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1�Ù ý��£

§1.1 8Ü�N�

§1.1.1 8Ü�½Â

·�Äk£��e8Ü�½Â.

ò�
ØÓ�é��3�å, =�8Ü (set), Ù¥�é�¡�8Ü��

� (element). 3�Ö¥, ·�ò¦^��i1 A,B,C, . . . 5L«8Ü, ^�

�i1 a, b, c, . . . 5L«8Ü���. P A ���8Ü. XJ a ´ A ¥��

�, K¡ a áu A, P� a ∈ A, ÄKP� a /∈ A. ·���±ò8Ü A L

«� A = {a | a ∈ A}, Ù¥ a ∈ A �±^ A ¥��÷v��Ó5��O,

'X`óê8Ü={a��ê | a ≡ 0 mod 2}. 5¿�8Ü¥��o´ØE
�.

XJ8Ü A ¥�z����þ´8Ü B ¥��, K¡ A ´ B �f8

(subset), �ó�, =e a ∈ A, K a ∈ B. d�·�P� A ⊆ B ½ B ⊇ A.

�±^ã 1.1 5L« A ⊆ B.

XJ8Ü A ⊆ B � B ⊆ A,= a ∈ A��=� a ∈ B,¡ A� B ��,

¿P� A = B. XJ A ⊆ B � A 6= B, ·�¡ A � B �ýf8 (proper

subset), P� A ⊂ B ½öA ( B.

Ø¹?Û���8Ü¡��8 (empty set), P� ∅. d½Â��, �8

∅ ´?Û8Ü�f8, �´?Û��8Ü�ýf8.

XJ8ÜA����êk�,¡A�k�8 (finite set),Ù���ê¡�

8Ü�� (cardinality ½order of finite set), P�|A|. ���êÃ��8Ü,

=Ã�8 (infinite set), §��½Â� ∞.

ã 1.1: 8Ü��¹'X ã 1.2: 8Ü�� ã 1.3: 8Ü�¿

1



2 1�Ù ý��£

ã 1.4: 8Ü�Ö8A−B ã 1.5: 8Ü�Ö8Ac

§1.1.2 8Ü�Ä�$�

��5`, 8ÜkXe�o«Ä�$�.

(I) 8Ü�� � A,B �ü�8Ü, KA � B ��8 (intersection)�

A ∩B := {x | x ∈ A�x ∈ B}.

�±^ã 1.2 L«8Ü��.

���/,� I �8Ü,� I ¥z��� iéA8Ü Ai,K8Ü Ai(i ∈ I)

��� ⋂
i∈I

Ai := {x | x ∈ Ai,éz�i ∈ I¤á}.

(II) 8Ü�¿ �8Ü A,B Xþ¤«, KA � B �¿8 (union)�

A ∪B := {x | x ∈ A½x ∈ B}.

�±^ã 1.2 L«8Ü�¿. ���/, 8Ü Ai(i ∈ I) �¿�⋃
i∈I

Ai := {x | x ∈ Ai,é,�i ∈ I¤á}.

XJ Ai üüØ�(=�8��8), ·�¡
⋃
i∈I
Ai �Ø�¿(disjoint union),

¿P�
⊔
i∈I
Ai.

(III) 8Ü��8�Ö8 � A,B �,�½8Ü U �f8, KA é B �Ö8

½�8 (complement)�

A−B := {x | x ∈ A�x /∈ B}.

§�^ã 1.4 L«. dÖ8½Â, ·�k



§1.1 8Ü�N� 3

A = (A ∩B) t (A−B).

A 3 U ¥�Ö8�

Ac := {x ∈ U | x /∈ A}.

§�^ã 1.5 L«.

d½Â��,XJ A,B �k�8,P |A|� A����ê,K A∪B,A∩
B þ�k�8, �

|A ∪B| = |A|+ |B| − |A ∩B|. (1.1)

�?�Ú/, ·�k

·K1.1 (N½�n). � Ai, i = 1, . . . , n �,�½8Ü U �k�f8, K

|A1 ∪ . . . ∪ An| =
n∑
j=1

(−1)j−1
∑

{i1,...,ij}⊆{1,...,n}

|Ai1 ∩ . . . ∩ Aij |. (1.2)

y². é8Ü�ên^8B{.

·K1.2. � Ai (i ∈ I) �,�½8Ü U �f8, K⋂
i∈I

Aci =
(⋃
i∈I

Ai

)c
. (1.3)

y². ·�k

x ∈
⋂
i∈I

Aci ⇐⇒ x ∈ Aci é?¿i ∈ I ¤á

⇐⇒ x /∈ Ai é?¿i ∈ I ¤á

⇐⇒ x /∈
⋃
i∈I

Ai, = x ∈
(⋃
i∈I

Ai

)c
.

�ª�y.

(IV) 8Ü�(k�È 8Ü A � B �(k�È (Cartesian product)´¤k

��é (a, b), Ù¥ a ∈ A, b ∈ B �¤�8Ü, =

A×B := {(a, b) | a ∈ A, b ∈ B}.

�?�Ú/, 8Üx Ai (i ∈ I) �(k�È�∏
i∈I

Ai := {(ai)i∈I | ai ∈ Ai}.
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5P. ·��±^��{ü~f5n)8Ü.

• �? ←→ 8Ü,

• �þ�Æ) ←→ ��,

• �þ���ÆS�| ←→ f8Ü,

• ¤kØë\TÆS�|�< ←→ Ö8,

• Æ��¤k�? ←→ 8Ü�¤�8x.

§1.1.3 �
~^�8ÜPÒ

3�Ö¥, ·�ò²~¦^Xe8Ü:

• Z+: ��ê8Ü;

• N = Z ∪ {0}: g,ê8Ü;

• Z: �ê8Ü;

• Q: knê8Ü;

• R: ¢ê8Ü;

• F [X]: F (F = Z,Q,R �) þ�(��) õ�ª�8Ü.

§1.1.4 N�, Ü¤ÆÚ(ÜÆ

� A,B �ü�8Ü. XJé A ¥z��� a, þk���� b ∈ B �
�éA, ·�¡déA� A � B �N� (map), P��

f : A→ B, a 7→ b = f(b).

A ¡� f �½Â�, f(A) = {f(a) | a ∈ A} ⊆ B ¡�f ��� ½�8. b

¡�a ��, a ¡�b ���.

�8ÜB´ê(knê§¢ê�)�8Ü�,N�f S.þ¡�¼ê (func-

tion).
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XJé a1, a2 ∈ A, � f(a1) = f(a2) �, Kk a1 = a2, ·�¡N� f

�ü� (injective); XJé?¿ b ∈ B, �3 a ∈ A, ¦� f(a) = b, ·�¡

f �÷� (surjective); XJ f Q´ü�, q´÷�, ·�¡ f ���éA

(one-to-one correspondence), ½V� (bijective).

éuN�g, g : A → B, XJéu?¿a ∈ A, f(a) = g(a), ¡N�f �g

��, P�f = g.

� f : A→ B, g : B → C �N�, KN�

g ◦ f : A→ C, a 7→ g(f(a))

¡� f � g �EÜN�(½¢EÜÆ, composition law).

·K1.3 ((ÜÆ). � f : A → B Ú g : B → C, h : C → D �8Üm�N

�, K

(h ◦ g) ◦ f = h ◦ (g ◦ f).

½Â1.4. � S �8Ü. ·�¡N� f : S × S → S, (a, b) 7→ p � S þ��

���$� (binary operation).

5P. 3êÆA^¥, PÒ p = f(a, b) ¿Ø´��é·¨�PÒ. ¢Sþ, ·

�²~¦^ +,×, ∗, · �ÎÒ5L«��$�, =�� ��p = ab, a× b, a+ b, a ∗ b, a · b, ÃXda.

~1.5. oK$�þ´��$�.

~1.6. P ΣA �8Ü A �g��¤kN��8Ü, KN��EÜ�¤ ΣA

þ���$�.

P SA �8Ü A �g��¤kV��¤�8Ü, KN��EÜ�¤ SA

þ���$�.

½Â1.7. 8Ü S þ���$�XJ÷v^�é¤k a, b, c ∈ S,

(ab)c = a(bc), (1.4)

K¡T��$�÷v(ÜÆ (associative law). XJé?¿ a, b ∈ S,

ab = ba, (1.5)

K¡Ù÷v��Æ (commutative law).
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5P. XJ��^f(a, b) L«��$�ab, K(1.4) =�ª

f(f(a, b), c) = f(a, f(b, c)),

(1.5) =�ª

f(a, b) = f(b, a).

dd�±wÑ¦^¦{PÒL«��$��{'5.

N´wÑ, þ¡~f¥���$�þ÷v(ÜÆ, �N��EÜ¿Ø÷

v��Æ. ¯¢þ, ·�kXeÄ�¯¢:

(ÜÆ´����5Æ.

3�Ö¥, ·�òD��½8Ü��½ê�(÷v(ÜÆ)���$�, l

D�T8Ü+, �½ö���ê(�.

§1.1.5 �d'X, �da�©

½Â1.8. 8Ü A¥���m�'X ∼¡��d'X (equivalence relation),

XJeãn5�¤á:

(1) (g�5) é¤k a ∈ A, a ∼ a.

(2) (é¡5) XJ a ∼ b, K b ∼ a.

(3) (D45) XJ a ∼ b � b ∼ c, K a ∼ c.

½Â1.9. 8Ü A ��§��
f8Ü�Ø�¿, ¡� A ���© (parti-

tion).

� ∼ ´ A þ����d'X. X a ∈ A, P [a] = {b ∈ A | b ∼ a}, =
[a] � A ¥¤k� a �d����¤�f8Ü, K

[a] ∩ [b] =

[a] = [b], XJa ∼ b,

∅, XJa � b.

�A �±��Ø�¿

A =
⊔
a∈A

[a]. (1.6)
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·��� A ���©. ,��¡, XJ A =
⊔
i∈I
Ai, ·�éN´3 A þ½

Â���d'X:

a ∼ b XJ a, b áuÓ�� Ai,

a � b XJ a, b áuØÓ� Ai.

�·�kXe½n

½n1.10. 8Ü A �©�Ùþ��d'X��éA.

~1.11. �ê8Ü Z �±©�óê8ÜÚÛê8Ü�Ø�¿. ,��¡,

3 Z þ�±½Â�d'X: a ∼ b XJ a ≡ b (mod 2), �óê8Ü´ 0 ¤

3��da, Ûê8Ü� 1 ¤3��da.

� f : A → B �8Üm�N�. éu b ∈ B, -b ���8Ü f−1(b) =

{a ∈ A | f(a) = b}. K f−1(b) � A �f8, üüØ�, � f−1(b) = ∅ ��
=� b /∈ f(A). �·���©

A =
⊔

b∈f(A)

f−1(b), (1.7)

·�¡�8ÜA dN� f û½�©. T©û½��d'X=

a ∼ a′ ⇐⇒ f(a) = f(a′).

~1.12. ½ÂN� f : Z→ {0, 1}, Ù¥ f(2n) = 0, f(2n+ 1) = 1. KN� f

û½��d'XÚ©=�~1.11 �Ñ���.

