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dy

dx
=

Q(x , y)

P(x , y)
(ODE)

• Poincaré Ú?
��#�Cþ t,

dx

P(x , y)
=

dy

Q(x , y)
=

dt

1
dx

dt
= P(x , y),

dy

dt
= Q(x , y).

• Darboux (1878) ïÆµ
1. �k3E²¡ C2 þïÄT�§§�Ä�§�E)Û)
2. ��ÄÃ¡�?�)§=3E�K²¡ P2 þïÄT�§
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dy

dx
=

Q(x , y)

P(x , y)
(ODE)

• C ´L: p �ÛÜE)Û­�µ f (x , y) = 0.

• é½Â�§�©

d(f (x , y)) = 0 ⇐⇒ dy

dx
= − fx

fy

• C ´�©�§£ODE¤�/)0½/È©­�0 ⇐⇒

dy

dx

∣∣∣∣
C

= − fx
fy

∣∣∣∣
C

=
Q

P

∣∣∣∣
C

• �§�)�5���§�/Û:0k'"
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dy

dx
=

Q(x , y)

P(x , y)
(ODE)

• �§�Û:: P(x0, y0) = Q(x0, y0) = 0

• Û:�­ê:
mp = Ip(P,Q)

• È©­���35µ

1. L?Û:§��k�^È©­�¶

2. L�§�1w:k���^È©­�§­�3T:1w"

3. L�§�Û: p, kü«�/µ

(A) �okÃ�^È©­�§d�¡�§�Û:� dicritical

(B) �o�kk�^È©­�§d�¡Û:� non-dicritical
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dy

dx
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Q(x , y)

P(x , y)
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• �§�Û:: P(x0, y0) = Q(x0, y0) = 0

• Û:�­ê:
mp = Ip(P,Q)

• È©­���35µ

1. L?Û:§��k�^È©­�¶

2. L�§�1w:k���^È©­�§­�3T:1w"

3. L�§�Û: p, kü«�/µ

(A) �okÃ�^È©­�§d�¡�§�Û:� dicritical

(B) �o�kk�^È©­�§d�¡Û:� non-dicritical
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•: Dicritical¶ •: Non-dicritical¶ •: 1w:
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• �½��kn¼êµ ϕ =
f (x , y)

g(x , y)

• �E���©�§: d (ϕ(x , y)) = 0

ODE(ϕ):
dy

dx
=

g ∂f
∂x − f ∂g

∂x

f ∂g
∂y − g ∂f

∂y

.

• ¡ ϕ ´�§ ODE(ϕ) �/knÄgÈ©0½/�êÈ©0 .

• äkknÄgÈ© ϕ ��©�§ ODE ¡�/�ê�È0

ODE = ODE(ϕ)

• Poincaré ¯̄̄KKKµµµ �o�ÿ�©�§´�ê�È�º

• Darboux (1878) �kïÄ§Poincaré Ú Painlevé ��c�q
m©ïÄ"
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• �½��knÄgÈ©µ ϕ =
f (x , y)

g(x , y)

• ���qknÄgÈ©µ ϕ− t =
f (x , y)

g(x , y)
− t

• ���q�êÈ©­�µCt : f (x , y)− t · g(x , y) = 0.

C (ϕ) = { Ct | ϕ(x , y)− t = 0 }

• eãüaêÆ¯K�ïÄ´�d�

1. �ê­�å C (ϕ) �AÛ�ïÄ

2. �ê�È�©�§ ODE(ϕ) �AÛ�ïÄ

ODE(ϕ) :
dy

dx
=

Q(x , y)

P(x , y)
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Ct : f (x , y)− t · g(x , y) = 0§t ∈ P1.

•: Ä:£Û:¤¶ •: Û:¶ •: 1w:.
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Darboux (1878):

[1] Darboux, G., Mémoire sur les équations différentielles algébriques du

premier ordre et du premier degré , Bull. Sci. Math. (1878)

• ò�©�§l R2 þ*¿� CP2

X

(
y

dz

dt
− z

dy

dt

)
+ Y

(
z

dx

dt
− x

dx

dt

)
+ Z

(
x

dy

dt
− y

dx

dt

)
= 0

• y² d g�©�§�Û:�ê =
∑

p mp = d2 + d + 1.

• � C1, · · · ,Cq ´ q ^�êÈ©­�. XJ

q ≥ 1

2
d(d + 1) + 1,

K�§kÄgÈ©.

• (Jouanolou (1979)) XJ q ≥ 1

2
d(d + 1) + 2, @o�§ä

kknÄgÈ©.
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Poincaré (1891-1897)

[1] Sur l’intégration algébrique des équations différentielles, C. R. Acad.

Sci. 112 (1891) 761-764.

[2] Sur l’intégration algébrique des équations différentielles du premier

ordre et du premier degré, Rendiconti del Circolo Matemático di

Palermo 5 (1891) 161-191.

[3] Sur l’intégration algébrique des équations différentielles du premier

ordre et du premier degré, Rendiconti del Circolo Matemático di

Palermo 11 (1897) 193-239.

