) = 0, f ∈ C[t][x , y ]

C þ�kn:: P = (x(t), y(t)) ∈ C

x(t) = p(t)
r(t) , y(t) = q(t)

r(t) ∈ C(t), gcd(p, q, r) = 1

f (x(t), y(t), t) ≡ 0

~f: P = (t, t)

C : (t4 + t)y3 − (t3 + 1)x4 − tx3 + t4 = 0

pÝ: h(P) = max{ deg p(t), deg q(t), deg r(t) }

¯̄̄KKK: g(C ) ≥ 2, ¦��~êh0, ¦�

h(P) ≤ h0, ∀ P ∈ C (k)

!�| Ü�ù�



1.2. ¼¼¼êêê���������///: k = C(t)

¼ê�þ��ê� k = C(t):

C : f (x , y , t) = 0, f ∈ C[t][x , y ]

C þ�kn:: P = (x(t), y(t)) ∈ C

x(t) = p(t)
r(t) , y(t) = q(t)

r(t) ∈ C(t), gcd(p, q, r) = 1

f (x(t), y(t), t) ≡ 0

~f: P = (t, t)

C : (t4 + t)y3 − (t3 + 1)x4 − tx3 + t4 = 0

pÝ: h(P) = max{ deg p(t), deg q(t), deg r(t) }

¯̄̄KKK: g(C ) ≥ 2, ¦��~êh0, ¦�

h(P) ≤ h0, ∀ P ∈ C (k)

!�| Ü�ù�



1.2. ¼¼¼êêê���������///: k = C(t)

¼ê�þ��ê� k = C(t):

C : f (x , y , t) = 0, f ∈ C[t][x , y ]

C þ�kn:: P = (x(t), y(t)) ∈ C

x(t) = p(t)
r(t) , y(t) = q(t)

r(t) ∈ C(t), gcd(p, q, r) = 1

f (x(t), y(t), t) ≡ 0

~f: P = (t, t)

C : (t4 + t)y3 − (t3 + 1)x4 − tx3 + t4 = 0

pÝ: h(P) = max{ deg p(t), deg q(t), deg r(t) }

¯̄̄KKK: g(C ) ≥ 2, ¦��~êh0, ¦�

h(P) ≤ h0, ∀ P ∈ C (k)

!�| Ü�ù�



1.2. ¼¼¼êêê���������///: k = C(t)

¼ê�þ��ê� k = C(t):

C : f (x , y , t) = 0, f ∈ C[t][x , y ]

C þ�kn:: P = (x(t), y(t)) ∈ C

x(t) = p(t)
r(t) , y(t) = q(t)

r(t) ∈ C(t), gcd(p, q, r) = 1

f (x(t), y(t), t) ≡ 0

~f: P = (t, t)

C : (t4 + t)y3 − (t3 + 1)x4 − tx3 + t4 = 0

pÝ: h(P) = max{ deg p(t), deg q(t), deg r(t) }

¯̄̄KKK: g(C ) ≥ 2, ¦��~êh0, ¦�

h(P) ≤ h0, ∀ P ∈ C (k)

!�| Ü�ù�



1.2. ¼¼¼êêê���������///: k = C(t)

¼ê�þ��ê� k = C(t):

C : f (x , y , t) = 0, f ∈ C[t][x , y ]

C þ�kn:: P = (x(t), y(t)) ∈ C

x(t) = p(t)
r(t) , y(t) = q(t)

r(t) ∈ C(t), gcd(p, q, r) = 1

f (x(t), y(t), t) ≡ 0

~f: P = (t, t)

C : (t4 + t)y3 − (t3 + 1)x4 − tx3 + t4 = 0

pÝ: h(P) = max{ deg p(t), deg q(t), deg r(t) }

¯̄̄KKK: g(C ) ≥ 2, ¦��~êh0, ¦�

h(P) ≤ h0, ∀ P ∈ C (k)

!�| Ü�ù�



1.3. AAAÛÛÛ���...: f : X → P1

AÛ¯K:

¼ê� k = C(t) L9999K � P1

k þ�� C L9999K �ê¡ X ⊂ P2 × P1

f (x , y , t) = 0 L9999K f (x , y , t) = 0

f : X → P1, t þ�n�: Ft = f −1(t) ⊂ P2
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1.4. AAAÛÛÛpppÝÝÝØØØ���ªªª: f : X → P1

d = deg Ft = deg(x ,y) f (x , y , t) ≥ 4

g = g(Ft) =
1

2
(d − 1)(d − 2) ≥ 2

s = #{ t | Ft Ø1w}
` = #{ ÛÉn�¥�kn�}

½½½nnn (1995): é�§ f (x , y , t) = 0 3C(t) ¥�?�kn)
P = (x(t), y(t)), ·�k

h(P) ≤ (d2 − 3d + 1)(s − 1) + `

d − 3

Minhyong Kim: Height inequalities and canonical class
inequalities, math.AG/0210330
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1.5. ���������///µµµk = C(B)

Theorem (1995): s ´ f : X → B �ÛÉn�����ê.

1) XJ f ´�½�, K

hK (P) ≤ (2g − 1)(d(P) + s)− K 2
X/B (1)

2) XJf Ø´�½�, K

hK (P) < (2g − 1)(d(P) + 3s)− K 2
X/B (2)

1 ékn:P§d(P) = 2g(B)− 2 ´��~ê.

2 Tan, S.-L., Height inequality for algebraic points on curves over
function fields, J. reine angew. Math. 461 (1995), 123-135
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