~1.13. � f : R2 = R× R→ R �¢ê~{N� (x, y) 7→ x− y, K f−1(a)

��� y = x− a. ¢²¡ R2 3N� f e´²1��å y = x− a (a ∈ R)
�¿, dd·��� R2 ���©ÚéA�d'X.

§1.2 ¦Ú�¦ÈÎÒ

�ê$�¥~~I�é�Gê?1\{Ú¦{. d�¦ÚÎÒ
∑
�¦

ÈÎÒ
∏
¦�$�'��B.
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Äk, b�k n �ê a1, . . . , an, K·�^

n∑
i=1

ai L« a1 + a2 + · · ·+ an.

Ó�^
n∏
i=1

ai L« a1 · · · a2 · · · an.

ùp
∑
�
∏
eI¥�i ¡��I, eIi = 1 ÚþI n, L«�Ii l 1 m

©� n (å,
∑
Ú
∏
=L«édn ��IéA�n �êai �¦ÚÚ¦È.

5¿��I�äNi1LãØ�, Q�±^ i L«, ��±^ j ½x

½Ù¦i1L«, =
n∑
i=1

ai =
n∑
j=1

aj =
n∑
x=1

ax.

òþãVg��í2, � I �k�8Ü, é I ¥?Û�� i éAê ai, K·

�^
∑
i∈I
ai L«¤k ai �Ú, ^

∏
i∈I
ai L«¤k ai �È. I ¡��I8, I ¥

��¡��I. XJ�I8I lþe©N´��, ·��~{P
∑
i∈I
ai �

∑
i

ai

~1.14.
n∑
i=1

ai =
∑

i∈{1,...,n}
ai.

~1.15. � n ���ê, f � Z+ → R �¼ê, KÚª
∑

1≤d|n
f(d) L«é¤

k f(d) (d ���ê� d | n) �¦Ú.

~1.16. XJé?¿�I i ∈ I þkai ≡ 1, K
∑
i∈I

1 = |I|, = I ����ê.

~1.17. � I � J þ�k�8Ü, K§��(k�È I × J �´k�8Ü.

Xê aij ´d�� (i, j) ∈ I × J û½�ê, KÚª∑
(i,j)∈I×J

aij =
∑
i∈I

(
∑
j∈J

aij) =
∑
j∈J

(
∑
i∈I

aij) (1.8)

þL«é¤k aij �¦Ú. AO/, ·�k

m∑
i=1

n∑
j=1

aij =
m∑
i=1

(
n∑
j=1

aij) =
n∑
j=1

(
m∑
i=1

aij). (1.9)
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~1.18. XJk�8 I ´��8Ü I1 � I2 �Ø�¿, Kd½Â´�∑
i∈I

ai =
∑
i∈I1

ai +
∑
i∈I2

ai,
∏
i∈I

ai =
∏
i∈I1

ai ·
∏
i∈I2

ai. (1.10)

du I = I
⊔
∅ � I ��8�Ø�¿, �¦þã�ªé?ÛØ�¿¤á, ·

�o´½Â ∑
i∈∅

ai = 0,
∏
i∈∅

ai = 1. (1.11)

éu¦Ú�¦ÈÎÒ, N´wÑXe5�¤á.

·K1.19. (1)
∑
i∈I

(αai + βbi) = α
∑
i∈I
ai + β

∑
i∈I
bi.

(2)
∏
i∈I

(aibi) =
∏
i∈I
ai ·
∏
i∈I
bi.

~1.20. éuk = 0, 1 Ú2, O�1 �n �k g�Ú:

Ak =
n∑
i=1

ik.

). (i) éu k = 0, Kik ð�u1. �

A0 =
n∑
i=1

1 = n. (1.12)

(ii) éu k = 1, 5¿�X i l 1 Cz� n, K n+ 1− i l n Cz� 1.

�

A1 =
n∑
i=1

i =
n∑
i=1

(n+ 1− i) =
n∑
i=1

(n+ 1)−
n∑
i=1

i = n(n+ 1)− A1,

Ïd

A1 =
n∑
i=1

i =
n(n+ 1)

2
. (1.13)

(iii) éu k = 2, dð�ª

(i+ 1)3 = i3 + 3i2 + 3i+ 1,

�
n∑
i=1

(i+ 1)3 =
n∑
i=1

i3 + 3
n∑
i=1

i2 + 3
n∑
i=1

i+ 1.
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�Ò�>�m>1����
n∑
i=2

i3, =

n+1∑
i=2

i3 −
n∑
i=1

i3 = 3A2 + 3A1 + n,

(n+ 1)3 − 1 = 3A2 +
3n(n+ 1)

2
+ n.

é A2 )d�ª, =�

A2 =
n∑
i=1

i2 =
n(n+ 1)(2n+ 1)

6
. (1.14)

½n1.21 (Úî��ª½n). � n ���ê, K

(x+ y)n =
n∑
k=0

Ck
nx

kyn−k =
n∑
k=0

(
n

k

)
xkyn−k. (1.15)

d?
(
n
k

)
= Ck

n =
n!

k!(n− k)!
.

5P. Ck
n �

(
n
k

)
�Ó�PÒ. 3¥ÆêÆ·�~^PÒ Ck

n, 3p�êÆ¥

�S.¦^PÒ
(
n
k

)
.

y². é n� (x+ y)�¦ÈÐm���� xkyn−k, ù`²�3 n� (x+ y)

¥ k �� x, n− k �� y, � xkyn−k �Xê´
(
n
k

)
= n!

k!(n−k)! .

½n1.22 (Abel ¦Ú, ½¢©Ü¦Ú). éu k = 1, 2, . . . , n, -

k∑
i=1

ai = Sk,

- S0 = 0, K
n∑
i=1

aibi = Snbn +
n−1∑
i=1

Si(bi − bi+1). (1.16)
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y². du ai = Si − Si−1 é i = 1, . . . , n þ¤á, �

n∑
i=1

aibi =
n∑
i=1

(Si − Si−1)bi =
n∑
i=1

Sibi −
n−1∑
i=0

Sibi+1

= Snbn +
n−1∑
i=0

Si(bi − bi+1)− S0b1 = Snbn +
n−1∑
i=0

Si(bi − bi+1).

½n�y.

5P. Abel ¦Úúª´êÆ©Û¥, AO´3ïÄê�?êÚ¼ê�?êÂ

ñ5��©k^.

e¡·�Þ��A^ Abel ¦Ú�~f.

~1.23. eãü�ª¤á:

n∑
i=0

xi =


xn+1 − 1

x− 1
, XJx 6= 1,

n+ 1, XJx = 1.
(1.17)

n∑
i=0

ixi =


nxn+2 − (n+ 1)xn+1 + x

(x− 1)2
, XJ x 6= 1,

n(n+ 1)

2
, XJ x = 1.

(1.18)

). (1.17) á�.

éu(1.18) , X x = 1, K
n∑
i=0

i = n(n+1)
2

. X x 6= 1, - ai = xi, bi = i,

d(1.17) �Sk =
k∑
i=0

xi = xk+1−1
x−1 . - S−1 = 0, �d Abel ¦Úúª,

n∑
i=0

ixi = Sn · n+
n−1∑
i=0

Si(bi − bi+1)

=
n(xn+1 − 1)

x− 1
− 1

x− 1

n−1∑
i=0

(xi+1 − 1)

=
n(xn+1 − 1)

x− 1
− 1

x− 1
(
xn+1 − x
x− 1

− n)

=
n(x− 1)(xn+1 − 1)− xn+1 + x+ n(x− 1)

(x− 1)2

=
nxn+2 − (n+ 1)xn+1 + x

(x− 1)2
.
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�ª�y.

§1.3 Eê

§1.3.1 Eê��½Â

·�®²ÆSLg,ê, �êÚ¢ê�Vg. �!òÚ\¢ê�?�Ú

í2, =Eê.

¤¢Eê (complex number), =/X z = x+ yi�ê, Ù¥ x, y �¢ê,

i2 = −1. du i Ø�U�¢ê (¢ê²���K¢ê), �EêØ´¢ê. ·

�¡ x � z �¢Ü, P� Re(z), y � z �JÜ, P� Im(z). ¤kEê�8

ÜP� C.

3Eê8 C þ·�kXe�\{Ú¦{$�. éu z1 = x1 + y1i, z2 =

x2 + y2i, -

z1 + z2 = (x1 + x2) + (y1 + y2)i, (1.19)

z1 · z2 = (x1x2 − y1y2) + (x1y2 + x2y1)i. (1.20)

N´wÑ

(1) Eê�\{�¦{÷v��Æ, (ÜÆÚ©�Æ.

(2) XJò¢ê x w¤Eê x+ 0i, Kü�¢ê3¢ê¿Âe�\{�¦{

$�Ú3Eê¿Âe�$���. dd, �±ò¢ê8w¤Eê8�f

8.

(3) éuEê z, 0 = 0 + 0i Ú 1 = 1 + 0i, k

z + 0 = 0 + z = z, z · 1 = 1 · z = z.

(4) éuEê z = x+ yi, �3���Eê −z = (−x) + (−y)i ¦�

z + (−z) = (−z) + z = 0.

d(4), ·��±½ÂEê8 C þ�~{$�

z1 − z2 = z1 + (−z2). (1.21)



§1.3 Eê 13

(5) éu z = x+ yi, z ��ÝEê z ½Â� x− yi. dEê¦{�

z · z = x2 + y2.

�� z 6= 0 �, �3��Eê

z−1 =
z

x2 + y2
=

x

x2 + y2
− yi

x2 + y2
(1.22)

¦�

z · z−1 = z−1 · z = 1.

dd�±½ÂEê8 C þ�Ø{$�
z1
z2

= z1 · z−12 (z2 6= 0). (1.23)

Xþ¤«,·�3Eê8 Cþ½Â
oK$�,¿�÷v�A���Æ,

(ÜÆÚ©�Æ. ù�Ò��Eê� C. ·�kXe�8Ü�¹'X

N ⊆ Z ⊆ Q ⊆ R ⊆ C.

§1.3.2 Eê�AÛ¿Â�E²¡

3p¥êÆÆS¥,·�^�^��,=¢ê¶5L«¢ê. 3Eê z =

x + yi ¥kü�¢Cþ, ��±^²¡þ�: (x, y) 5L«Eê, ²¡=¡

E²¡, x ¶¡�¢¶, y ¶¡�J¶.

�: z ��I�: O(=:0)�ål� r, Oz �x ¶�Y��θ. K�â

n�¼êúª, k

x = r cos θ, y = r sin θ. (1.24)

=

z = r(cos θ + i sin θ). (1.25)

½Â1.24. �K¢êr =
√
x2 + y2 := |z| ¡� z ���, �Ýθ ¡� z �Ë

�.

5P. 5¿�Eêz ����0 ��=�z = 0, d�Ë�θ �±�?¿�.

�z 6= 0�,XJ θ ÷v (1.24),Ké¤k�ê n, θ+ 2nπ �÷v (1.24).