• �

)���g�©�§´Ä�ê�È§w,��é�Ä
gknÈ©�gê�þ�§,�Ò��ek��X�êO�

• ÏéknÄgÈ© ϕ = f /g �pÝØ�ª

h(ϕ) = max{ deg f , deg g } ≤ H(ODE).
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• /ù�¯Kw5´��AÛþ�ïÄ�¯K · · · · · ·"g
l M. Darboux uL3 Bulletin þ�#Ñó�±5§ù�¯
K��À
20c§��Úå#�5¿§�Æ�JÑ
�Ó�
¯K��êÆ�Æ�øm�K8"ü�Ø©¼�øy§M.
Painleve ¼��ø§M. Autonne ¼�J¶ø"ü�Ø©©O
uL3 Annales Ú Journal þ"0

• /Painlevé JÑ
eã¯Kµ�½���©�§§(½§´
Ääk���½º���êÈ©"0

• /·y²
�ê�È�§�A�5�"ù
(J¿vky¢
�d�§�ok�U§·��±�Où
5�´Ä�±*¿
���È�§þ�§½ö§y²é��È�§§�¿Øo´
¤á"0
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• ÌÌÌ���¯̄̄KKK: ïÄ�ê­�å C (ϕ) �5�§¿u�ù
5�
´Ä�±d�©�§ ODE(ϕ) ���Ñ.

• 777���^̂̂���: ù
5�7L�ëê t Ã'.

• ÏÏÏééépppÝÝÝØØØ���ªªª
h(ϕ) ≤ H.

H ���©�§ ODE(ϕ) k'.

• ~~~fffµµµ H ØUd�©�§�gê d (½.

ϕ = xmyn, ODE(ϕ): mydx + nxdy = 0

• ~~~fff (Lins Neto, 2002)µµµ H �ØUd�©�§Û:��
êÚÿÀa.û½.

lim
k→∞

(h(fk/gk)) =∞
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• Poincaré ���pppÝÝÝúúúªªªµXJ Ct =
∑

i ni (t)Ct,i , @o

2h(ϕ)− 2 = d +
∑
t,i

(ni (t)− 1) deg Ct,i

• Poincaré ���ººº���úúúªªªµb� d g�©�§�Ðk d(ϕ)
k d2 + d + 1 �ØÓ�Û:§� d ≥ 4, K

g =
d − 4

4
h(ϕ) + 1.
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Painlevé (1891)

[1] ”Sur les intégrales algébriques des équations différentielles du
premier ordre” and ”Mémoire sur les équations différentielles du
premier ordre”, 1890s.

• Painlevé ¯̄̄KKK 1: ­�å C (ϕ) �º� g ´Ä�±d�©�
§ ODE(ϕ) û½?

• XJ�±§@oé?Û�©�§Ñ�±aq/½ÂÙº�

• ØØØ111���

~~~fff£££A. Lins Neto 2002): é?Û k , �3�©�
§ ODE(ϕk)§§k�Ó�ê�Û:§Û:a.��Ó§�

lim
k→∞

g(C (ϕk)) =∞.
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• Painlevé ¯̄̄KKK 2: �½º� g , ´Ä�±(½�§

dy

dx
=

Q(x , y)

P(x , y)

Û�äkº� g ��êÈ©?

• �duÏéº��þ.

g = g(C (ϕ)) ≤ G ,

G ��6u ODE(ϕ).

• Lins Neto (2002): G ØUdÙÛ:��êÚÿÀa.û½.
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• ~~~fffµµµ éu?Û g , üg�§

dy

dx
=

(2g + 1)x2 − y2

2gxy
. (1)

kº� g �knÄgÈ©§Vkn�du­�å

w2 = z2g+1 + t2
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F�ËA1 16 ¯K — �ê­���ê­¡�ÿÀ

�! d g�ê­�!­¡�ÿÀ£©|��ê Nd§�é �¤

1. ¢ d g²¡­�µNd ≤ 1
2 (d − 1)(d − 2) + 1

2. ¢ d g�m­¡µNd ≤???

�! ¢ d g�©�§
dy

dx
=

Q(x , y)

P(x , y)

3. �§�4������ê Hd ´õ�º4����é �´
N��º

• ��o�3�å: /�©�§½Â�­�å�ÿÀ0r�ö
éXå5
"
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• ²;�ó AÛ�ó

• �©�§ �©/ª!��þ|!Foliation

dy

dx
=

Q(x , y)

P(x , y)
ω = P(x , y)dy − Q(x , y)dx{

ẋ = P(x , y)

ẏ = Q(x , y)
∂ = P(x , y)

∂

∂x
+ Q(x , y)

∂

∂y

• �§�A) È©­�!;�!ØC­�

• �§�Ï) ÄgÈ©
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• ·�^�ê­¡nØ�?Û�©�§½Â
n��NØC
þµ���ê§ù��©�§�ïÄJø
#�{"