¤kù
�Ý θ + 2nπ(n ∈ Z) þ´ z �Ë�, Ù¥k�=k���Ý θ0 ÷

v^� 0 ≤ θ0 < 2π, d�Ý¡� z �ÌË�.
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d z �AÛ¿Â�±wÑ, z ��Ý z =´: z 'u x ¶�é¡:

(x,−y). ·�k

z = r(cos θ − i sin θ), z · z = r2 = |z|2. (1.26)

·�Ø\y²/Ú\

½n1.25 (î.úª). �θ ∈ R, K

eiθ = cos θ + i sin θ. (1.27)

éudúª�y²ò3EC¼ê¥ÆS�. dî.úª, K

z = reiθ, z = re−iθ, z−1 =
1

r
e−iθ. (1.28)

3y²úª (1.27)c, ·��±@�§�Ñ z ��«{'P¹�ª.

·K1.26. X z1 = r1(cos θ1 + i sin θ1) = r1e
iθ1, z2 = r2(cos θ2 + i sin θ2) =

r2e
iθ2, K

z1 · z2 = r1r2(cos(θ1 + θ2) + i sin(θ1 + θ2)) = r1r2e
i(θ1+θ2).

=Eê�¦��u���¦, Ë��\.

y². g,�·K´î.úª�íØ. d?·��^½ÂÚn�¼êÚ�ú

ª5y². ¢Sþ,

z1z2 = r1r2((cos θ1 cos θ2 − sin θ1 sin θ2) + i(cos θ1 sin θ2 + cos θ2 sin θ1))

= r1r2(cos((θ1 + θ2)) + i sin(θ1 + θ2)),

·Ky..

~1.27. ¦Ñ¤k÷v^� zn = 1 �Eêz �8Ü.

). � z = r(cos θ + i sin θ), K

zn = rn(cosnθ + i sinnθ).

X zn = 1, K {
rn = 1,

cosnθ = 1, sinnθ = 0.
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)�

r = 1, θ =
2kπ

n
(k ∈ Z).

du cos � sin �±Ï¼ê, �

z = cos
2kπ

n
+ i sin

2kπ

n
(0 ≤ k < n).

- ζn = cos 2π
n

+ i sin 2π
n

, K÷v zn = 1 �Eê8�

Cn = {1, ζn, . . . , ζn−1n } = {e
2kπi
n | 0 ≤ k ≤ n− 1}. (1.29)

5¿�§éAü �±þ� n �:, §�TÐ�¤� n >/.

~1.28. Á¦
n∑
k=0

cos kθ �
n∑
k=0

sin kθ.

). - z = cos θ + i sin θ, K

n∑
k=0

zk =
n∑
k=0

cos kθ + i
n∑
k=0

sin kθ.

�I¦
n∑
k=0

zk =

 zn+1−1
z−1 , XJ z 6= 1;

n+ 1, XJ z = 1.

�¢Ü�JÜ=�. X z 6= 1,

z − 1 = (cos θ − 1) + i sin θ

= −2 sin2 θ

2
+ 2i sin

θ

2
cos

θ

2

= −2 sin
θ

2
(cos(

π

2
− θ

2
)− i sin(

π

2
− θ

2
))

= −2 sin
θ

2
ei(

θ
2
−π

2
).

Ón

zn+1 − 1 = −2 sin
n+ 1

2
θ ei(

n+1
2
θ−π

2
).

�
zn+1 − 1

z − 1
=

sin n+1
2
θ

sin θ
2

ei
n
2
θ.
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¤±

n∑
k=0

cos kθ =


sin n+1

2
θ

sin θ
2

cos n
2
θ, X θ 6= 2mπ;

n+ 1, X θ = 2mπ.

n∑
k=0

sin kθ =


sin n+1

2
θ

sin θ
2

sin n
2
θ, X θ 6= 2mπ;

0, X θ = 2mπ.

S K

SK1.1. � f : A→ B ´8Üm�N�, A ´��8Ü. Áy:

(1) f �ü���=��3 g : B → A, ¦� g ◦ f = 1A;

(2) f �÷���=��3 h : B → A, ¦� f ◦ h = 1B.

SK1.2. XJ f : A → B, g : B → C þ´��éA, K g ◦ f : A → C �

´��éA, � (g ◦ f)−1 = f−1 ◦ g−1.

SK1.3. � A ´k�8, P (A) ´ A ��Üf8(�)�8)¤�¤�8x,

Áy |P (A)| = 2|A|, �é{`, n �8Ü�k 2n �f8.

SK1.4. y²�d'X�n�^�´p�Õá�, �Ò´`, ®�?¿ü�

�dØUíÑ1n�^�.

SK1.5. �8Ü A ¥'X÷vé¡5ÚD45, �é A ¥?¿��ÑÚ,

��k'X, y²d'X��d'X.

SK1.6. � A,B ´ü�k�8Ü.

(1) A � B �ØÓN��kõ��?

(2) A þØÓ���$��kõ��?

SK1.7. y²N½�n(·K 1.1).

SK1.8. Á¦1 �n �ng�Ú A3 �og�Ú A4.
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SK1.9. Á¦e�ªf��:

(1)
n∑
k=0

(−1)k
(
n

k

)
, (2)

n∑
i=1

1

i(i+ 1)
,

(3)
n∏
k=1

k + 1

k
, (4)

n∑
i=1

n∑
j=1

(i+ j)2.

SK1.10. 3Eê��S¦)�§ z2 + z + 1 = 0.

SK1.11. Á^EêL«�%� z0, �»� r ����§.
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y��êÆ�Ä:´+, �Ú��nØ, §�å5gun��¡µê

Ø, �ê�§�¦)±9AÛÆ.

3êØ�¡, Ì�´�ê�Ó{nØ, �¡����â. ù�¡�ó�

�)¤êÚî.�ó�, ��3pd1801cÑ��ØA¶Í5�âïÄ6¥

8�¤. ¥I<���b�¥I�{½n(�f½n)´Ó{nØ��¥%½

n.

éu�ê�§��ª¦), áÚ
.�KF�<�ïÄ, 3C��Ú³

Û��Ã¥���.)û. ³Û�31830c�mÄkJÑ
+�g�. ¢S

þ¦ïÄ�´��+�nØ. dd¦y²
��Êg½±þ�ê�§�ªØ

�). ¦�'u��+�ó�3�ÜÚp4�<Ã¥UY��uÐ.

+3AÛþ��^ÄkNy3�KAÛ�ïÄþ. 1871c, �4ÏJÑ

Í¶�O�=�j+, 3Ù¥¦�ÑAÛÆ´C�+�AÛ. ld+ØÚ�

êóä3AÛÆïÄ¥��^�5��.

1880c±�, ùn��¡KÜ3�å, mé
Ä�+ØÚÄ��ê�ï

Ä.�Ö�8�Ì�Ò´ùãcü��¡��£, ¿�Ñ+!�!��VgÚ

�
5�.

§2.1 +

§2.1.1 +�½ÂÚ~f

·�Äk�Ñ+�½Â.

½Â2.1. 8Ü G 9Ùþ���$� · XJ÷veãn^�:

(1) (ÜÆ¤á, =é�� a, b, c ∈ G, (a · b) · c = a · (b · c).

(2) �3ü � (identity element) 1 = 1G, =é?¿ a ∈ G,

a · 1 = 1 · a = a.

ü ��¡�N�.

19
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(3) G þz��� a þk_� (inverse), =�3�� b ∈ G ¦�

a · b = b · a = 1.

K¡ (G, ·) �+ (group), ��$� · ¡�+�¦{ (multiplication).

5P. (1) S.þ, ·�~~�Ñ¦{$�, ¡ G �+, �P a · b � ab.

(2) XJ (G, ·) =÷v(ÜÆ, ·�¡���+ (semigroup); XJ (G, ·)
÷v(ÜÆ��3ü �, ·�¡��¹N�+ (monoid).

·K2.2. � G �+, Keã5�¤á:

(1) G ¥���_���.

(2) ��Æ¤á, =: XJ ab = ac, K b = c; XJ ba = ca, K b = c.

y². (1) XJ b, c � a ∈ G �_�, K

b = b · 1 = b(ac) = (ba)c = 1 · c = c.

(2) XJ ab = ac, K a−1(ab) = a−1(ac), d(ÜÆ=� b = c.

½Â2.3. XJ+ G ����êk�, ¡ G �k�+ (finite group), Ù��

�ê¡� G �� (order). Ã�+��P�Ã¡.

½Â2.4. XJ+ Gþ�¦{$�÷v��Æ,·�¡ G�C��+ (abelian

group), ½¡���+ (commutative group). ·�~~^\{ + 5L«C

��+ G ���$�, ¿òÙþ�ü �P� 0 ½ 0G, P a �_�� −a.

e¡�Ñ+��
~f.

~2.5. d+�½Â, + G �½�¹ü � 1G. ,��¡, =dü ��¤

�8Ü{1} 3¦{1 · 1 = 1 e÷v+�n�ún, Ïd§�¤+.

~2.6. (1) Z, Q, R, C 3\{$�e�¤Ã�C��+, 0 �\{ü �.

(2) Q×, R×, C× 3¦{$�e�¤C��+, 1 �¦{ü �.

(3) - Cn = {z | z ∈ C, zn = 1} �C ¥n gü ��N, AO/, C2 =

{1,−1}. KCn 3Eê¦{¿Âe�¤n �+. -S1 = {z | z ∈ C, |z| = 1}
�E²¡þü �8Ü, §3Eê¦{¿Âe�¤Ã�¦{+.
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~2.7. �o¡NABCD �^=+. �Ä¤k�±o¡NØC�^=C�,

ùpkn«�¹.

• kü�º:ØÄ, K�eü�:�ØÄ, ��ð�C�.

• k�=k��º: A ØÄ, K�n�/ BCD �¥% O �ØÄ. ^=

C�ÏL^= 2π
3
½ 4π

3
ò B,C,D ^=� C,D,B ½ D,B,C, �kü

�C�. òº: A CÄ, K�� 4× 2 = 8 «^=C�.

• XJ¤kº:ÑÄ, Ke A ^=� B, K B ØU^=� C ½ D(ÄK

D ½ C ØÄ), = B 7,^=� A. Ïd C ^=� D, D ^=� C.

= AB ¥: M � CD ¥: N ë�����±ØÄ. ù���¹�k

3 «.

¤k�o¡^=C�3C�EÜ��¦{¿Âe�¤+, ð�C��ü

 �. �±�y1�aC�Ú1naC��EÜØ��, ��o¡N�^=

C�+´12 ��C��+.

~2.8. ���/, � S ´��fN, =Ø�Ø Ú.��ÔN. �± S ØC

�$Ä�¤��+, ¡� S �fN$Ä+. ��ó§Ø´C��+.

~2.9 (é¡+). � A ���8Ü. P A �g��N�8Ü� MA. A �

g����éA¡� A ��� (permutation). PA �¤k��8Ü� SA.

K MA 3N�EÜ��¦{¿Âe´¹N�+�Ø´+,  SA ´+, Ùü

 ��ð�N�, ·�¡ SA � A �é¡+ (symmetric group) ½��+

(permutation group).

AO/, � A = {1, 2, . . . , n}, P SA = Sn, K Sn � {1, . . . , n} ¤k�
��¤�8Ü. ·��� Sn ¥¹k n! ���. XJ n = 2, K S2 = {id, τ},
Ù¥ τ(1) = 2, τ(2) = 1. N´�y S2 �C��+. � n > 3 �, Sn Ø´�

�+.

~2.10. ¢ê8Ü Rþ2×2Ý
 (matrix), �¡�2��
 (square matrix),

´���

A =

(
a b

c d

)
, Ù¥ a, b, c, d ∈ R.
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½ÂÝ
�\{�(
a b

c d

)
+

(
a′ b′

c′ d′

)
=

(
a+ a′ b+ b′

c+ c′ d+ d′

)
, (2.1)

½ÂÝ
¦{�(
a b

c d

)(
a′ b′

c′ d′

)
=

(
aa′ + bc′ ab′ + bd′

ca′ + dc′ cb′ + dd′

)
. (2.2)

K

(1) ¤k R þ 2 ��
�8Ü M2(R) ´\{��+.

(2) (i) (SK) Ý
¦{÷v(ÜÆ, =éÝ
A, B, C ∈M2(R),

(AB)C = A(BC).

(ii) Ý
I = ( 1 0
0 1 ) ´¦{ü �, =(

a b

c d

)(
1 0

0 1

)
=

(
a b

c d

)
=

(
1 0

0 1

)(
a b

c d

)
.

(iii) X δ = ad− bc 6= 0. -(
a′ b′

c′ d′

)
=

(
d
δ
− b
δ

− c
δ

a
δ

)
,

K (
a b

c d

)(
a′ b′

c′ d′

)
=

(
a′ b′

c′ d′

)(
a b

c d

)
=

(
1 0

0 1

)
.

d(i), (ii), (iii), 8Ü

GL2(R) =

{(
a b

c d

)
| a, b, c, d ∈ R, ad− bc 6= 0

}
(2.3)

3¦{¿Âe�¤+, ¡� 2 ����5+ (general linear group). �

�öS, �±y²GL2(R) Ø´C��+.
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(3) ò 2 �¤ n, �R �¤ Q ½ö C �Ò������Ý
+. ù
·�

ò3)ÛAÛÚ�5�ê¥ÅÚÆS�.

~2.11. � SO2(R) ´ GL2(R) ¥/X(
cos θ − sin θ

sin θ cos θ

)
, θ ∈ R

����¤�8Ü, K�âÝ
¦{(2.2),(
cos θ1 − sin θ1

sin θ1 cos θ1

)(
cos θ2 − sin θ2

sin θ2 cos θ2

)
=

(
cos(θ1 + θ2) − sin(θ1 + θ2)

sin(θ1 + θ2) cos(θ1 + θ2)

)

ddN´�y SO2(R) ÷v+�n^ún�÷v��Æ, � SO2(R) ´C�

�+, ¡�2 �AÏ��+ (special orthogonal group).

§2.1.2 f+��È

k
+�VgÚ~f, ·�F"

(1) ïÄ+�(�,

(2) �E�õ�+�~f.

ù�ÿ, I�f+��È�Vg.

½Â2.12. � G �+. XJ H ´ G �f8, �é G �¦{$��¤+, K

¡ H ´ G �f+ (subgroup), P� H 6 G. XJ H 6= G, ¡ H � G �ý

f+ (proper subgroup), P� H < G.

~2.13. é?¿+ G, {1} Ú G þ´ G �f+, ¡� G �²�f+ (trivial

subgroup).

~2.14. \{+nZ ´ Z �f+. ¦{+Cn Ú S1 ´ C× �f+. {±1} ´
R× �f+.

d½Â��, ��y H � G �f+, �I�yXen:, =

(1) 1 ∈ H.

(2) XJ a ∈ H, K a−1 ∈ H.

(3) XJ a, b ∈ H, K ab ∈ H.
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·K2.15. f8Ü H T´+ G �f+��=�é?¿ a, b ∈ H, ab−1 ∈ H.

y². XJ H 6 G, a, b ∈ H, K b−1 ∈ H, ab−1 ∈ H. �L5, � a = b ∈ H,

K 1 = aa−1 ∈ H. � a = 1, b = a, K 1 · a−1 = a−1 ∈ H. � a = a, b = b−1,

K a(b−1)−1 = ab ∈ H. �H ´G �f+.

~2.16. -H =
{

( 1 a
0 1 )

∣∣∣ a ∈ R}, KH ´���5+GL2(R) �f+. ù´

Ï� (
1 a

0 1

)
·

(
1 b

0 1

)−1
=

(
1 a− b
0 1

)
.

~2.17 (�¡N+). � P ´� n >/(n > 3), �± P ØC�¤kf5C

�kü«: ^=Ú��, Xã 2.1 ¤«.

(a) ^= (b) ��

ã 2.1: �5>/�^=Ú��

P Dn �¤k^=Ú��3EÜ¿Âe�¤�+, K Dn �� n >/

�é¡+, ¡��¡N+ (dihedral group). Dn �¤k���): ð�C�,

n− 1 �^=, n ���, ��2n �+.

du�±�n >/ØC�z�f5C�d§�n �º:�����(

½, � �¡N+Dn ´Sn �f+.

5P. �¡N+3ØÓ©z¥P� Dn ½ D2n. S.þ, AÛÆ[U�^

Dn(rN�õ>/�>ê), �êÆ[U�^ D2n (rN�õ>/é¡+�

�).

½Â2.18. � G1, G2 �+, K G1 � G2 (��8Ü�) �(k�È G =

G1 ×G2 3¦{$�

(g1, g2) · (h1, h2) = (g1h1, g2h2)
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e�¤+: §�ü �´ 1G = (1G1 , 1G2),�� (g1, g2)�_´ (g−11 , g−12 ). +

G ¡� G1 � G2 ��È , ½ö¡�(k�È.

5P. (1) d½Âá�+��È���u+���¦È.

(2) XJ H1 Ú H2 ©O´ G1 Ú G2 �f+, K H1×H2 ´ G1×G2 �

f+. AO/, G1 ×G2 kf+ {1G1} ×G2 Ú G1 × {1G2}.

§2.2 ���

§2.2.1 ½ÂÚ~f

½Â2.19. 8Ü R ¡�(¹N)�(ring with identity), ´� R þ�3\{Ú

¦{ü«$�, �÷v^�

(1) R 'u\{�¤C��+; (·�P§�\{ü �� 0, ��a �\{

_�¡�a �K�)

(2) R 'u¦{÷v(ÜÆ�kü � 1 (=�¦{¹N�+);

(3) \{Ú¦{$�÷v©�Æ, =é?¿ λ, a, b ∈ R,

λ(a+ b) = λa+ λb, (a+ b)λ = aλ+ bλ. (2.4)

XJ¦{÷v��Æ, K¡ R ����(commutative ring). XJR−{0} ´
¦{C��+, K¡ R �� (field).

~2.20. �R = {0}, �Ùþ\{Ú¦{�0 + 0 = 0 · 0 = 0, KR �¤�, ¡

�"�, P�0. ��ó, ·�@��

~2.21. -Ù��ê B = {0, 1}, Ù\{�¦{½Â�

+ 0 1

0 0 1

1 1 0

,

× 0 1

0 0 0

1 0 1

K B �¤�. Ó�- Z/4Z = {0, 1, 2, 3}, \{Ú¦{Xe
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+ 0 1 2 3

0 0 1 2 3

1 1 2 3 0

2 2 3 0 1

3 3 0 1 2

,

× 0 1 2 3

0 0 0 0 0

1 0 1 2 3

2 0 2 0 2

3 0 3 2 1

KZ/4Z ����.

~2.22. (1) ·�Ù��Z, Q, R ÚC ´���, ¿�Q, R ÚC ´�, N
Ø´�.

(2)-Z[i] = {a+bi | a, b ∈ Z}, Q(i) = {a+bi | a, b ∈ Q},Ù¥i =
√
−1.

K3Eê�\{Ú¦{¿Âe, Z[i] �¤�, ¡�pd�ê�; Q(i) �¤�,

¡�pdê�.

~2.23. R þ¤k 2 ��
�8Ü M2(R) ´����. Ó�, M2(Q),M2(C)

�´����.

~2.24 (o�êN). � H ⊆M2(C) �¤k/X(
a b

−b a

)
, Ù¥ a, b ∈ C

�Ý
8Ü, K3Ý
\{Ú¦{¿Âe H �¤�, � H× = H− {0} ´¦
{+, �du¦{Ø��, � H Ø´�, ¡�o�êN.

½Â2.25. � R þ�ü  (unit) ´� R ¥¦{�_�. - R× �uR ¥¤

kü �8Ü, K R× �¦{+, ¡�R �ü + (group of units).

~2.26. �F ��=´�ü + F× = F − {0} ´¦{C��+.

§2.2.2 ��{ü5�

3�R¥,·�k0, 1 ∈ R,�1�K�−1 ∈ R. éun ∈ N, a ∈ R,Pna

�n�a3R¥�Ú, (−n)a = −(na)�na�K�. N´��−na´n�−a
�Ú.
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·K2.27. � R ��, K

(1) éu?Ûx ∈ R, x · 0 = 0 = 0 · x.
(2) XJ 0 = 1, K R = 0. �eR 6= 0, 7k0 6= 1.

(3) éuR ¥��ai (1 ≤ i ≤ m) Úbj (1 ≤ j ≤ n), K

m∑
i=1

ai

n∑
j=1

bj =
m∑
i=1

n∑
j=1

aibj,

n∑
j=1

bj

m∑
i=1

ai =
n∑
j=1

m∑
i=1

bjai.

y². (1) dx · 0 = x(0 + 0) = x · 0 + x · 0, �x · 0 = 0. Ón0 · x = 0.

(2) d(1), x = x · 1 = x · 0 = 0 é?¿x ∈ R ¤á.

(3) Äk·��±^8B{ò©�Æí2�é?¿m ≥ 2,

a(b1 + b2 + · · ·+ bm) =ab1 + ab2 + · · ·+ abm,

(b1 + b2 + · · ·+ bm)a =b1a+ b2a+ · · ·+ bma.

K

(
m∑
i=1

ai)(
n∑
j=1

bj) =(
m∑
i=1

ai)b1 + (
m∑
i=1

ai)b2 + · · ·+ (
m∑
i=1

ai)bn

=
m∑
i=1

aib1 +
m∑
i=1

aib2 + · · ·+
m∑
i=1

aibn

=
m∑
i=1

n∑
j=1

aibj.

Ón��,��ª.

5P. (1) =¦ x, y ∈ R �Ø�0, xy ��U� 0, X3� M2(R) ¥,(
0 1

0 0

)(
1 0

0 0

)
= 0.

(2) ��ó, 3�¥aibj 6= bjai.

dþã·K, ·�á�k

½n2.28 (Úî��ª½n). �R ����. Ké��ê n Ú��x, y ∈ R,
ok

(x+ y)n =
n∑
k=0

Ck
nx

kyn−k =
n∑
k=0

(
n

k

)
xkyn−k. (2.5)
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y². d·K 2.27 (3) �8B, ·�k

n∏
i=1

(ai1 + ai2) =
2∑

i1=1

2∑
i2=1

· · ·
2∑

in=1

a1i1a2i2 · · · anin .

X- a11 = a21 = · · · = an1 = x, a12 = a22 = · · · = an2 = y, K

a1i1a2i2 · · · anin = xkyn−k ��=�i1, · · · , in TÐk ��1, n − k ��2.

Ü¿Óa�=�(2.5).

5P. ¯¢þ��xy = yx, Kª (2.5) o¤á.

½Â2.29. � R ����, R ¡���´�X ab = 0, K a = 0 ½ b = 0. �

ó�, =XJa, b �Ø�0, Kab 6= 0.

d½Â, ·�kXe��¹'X:

� ( �� ( ��� ( �

~2.30. (1) �ê�Z Úpd�ê�Z[i] þ´��, �§�Ø´�.

(2) Z/4Z ´���, �Ø´��, Ï�3Ù¥2× 2 = 0.

·K2.31. � R ����, e�ü^��d:

(1) R ���.

(2) R þ¦{��Æ¤á, =X ab = ac, � a 6= 0, K b = c.

y². (1) ⇒ (2): Xab = ac, Ka(b− c) = 0, qdu a 6= 0, �d��½Â�

b− c = 0, = b = c.

(2) ⇒ (1): X ab = 0 = a · 0 � a 6= 0, Kd��Æ� b = 0.

XÓ+��¹��, ·��±ÏLf�Ú���È5�E#��.

½Â2.32. �R �f8ÜT ¡�R �f� ´�T = 0 ½öT 3R �\{Ú

¦{¿Âe�¤�.

Ó�, �F �f8ÜE ¡�F �f� ´�E 3F �\{Ú¦{¿Âe

�¤�.

d½Â�, XT 6= 0, K8ÜT ´R �f���=�T ´R �\{f+

�3R�¦{¿Âe´¹N�+. ��f8 E ´�F�f���=�E ´F
�\{f+�E − {0} ´F× = F − {0} �¦{f+.
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~2.33. (1) �ê� Z ´pd�ê� Z[i] �f�.

(2) knê� Q ´¢ê� R �f�,  R ´Eê� C �f�.

½Â2.34. �R1, R2��.KR1�R2 (��8Ü�)�(k�ÈR = R1×R2

3\{Ú¦{$�

(x1, x2) + (y1, y2) = (x1 + y1, x2 + y2),

(x1, x2) · (y1, y2) = (x1y1, x2y2)

e�¤+: §�¦{ü �´ 1R = (1R1 , 1R2), "�0R = (0R1 , 0R2), ��

(x1, x2) �K�´ (−x1,−x2). � R ¡� R1 � R2 ��È , ½ö¡�(k

�È.

5P. duéu?Ûx ∈ R1, y ∈ R2, þk

(x, 1) · (1, y) = 0.

�ü��"���È�½Ø´��. AO/, ���È(���ó) �½Ø

´�.

§2.2.3 õ�ª�

�R ´�"���. R þ�(��) õ�ª (polynomial) =

f(x) = a0 + a1x+ · · ·+ anx
n,

Ù¥ a0, a1, . . . , an ∈ R, x ��½�, ¤kõ�ª8ÜP� R[x]. X an 6= 0,

¡ an � f(x) �Ä�Xê (leading coefficient), X an = 1, ¡ f(x) �Ä�õ

�ª (monic polynomial), n ¡� f �gê (degree), P� deg f , a0 ¡�~

ê� (constant term). XJ¤k ai þ� 0, K¡ f(x) = 0 �"õ�ª, Ùg

ê½Â� −∞. XJõ�ªØ�~ê�	Ù¦XêÑ�u 0, ¡dõ�ª�

~õ�ª. 5¿�õ�ª�gê� 1 ��=�Tõ�ª��"~õ�ª.

� f(x) =
∑

i aix
i, g(x) =

∑
i bix

i ∈ R[X], ½Âõ�ª�\{�¦{X

e

f(x) + g(x) =
∑
i

(ai + bi)x
i, (2.6)
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f(x) · g(x) =
∑
k

(
∑
i+j=k

aibj)x
k. (2.7)

ü�õ�ª��´�ÙéA�Xê��, = ai = bi é¤k iþ¤á. 3d�

¹e, R[x] �¤���, R[x] �0 Ú1 Ò´R �0 Ú1, f(x) =
∑

i aix
i �K

�=�−f(x) =
∑

i(−ai)xi. � R ´ R[x] �f�, R ¥�� a À� R[x] ¥

�~õ�ª.

éuõ�ª�, ·�kXe{üq��5�:

·K2.35. � f(x), g(x) ∈ R[x], K

(1) deg(f(x) + g(x)) ≤ max(deg f(x), deg g(x)), = f(x) + g(x) �gê

Ø�u f(x) ½ g(x) �gê.

(2) deg(f(x) ·g(x)) ≤ deg f(x)+deg g(x) (d?·�� −∞+a = −∞).

(3)AO/,XR´��,Kdeg(f(x)·g(x)) = deg f(x)+deg g(x),�R[x]

�´��.

y². ´�y. 3�öS.

5P. XJ R Ø´��, (2) ¥��ÒØ�½¤á. ~X R = Z/4Z, f(x) =

g(x) = 2x, K f(x)g(x) = 0, Ùgê −∞ < 2.

·�fl���R �E
��õ�ª�R[x], §E,´���. Ïd·

���EL§�±Ee�, R þ�n �õ�ª�R[x1, · · ·xn] =n− 1 �õ

�ª�R[x1, · · · , xn−1] �õ�ª�. §�z����L«�

f(x) =
∑
i1,··· ,in

ai1,··· ,inx
i1
1 · · ·xinn , ai1,··· ,in ∈ R.

f(x) �gê ½Â�

deg f = max{i1 + i2 + · · ·+ in | ai1,··· ,in 6= 0}.

XJ f(x) 6= 0, E½Â deg 0 = −∞. ,	f 'u xk �gê=

degxk f = max{ik | ai1,··· ,in 6= 0}.

/X axi11 · · · xinn �õ�ª¡�ü�ª (monomial). XJéu¤k ai1,··· ,in 6=
0, i1 + · · · + in = d �~�, =f(x) �¹�z�ü�ª�gêþ�u d, ¡

f(x) � d gàgõ�ª (homogeneous polynomial of degree d).
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§2.3 Ó��Ó�

§2.3.1 +�Ó��Ó�

·�®²ÆS�+�éõ~f, 'X`

(1) �� 2 �+, ·�k

(i) C2 = {1,−1}, = 2 gü ��¤�¦{+.

(ii) Ù��êB = {0, 1} ��\{+(~ 2.21).

(2) �� 4 �+, ·�k

(i) C4 = {±1,±i}, 4 gü �+.

(ii) Z/4Z = {0, 1, 2, 3} ��\{+(~ 2.21).

(iii) B× B, ü� 2 �+��È.

XÛ«©ù
+ºXÛn)§�����OºùI�ïÄ+�+�m�'X,

�Ò´`I�ïÄ+�m�N�. �7L5¿�, +Ø=´8Ü, §þ¡k

¦{$�, �+�+�m�N�AT�±¦{$�. ·�kXe�½Â.

½Â2.36. � G1 � G2 �+, N� f : G1 → G2 ¡�+Ó� (homomorphis-

m) ´�é?¿ g, h ∈ G1,

f(gh) = f(g)f(h).

(5¿�þª�> g · h ´+ G1 ¥�¦{$�, m> f(g) · f(h) ´ G2 ¥�

¦{$�.)

X f ��8ÜN��ü�, ¡ f �üÓ� (epimorphism). X f �÷

�(epimorphism), ¡ f �÷Ó�. X f �V�, K¡ f �Ó� (isomorphis-

m), P� f : G1
∼= G2.

·K2.37. �f : G1 → G2 �+Ó�, K

(1) +Ó�o´òü N�ü , =f(1G1) = 1G2.

(2) +Ó�o´ò_�N�_�, =éug ∈ G1, f(g−1) = f(g)−1.
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y². df(1G1) = f(1G1 · 1G1) = f(1G1) · f(1G1), 2d��Æ=�(1).

eg ∈ G1, K

f(g) · f(g−1) = f(g · g−1) = f(1G1) = 1G2 ,

� f(g−1) = f(g)−1, (2) �y.

·�5w�
+Ó�ÚÓ��~f.

~2.38. XJH ´G �f+, K�¹N�i : H → G, h 7→ h �+Ó�, �´

üÓ�.

~2.39. (1) éuAÏ��+ SO2(R) =

{(
cos θ − sin θ

sin θ cos θ

)∣∣∣ θ ∈ R} Úü
 � S1 = {z ∈ C | |z| = 1}, ·�k+Ó�

SO2(R)
∼−→ S1(

cos θ − sin θ

sin θ cos θ

)
7−→ eiθ = cos θ + i sin θ.

�3Ó�¿Âe, ùüö´Ó�+.

(2) �R×+ �¤k�¢ê�¤�¦{+, K�ê¼ê

exp : R→ R×+, x 7→ ex

´+Ó�. Ù_�éê¼ê

log = ln : R×+ → R, y 7→ ln y.

~2.40. éu 2��
 A =

(
a b

c d

)
, ·�½Â A�1�ª (determinant)

�

detA = |A| = ad− bc. (2.8)

·K2.41. Ý
1�ª�¦È´Ý
¦È�1�ª. =é A =

(
a b

c d

)
,

A′ =

(
a′ b′

c′ d′

)
,

detA · detA′ = det(AA′). (2.9)
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�1�ªN��Ñ+Ó�

det : GL2(R)→ R×,

�dÓ��÷Ó�.

y². �A =

(
a b

c d

)
, A′ =

(
a′ b′

c′ d′

)
,KAA′ =

(
aa′ + bc′ ab′ + bd′

ca′ + dc′ cb′ + dd′

)
.

�

det(AA′) = (aa′ + bc′)(cb′ + dd′)− (ab′ + bd′)(ca′ + dc′)

= aa′dd′ + bb′cc′ − bd′ca′ − ab′dc′

= (ad− bc)(a′d′ − b′c′)

= detA · detA′.

d det

(
x 0

0 1

)
= x, � det : GL2(R)→ R× �+�÷Ó�.

ÏL�E+Ó�,·�ò��f+Ú�aAÏf+,=�5f+ (normal

subgroup) �~f. 38��+ØÆS¥, �5f+ò¬´�����V

g, §ò�Ï·�½Â+þ��d'X, �Eû+. Äk·��Ñ�5f+

�½Â.

½Â2.42. �G ´+, x ∈ G. é?¿ g ∈ G, gxg−1 ¡� x ��Ý�.

½Â2.43. �H ≤ G,Xé?Û x ∈ H, x��Ý�þ3H¥,= gHg−1 ⊆ H

é?¿ g ∈ G ¤á, ¡ H ´ G ��5f+, P� H / G.

~2.44. � G �C��+, K gxg−1 = x ð¤á, �C��+�?Ûf+þ

´�5f+.

½Â2.45. �f : G → H �+Ó�. f �Ø ker f (kernel) ½Â�H ¥ü 

����, =

ker f = {g ∈ G | f(g) = 1}.

f �� imf (image) ½Â�G ¥¤k����8, =

imf = {f(g) | g ∈ G}.
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·K2.46. �f : G → H �+Ó�. Kker f ´G ��5f+, imf ´H �

f+.

y². imf ´H �f+dÓ��½Âá���. ·��yker f ´G ��5

f+.

�g1, g2 ∈ ker f , K

f(g1g
−1
2 ) = f(g1)f(g2)

−1 = 1,

�g1g
−1
2 ∈ ker f , ¤±ker f ´G �f+. �g ∈ ker f , x ∈ G, K

f(xgx−1) = f(x)f(g)f(x)−1 = 1,

�xgx−1 ∈ ker f , ¤±ker f ´G ��5f+.

þã·K´+Ø¥��½n: Ó�Ä�½n ��Ü©, ·�ò3Ä�

�ê�§¥?�ÚÆSù�½Æ.

~2.47. éu1�ªÓ�det : GL2(R) → R×, §�Ø�{A ∈ GL2(R) |
detA = ad − bc = 1}, ·�P��SL2(R)§¡�R þ�2 �AÏ�5+

(special linear group).

3+ØïÄ¥, ²~¬òÓ�À��Ó, ½ö`3Ó�¿Âe��. ,

��¡, �¬¯9Ó�+�m�±�Eõ�«Ó�. ·�k

½Â2.48. X+Ó�´+ G �g��Ó�, K¡� G �gÓ� (automor-

phism).

·K2.49. (1) + G �¤kgÓ�3EÜN���¦{e�¤+, ¡� G �

gÓ�+, P� AutG.

(2)X ϕ : G→ H � G� H Ó�. K G� H �¤kÓ�� ϕAutG =

{ϕ ◦ f | f ∈ AutG}.

y². (1) w,.

(2) Äk, ϕ ◦ f : G
f→ G

ϕ→ H � G � H �Ó�. ,��¡, X

ϕ′ � G → H �Ó�, K ϕ−1 ◦ ϕ′ : G → H → G � G �gÓ�. �

ϕ′ = ϕ ◦ (ϕ−1 ◦ ϕ′) ∈ ϕAutG.
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§2.3.2 ��Ó��Ó�

�+��¹aq,ïÄ�,Ì��´ïÄ��m�'X,ùÒI�ïÄ�

�m�N�. �du�´AÏ�8Ü, äk\{Ú¦{ü«$�, 3ïÄ�

mN���ÿ, ·�I�N��±$�, Ò����Ó��Vg.

½Â2.50. �R1, R2 ��.N�f : R1 → R2 ¡��Ó� ´�e�^�¤á:

(1) f(1) = 1, =f ò¦{ü �N�ü �.

(2) é?¿ g, h ∈ R1,

f(g + h) = f(g) + f(h), f(gh) = f(g)f(h).

X f ��8ÜN��ü�, ¡ f �üÓ�. X f �÷�, ¡ f �÷Ó

�. X f �V�, K¡ f �Ó�, P� f : R1
∼= R2.

5P. �k^�(2) ¤áØU�y(1) ¤á. XN�

R −→M2(R), x 7−→

(
x 0

0 0

)

÷v^�(2) �Ø÷v^�(1).

d�Ó�½Â, ·�á�k

·K2.51. �f : R1 → R2 ��Ó�, Kf(0) = 0, f(−g) = −f(g) (g ∈ R1),

�f(g−1) = f(g)−1 (Xg ∈ R×1 �_). �ö`²�Ó�ò�_�N��_�.

~2.52. �F �?Û�"�R �Ó�f : F → R þ´üÓ�, ¯¢þ, X

Jf(g) = f(h) �g 6= h, K

f(1) = f(g − h)f((g − h)−1) = 0

�f(1) = 1 gñ. �´duù�¯¢, ·�4��Ä��Ó�.

~2.53. N�

R −→M2(R), x 7−→

(
x 0

0 x

)
´��üÓ�.
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~2.54. N�

Z→ {0, 1}, óê 7→ 0, Ûê 7→ 1

´��÷Ó�.

~2.55 (õ�ª�D�N�). �R ´���, �½a ∈ R. K�3g,��
Ó�

R[x]→ R, f(x) =
∑
i

aix
i 7→ f(a) =

∑
i

aia
i.

·�¡f(a) �õ�ªf 3a ?�D�. ´�D�N�´÷Ó�.

~2.56. 3þ�!¥·�½Â
o�êNH = {
(
a b
−b a

)
| Ù¥ a, b ∈ C}. ·

��Ä8Ü

H′ = {x+ yi+ zj + wk | x, y, z, w ∈ R},

Ù¥\{�éA��\, ¦{÷v(ÜÆ9

i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j,

�\{Ú¦{÷v©�Æ. 3d\{Ú¦{$�e§H′ �¤�. N�

f : H→ H′,

(
a b

b a

)
7→ a+ bj

´��Ó�(öS). H′ ´·�3�ÊÖ¥~��o�ê½Â.

ÏL�E�Ó�, ·�ò���¥�aAÏ8Ü: n��~f. 38�

��ØÆS¥, n�ò¬´�����Vg, §ò�Ï·�½Â�þ��

d'X, �Eû�. Äk·��Ñn��½Â.

½Â2.57. � R ����, R þ�n� (ideal) I ´� R ���f8Ü, �

÷v^�

(1) é?¿ x, y ∈ I, K x± y ∈ I.

(2) é?¿ x ∈ I, r ∈ R, K rx ∈ I.

~2.58. �x ∈ R, KxR = {xr | r ∈ R} ´ R �n�. AO/, {0} ÚR þ
´R ¥�n�. ù�d����)¤�n�¡�Ìn� (principal ideal).
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½Â2.59. �f : R1 → R2 ��Ó�. f �Ø ker f ½Â�R2 ¥"����,

=

ker f = {g ∈ R1 | f(g) = 0}.

f �� imf ½Â�R1 ¥¤k����8, =

imf = {f(g) | g ∈ R1}.

·K2.60. �R1 ´���, f : R1 → R2 ��Ó�. Kker f ´R1 �n�,

imf ´R2 �f�.

y². imf 3R2 �\{Ú¦{$�e�¤�dÓ��½Âá�. ·��

yker f ´R1 �n�, =Iy²: (i) Xx, y ∈ ker f§Kx ± y ∈ ker f ; (ii)

Xr ∈ R1, x ∈ ker f§Krx ∈ ker f . ù
Ñ´w,�.

5P. ���¥�n�Vg�±*¿����þ�n�, d�þ¡·KE,

¤á, ù´�Ó�Ä�½n ��Ü©.

S K

SK2.1. y²Ý
¦{÷v(ÜÆ.

SK2.2. l²¡�g��¼êXJ�±²¡þ?Ûü:�ål, K¡��å

N�. y²�åN�Ñ´V�, �¤k�åN�3¼êEÜ¿Âe�¤+.

SK2.3. XJG ´+, x, y ∈ G§K(xy)−1 = y−1x−1.

SK2.4. �äe¡=
2 ��
8Ü3Ý
¦{¿Âe�¤+:

(i) ( a bb c ) , ac 6= b2.

(ii) ( a bc a ) , a2 6= bc.

(iii) ( a b0 c ) , ac 6= 0.

(iv) ( a bc d ) , a, b, c, d ∈ Z, ad 6= bc.

SK2.5. y²8Ü
⋃
n≥1Cn 3Eê¦{¿Âe�¤+.

SK2.6. XJA ´G �f+, B ´H �f+, y²A×B ´G×H �f+.

Þ~`²Ø´¤kZ× Z Xd��.
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SK2.7. �8ÜQ(
√

2) = {a + b
√

2 | a, b ∈ Q}. �y§3¢ê\{Ú¦{
¿Âe�¤�.

SK2.8. �8ÜZ(
√

2) = {a+ b
√

2 | a, b ∈ Z}. �y§3¢ê\{Ú¦{¿
Âe�¤�.

SK2.9. XJG ´+. y²N�x 7→ x−1 ´+Ó���=�G �C��+.

SK2.10. XJG ´+, y²é?Ûx ∈ G, N�g 7→ xgx−1 ´G �gÓ�.

SK2.11. y²¦{+C× ∼= R×+ × S1, Ù¥R×+ ´�¢ê�¤�¦{+.

SK2.12. y²H ∼= H′.

SK2.13. XJH, K þ´G ��5f+, y²HK = {hk | h ∈ H, k ∈ K}
´G ��5f+.

SK2.14. XJI, J þ´���R�n�,y²I+J = {x+y | x ∈ I, y ∈ J}
´R �n�.
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êÆ��)´l�ê��)m©�. g����m©, <�Òl1, 2, 3

m©, �ÚÚuÐ�ê�nØ, ,��©ê(knê), ¢ê, · · · , l��ê
�.. 3�ÙÚe�Ù, ·�ò0�k'�ê�²;nØ. ·�ò�E¦

^Xew��¯¢:

����ê8Üok���.

§3.1 �Ø

§3.1.1 �{Ø{

·�Äk£��eê��Ø5�½Â.

½Â3.1. � a, b ��ê, b 6= 0, XJ�3�ê c ¦� a = bc, ¡ b �Ø a, L

«� b | a. d�¡ b ´ a �Ïf (½�ê, divisor ½factor), a ´ b ��ê

(multiple). XØ�3þã�ê c, K¡ b Ø�Ø a, P� b - a.

5¿�d½Â, ?¿�"�êþ´ 0 �Ïf.

·K3.2. � a, b, c ��ê, K

(1) X b | a � c 6= 0, K bc | ac. ��½,. AO/, b | a �du
(±b) | (±a).

(2) X b | c � c | a, K b | a. =�Ø'X÷vD45.

(3) X a | b � a | c, Ké?¿ x, y ∈ Z, a | bx+ cy. = b, c �?¿�X

ê�5|Üþ´ a ��ê.

(4) X b | a � a 6= 0, K |b| ≤ |a|. �e a | b � b | a, K |a| = |b|, =
a = ±b.

y². w,. 3�SK.

�ênØ¥�{Ø{��3åX����^.

39
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½n3.3 (�{Ø{). � a, b ��ê, b 6= 0, K�3�ê q � r ¦�

a = bq + r, Ù¥ 0 ≤ r < |b|.

¿� q � r dþã^���(½.

y². ky�35. �I = {a − bk | k ∈ Z}. du�k v
��('Xk <

−|a|b), a− bk > 0, �I ∩N 6= ∅. �r ´I ¥���g,ê, K0 ≤ r < |b|: ¯
¢þ, XJr ≥ |b|, Kr − |b| ≥ 0 �´3I ¥.

2y��5. Xa = bq1 + r1 = bq2 + r2, Ø��r2 ≥ r1, K0 ≤ r2 − r1 =

(k1 − k2)b < |b|, �k2 = k1 �r2 = r1"

5P. q �r ©O¡�a �b �Ø�û (quotient)�{ê (remainder).

§3.1.2 ��úÏf

½Â3.4. � a, b �Ø��"��ê, d ¡� a � b ���úÏf (q¶��

ú�ê, greatest common divisor) ´�eãü^�¤á:

(1) d ´ a � b �úÏf, = d | a � d | b.
(2) d ´ a � b �úÏf¥���, =e d′ | a � d′ | b, K d′ ≤ d.

·�P (a, b)� a� b���úÏf. X (a, b) = 1,¡ a� bp� (coprime).

·K3.5. �a, b ��ê, K

(1) (±a,±b) = (a, b).

(2) (a, b) = (b, a).

(3) X a 6= 0, (a, a) = (a, 0) = |a|.
(4) (a, b) = (a+ by, b) = (a, b+ ax), Ù¥x, y �?¿�ê.

y². ·��y²(a, b) = (a+ by, b), Ù{3�SK.

d½Â,·��Iy²aÚb�úÏf8Ü�a+ by Úb�úÏf8Ü�

Ó=�. XJd ´a Úb �úÏf, Kd | a + by, �d ´a + by Úb �úÏf.

Ón�y�L5�¤á.

½n3.6. � a, b Ø�� 0, d = (a, b), K

{ax+ by | x, y ∈ Z} = dZ = {dz | z ∈ Z}.
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�ó�, = a, b ��Xê�5|Ü8Ü= a � b ���úÏf��ê8Ü.

AO/,

(1) �3�ê x, y ¦� (a, b) = ax+ by.

(2) a, b p���=��3 x, y ¦� ax+ by = 1.

y². - I = {ax + by | x, y ∈ Z}, � d1 � I ¥�����ê, Kd

d | ax + by, k d | d1. �L5, e d1 - a, d�{Ø{, �3 0 ≤ r < d1 ¦�

r = a− qd1 = a(1− qx1)− qby1 ∈ I. ù� d1 ���5gñ, � d1 | a. Ón,

d1 | b. � d1 | d. d d � d1 þ���ê, � d = d1. 2d�{Ø{, I = dZ.

(1),(2)w,.

5P. {ax + by | x, y ∈ Z} =� a, b )¤� Z ¥�n�, dZ =�d d )¤

�n�. þã½nÒ´`ü��ê)¤�n�Ú§����úÏf)¤�n

�´Ó��n�.

½n¥��ª¡�Bezout �ª.

ò½n 3.6 �y²A^� Z ¥?¿n���/, Ò��Xe½n.

½n3.7. � I � Z ¥�n�, K I = dZ, Ù¥d = 0 ½���ê. �Z ¥
�n�þ´Ìn�.

y². X I 6= 0, K�3 x ∈ I, x 6= 0. du −x ∈ I, ��3��ê x ∈ I. �

d ´ I ¥����ê, K��¡·�k I ⊇ dZ. ,��¡, X x ∈ I, Kd

x = qd + r, 0 ≤ r < d, � r = x − qd ∈ I. d d ���5, � r = 0. ¤±

I ⊆ dZ.

·K3.8. e�5�¤á:

(1) a � b �úÏfþ´ (a, b) �Ïf.

(2) X m > 0, m(a, b) = (ma,mb).

(3) X (a, b) = d, K (a
d
, b
d
) = 1.

(4) X (a,m) = (b,m) = 1, K (ab,m) = 1.

(5) X c | ab, � (c, b) = 1, K c | a.

y². (1) �(a, b) = ax + by, dua � b �?¿úÏfþ�Øax + by, �

´(a, b) �Ïf.
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(2) dBezout�ª, (ma,mb) = max + mby = m(ax + by), �(ma,mb)

´m(a, b) ��ê. �L5d(a, b) = ax′ + by′, m(a, b) = max′ + mby′,

�m(a, b) ´(ma,mb) ��ê. üöÑ´��ê, ���.

(3) d(2), d(a
d
, b
d
) = (a, b) = d, � (a

d
, b
d
) = 1.

(4) d^�, �3 x1, y1, x2, y2 ∈ Z, ax1 +my1 = bx2 +my2 = 1, �

(ax1 +my1)(bx2 +my2) = abx1x2 +m(ax1y2 + bx2y1 +my1y2) = 1.

dBezout �ª�(ab,m) = 1.

(5) d (c, b) = 1 ��3Bezout �ª cx + by = 1 ( x, y ∈ Z), � cax +

aby = a. duc ´ cax Ú aby �Ïf, � c | a.

§3.1.3 îAp��{

dþ¡�½n 3.6, ·���¦ü��ê a, b ���úÏf�îAp�

�{ (Euclidean algorithm). ù´y���P��{, Ñy3ú�cnV

îAp��5��6(=5AÛ��6)¥, �8E,�2�$^.

8Iµ�½�ê a, b, ¦§����úÏf d.

�{µ

1"Ú, p� a, b ¦� |b| ≤ |a|. X b = 0, K (a, b) = |a|, �{ª�.

1�Ú, ^ b �Ø a, a = bq1 + r1, 0 ≤ r1 < |b|. X r1 = 0, K (a, b) = b,

�{ª�.

1�Ú, X r1 6= 0, -(a, b) = (b, r1), UY1�Ú, =��{Ø{ b =

r1q2 + r2.

· · ·
1n Ú, Xrn = 0, K�{ª�, �(a, b) = rn−1.

duz?1�g�{Ø{, ok· · · < r2 < r1 < |b|,  |b| k�, ��{o¬

ª�. �uX rn = 0, K (a, b) = rn−1, ù´du

(a, b) = (b, r1) = · · · = (rn−1, rn) = (rn−1, 0) = rn−1.

,	, d

r1 = a− bq1
r2 = b− r1q2 = b− (a− bq1)q2 = b(1 + q1q2)− aq2
· · ·
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48=�

rn−1 = ax+ by,

=îAp��{�Ï·����ê x, y, ÷vBezout �ª

ax+ by = (a, b). (3.1)

~3.9. Á¦(1517, 481), ¿¦§÷v�Bezout �ª.

). dîAp��{, ·�k

1517 =3× 481 + 74,

481 =6× 74 + 37,

74 =2× 37,

� (1517, 481) = 37, �

37 = 481− 6× 74 = 481− 6× (1517− 3× 481) = 19× 481− 6× 1517.

= 481× 19− 1517× 6 = 37.

§3.1.4 ��ú�ê

½Â3.10. � a, b��"�ê,��ê m¡� a, b���ú�ê (least com-

mon multiple) ´�e�ü^�¤á:

(1) m ´ a � b ��ê, = a | m, � b | m.

(2) X m′ > 0 ´ a � b ��ê, K m ≤ m′.

P m = [a, b].

·K3.11. � a, b ��"�ê, K

(1) a � b �ú�êþ´ [a, b] ��ê.

(2) [ma,mb] = |m|[a, b].
(3) (a, b)[a, b] = |ab|. AO/, X a, b p�, K [a, b] = |ab|.

y². (1) P I � Z ¥ a, b �¤kú�ê�8Ü. ·�N´�y(i) é?¿

x, y ∈ I, x± y ∈ I. (ii) X r ∈ Z, x ∈ I, K rx ∈ I. � I ´ Z ¥�n�. d

½n 3.7�I = mZ, Ù¥ m � I ¥����ê. ��â½Â, m �´ [a, b],

� I ¥?Û��þ´ [a, b] ��ê.
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(2) w,.

(3) d(2),

[
a

(a, b)
,

b

(a, b)
] =

[a, b]

(a, b)
,

(a, b)[a, b] = |ab| ⇔ [
a

(a, b)
,

b

(a, b)
] =

|ab|
(a, b)2

.

��Iy² (a, b) = 1 ��/. 3d�/, Äk |ab| ´ a � b ��ê, �

[a, b] ≤ |ab|. ,��¡� ax = [a, b] = by, ¤± b | ax. �du (a, b) = 1, �

b | x. Ïd, ab | ax = [a, b]. � ab ≤ [a, b], ���ª.

~3.12. d(1517, 481) = 37, �[1517, 481] = 1517× 481÷ 37 = 19721.

§3.2 �ê��âÄ�½n

½Â3.13. � p ≥ 2 ���ê, X p ��Ïf�k²�Ïf 1 Ú p g�, ¡

p ��ê(½�ê, prime number), ÄK¡�Üê (composite number).

Ún3.14 (îAp�Ún). � p ��ê. X p | ab, K p | a ½ p | b.

y². X p - a, K (p, a) = 1, � p | b (·K 3.8).

éu?¿ n ≥ 2, n ∈ Z, d½Â� n ��u 1 ��Ïf¥��ö7��

ê, Ï�§�Ïf�´ n �Ïf. ¯¢þ·�k

½n3.15 (îAp�). �êkÃ¡õ�.

y². ^�y{. XJ�ê�kk�õ�, ��p1, p2, · · · , pn. -N =

p1p2 · · · pn + 1. Ké¤k�pi, (N, pi) = 1. �N ��ÏfØ3{p1, · · · , pn}
¥, gñ.

½n3.16 (�âÄ�½n). z�Ø�u 1 ���ê�©)�k���ê�

¦È, �XJØO�Ïf3¦È¥�gS, K©)�ª��.

y². ky�35. �X = {n ∈ Z | n ≥ 2�ØU©)�k���ê�¦È}.
·�y² X ´�8. X X ��, K7k��ê n0 ∈ X, � n0 ØU´�ê.

� n0 = n1n2, n1 ≥ 2, n2 ≥ 2, du n1 < n0, n2 < n0, � n1 /∈ X,n2 /∈ X, =
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n1 � n2 þ´k���ê�¦È, ¤± n0 = n1n2 �´k���ê�¦È,

gñ�

2y��5. � n = p1 · · · ps = q1 · · · qt, Ù¥pi, qj �´�ê. dîA

p�Ún, p1 | qj, � p1 = qj. #SügS�Ø�� q1 = p1. UY�Ä

p2 · · · ps = q2 · · · qt. � s = t �©)��.

ò½n¥¦È��Ó�ÏfÜ¿,K�âÄ�½n�±L«¤Xe/ª:

½n3.17. ?Û�"�ên þ�L«�

n = sgn(n) ·
∏

p��ê

pvp(n), (3.2)

Ù¥

(1) sgn(n) = n
|n| = ±1 ´n �ÎÒ;

(2) vp(n) ∈ N �Ø�k�õ�p 	, vp(n) = 0, =(3.2) ¢Sþ�k�¦

È;

(3) p | n ��=�vp(n) > 0;

(4) n L«�(3.2) �/ª��, =X

n = ε
∏

p��ê

pαp(n)

�ε = ±1, αp(n) ∈ N ÷v^�(2), Kε = sgn(n) �αp(n) = vp(n).

5P. n �þã¦È/ª(3.2)¡�n �Ïª©). ·��±òÙ¥vp(n) = 0

���K^k�¦ÈL«, =

n = sgn(n) · pvp1 (n)1 · · · pvps (n)s , (3.3)

Ù¥s ≥ 0, p1, · · · , ps üüØÓ, vp1(n), · · · , vps(n) ���ê.

duz��"knêþ�±�¤m
n
�/ª, ��±b�(m,n) = 1, K

d�âÄ�½nk

íØ3.18. ?Û�"knêa þ���L«�

a = sgn(a) ·
∏

p��ê

pvp(a), (3.4)
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Ù¥

(1) sgn(a) = a
|a| = ±1 ´a �ÎÒ;

(2) vp(a) ∈ Z �Ø�k�õ�p 	, vp(n) = 0, =(3.4) �k�¦È;

(3) XP|a| = m
n
, m,n ∈ Z+ �(m,n) = 1, K

m =
∏

p:vp(a)>0

pvp(a), n =
∏

p:vp(a)<0

p−vp(a). (3.5)

(4) X a = α
β
, α, β ∈ Z, Ké?¿�êp,

vp(a) = vp(α)− vp(β). (3.6)

·�e¡�Ñ�âÄ�½n�ü�A^.

·K3.19. ��êd =
∏

p p
vp(d) ´n ��Ïf��=�é¤k�êp, 0 ≤

vp(d) ≤ vp(n).

y². X d ´n ��Ïf, P n = dd′. X

d =
∏
p

pvp(d), d′ =
∏
p

pvp(d
′),

K n =
∏
p

pvp(d)+vp(d
′), � vp(n) = vp(d) + vp(d

′), = 0 ≤ vp(d) ≤ vp(n).

�L5, X 0 ≤ vp(d) ≤ vp(n) é¤k p ¤á, K n = dd′, Ù¥ d′ =∏
p

pvp(n)−vp(d), � d ´ n ��Ïf.

·K3.20. � a, b ���ê. K

(a, b) =
∏
p

pmin{vp(a),vp(b)}, [a, b] =
∏
p

pmax{vp(a),vp(b)}. (3.7)

y². � d =
∏
p

pmin{vp(a),vp(b)}, �y² (a, b) = d, �â·K3.8, �Iy²

(a
d
, b
d
) = 1,2d ab = (a, b)[a, b] (·K 3.11),=� [a, b] =

∏
p p

max{vp(a),vp(b)}.

e¡·�y² (a
d
, b
d
) = 1. ¯¢þ, da, b, d �Ïª©)L�ª, ·�k

a

d
=
∏
p

pvp(a)−min{vp(a),vp(b)},
b

d
=
∏
p

pvp(b)−min{vp(a),vp(b)}.

XJ p | a
d
, K vp(a) − min{vp(a), vp(b)} > 0, Ïd vp(a) > vp(b) � vp(b) −

min{vp(a), vp(b)} = 0, ¤± p - b
d
. ÓnX p | b

d
, K p - a

d
. nÜå5=�

(a
d
, b
d
) = 1.
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þã·K´��éZÀ�(J, ����Ïª©), K�±é¯¦��

�úÏfÚ��ú�ê. �3¢SA^¥, Ïª©)Ø´N´���, s3

Ïª©)þ��m���L|^îAp��{O���m, �îAp��

{¬^�¦Ñ��úÏf÷v�Bezout�ª.

~3.21. ·�25O�(1517, 481). Äk�Ïª©), 157 = 37 × 41, 481 =

37 × 13, �(1517, 481) = 37. d�é1517Ú481�Ïª©)I��Ú½��

õÑ�1îAp��{I��nÚ�

~3.22. ���ê n �Ïª©)� n = p
vp1 (n)
1 · · · pvps (n)s . ½Â

σ0(n) =
∑
1≤d|n

1, σ1(n) =
∑
1≤d|n

d. (3.8)

K

(1) σ0(n) = (vp1(n) + 1) · · · (vps(n) + 1) =
∏
p

(vp(n) + 1).

(2) σ1(n) =
s∏
i=1

p
vpi (n)+1

i −1
pi−1 .

). (1) d·K 3.19, n ��Ïfd �©)ª¥, pi ��gkαi + 1 «�{,

�n ��Ïf�êσ0(n) = (vp1(n) + 1) · · · (vps(n) + 1) =
∏

p(vp(n) + 1).

(2) Ó�d·K 3.19,

σ1(n) =
∑
1≤d|n

d =
∑

0≤βi≤vpi (n)
1≤i≤s

pβ11 · · · pβss

=
∑

0≤β1≤vp1 (n)

pβ11 · · ·
∑

0≤βs≤vps (n)

pβss

=
p
vp1 (n)+1
1 − 1

p1 − 1
· · · p

vps (n)+1
s − 1

ps − 1
=

s∏
i=1

p
vpi (n)+1

i − 1

pi − 1
.

=�ª¤á.

5P. ½Â3��ê8Üþ�¼ê f ¡�È5¼ê ´�é (m,n) = 1,

f(mn) = f(m)f(n). (3.9)

XJ(3.9) é¤k��ê m Ú n þ¤á, K¡ f ���È5¼ê.

dþã~f�±wÑ, σ0 Ú σ1 þ´È5¼ê�ÑØ´��È5¼ê.
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S K

SK3.1. y²·K 3.2.

SK3.2. � n ´��ê, y² (n! + 1, (n+ 1)! + 1) = 1.

SK3.3. � m,n ���ê, m ´Ûê. y² (2m − 1, 2n + 1) = 1.

SK3.4. � n ���ê, y²

(1) (an, bn) = (a, b)n;

(2) � a, b ´p����ê, ab = cn(c ��ê), K a, b Ñ´��ê� n

g��. ¯¢þ, a = (a, c)n, b = (b, c)n.

��/, XJeZ�üüp����ê�È��ê� n g�, Kù
�

êÑ´ n g��.

SK3.5. ^îAp��{¦ 963 Ú 657 ���ú�ê, ¿¦Ñ�§

963x+ 657y = (963, 657) (3.10)

��|A), 9¤k�ê).

SK3.6. � a, b ���ê� (a, b) = 1. y²: ��ê n > ab− a− b �, �

§

ax+ by = n (3.11)

k�K��ê); �� n = ab− a− b �, �§ (3.11) vk�K�ê).

SK3.7. � n > 1 ��ê, XJéu?Û�ê m, ½ö n | m ½ö (n,m) =

1, K n 7´�ê.

SK3.8. ��ê n > 2, y²: n Ú n! �m7k�ê. ddy²�êkÃ¡

õ�.

SK3.9. (1) � m ���ê, y²: XJ 2m + 1 ��ê, K m � 2 ���.

(2) é n > 0, P Fn = 22n + 1, ù¡�¤êê. y²: XJ m > n, K

Fn | (Fm − 2);

(3) y²: XJ m 6= n, K (Fm, Fn) = 1. ddy²�êkÃ¡õ�.
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5P. ¤êê¥��ê¡�¤ê�ê. ~X F0 = 3, F1 = 5, F2 = 17, F3 =

257, F4 = 65537 Ñ´�ê. ¤êQ²ßÿ¤k�¤êê Fn Ñ´�ê, �´

î.31732cy²
 F5 = 641 · 6700417, Ø´�ê. 8c<�Ø��Ø�c

5�¤êê	, ´Ä��3Ù§�¤ê�ê.

SK3.10. (1) � m,n Ñ´�u 1 ��ê, y²: XJ mn − 1 ´�ê, K

m = 2 ¿� n ´�ê.

(2) � p ´�ê, P Mp = 2p − 1, ù¡�rÜê. y²: XJ p, q ´Ø

Ó��ê, K (Mp,Mq) = 1.

5P. 1644c, {IêÆ[rÜ(Mersenne) ïÄL/X Mp = 2p − 1 ��ê,

�5<�òù���ê¡�rÜ�ê. ´Ä�3Ã¡õ�rÜ�ê´��]

�û�¯K.rÜ�êpé��|¢Oy (Great Internet Mersenne Prime

Search,{¡GIMPS,��http://www.mersenne.org/default.php) ´pé�

þ��öÏL¦^s�O�ÅCPUÏérÜ�ê���Ü�Oy. ÏLd

Oy, <�32013c1�25Fé�
î8������êM57885161, �´®�

�148�rÜ�ê.

SK3.11. � a, b´�ê, a 6= b, n´��ê. XJ n | (an−bn),K n | an−bn
a−b .

SK3.12. � n > 1. y²

(1) n ���²�ê�¿�^�´ σ0(n) �Ûê;

(2) σ0(n) 6 2
√
n+ 1;

(3) n ���ê�È�u n
σ0(n)

2 .

SK3.13. �m ∈ Z+ �Ïª©)�m =
∏
i

pαii . ef �È5¼ê, y²

f(m) =
∏
i

f(pαii ).

ef ���È5¼ê, y²

f(m) =
∏
i

f(pi)
αi .
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§4.1 Ó{ª

Äk·��Ä��Ù��¯K.

¯K4.1. ¦ 57863 � 9 �Ø�{ê.

). ò 578963 �� �\� 29, ò 29 �� �\� 11, ò 11 �� �\

� 2, � 578963 � 9 �Ø�{ê� 2.

þã¯K�)��6u��¯¢:

ég,ê n, 10n � 9 Ø{ 1, = 9 | 10n − 1.

¤±

9 | 5(104 − 1) + 7(103 − 1) + 8(102 − 1) + 6(10− 1) + 3(1− 1),

= 9 | (57863− 29). Ón 9 | (29− 11), 9 | (11− 2). � 9 | (57863− 2).

dþã)��±wÑ, ^�ØÎÒ | k��©�Q, Ø|u�êO�, �

d·�Ú\Ó{ª�Vg.

½Â4.2. � m ���ê. X�ê a Ú b ÷v m | a− b, ¡ a Ú b � m Ó

{ (congruent modulo m), ¿^Ó{ª (congruence)

a ≡ b mod m (4.1)

L«. X m - a− b, K¡ a Ú b � m ØÓ{, P�

a 6≡ b mod m. (4.2)

~4.3. - m = 2. K a ≡ 0 mod 2 ��=� a ´óê, a ≡ 1 mod 2 ��

=� a ´Ûê.

·K4.4. Ó{'X´�ê8Ü Z þ��d'X, =§÷vg�5, é¡5Ú

D45.

51
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y². ·��yD45. Xa ≡ b mod m, b ≡ c mod m, Km | (a − b)

�m | (b− c)§�m | (a− b) + (b− c) = a− c, =a ≡ c mod m.

~4.5. 3¯K 4.1¥, ·�k57863 ≡ 29 ≡ 11 ≡ 2 mod 9.

Ó{ªkNõÚ�ªaq�5�

·K4.6. X a ≡ b mod m, c ≡ d mod m, K

(1) a± c ≡ b± d mod m,

(2) ac ≡ bd mod m.

y². (1) 3�öS. éu(2), ·�k

ac− bd = (a− b)c+ b(c− d),

�ªm>þ�m �Ø, ��>½,. Ïdac ≡ bd mod m.

íØ4.7. X f(X1, . . . , Xn) � n-��Xêõ�ª, �é 1 ≤ i ≤ n, ai ≡ bi

mod m, K

f(a1, . . . , an) ≡ f(b1, . . . , bn) mod m.

y². d·K 4.6(1),·��±b�f �ü�ªaX i1
1 · · ·X in

n ,ü�ª��/

q´·K¥(2)�íØ.

·K4.8. (1) a ≡ b mod m, Ké?¿ d | m, a ≡ b mod d.

(2) � d 6= 0. X a ≡ b mod m, K da ≡ db mod dm; ��½,.

(3) Xa ≡ b mod mi é¤k1 ≤ i ≤ n ¤á, K

a ≡ b mod ([m1, . . . ,mn]).

y². 3�öS.

·K4.9. Ó{�§

ax ≡ b mod m (4.3)

k)��=�

(a,m) | b.

AO/,

ax ≡ 1 mod m k)��=� (a,m) = 1.
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y². ·�k

ax ≡ b mod m ⇐⇒ ∃x, y, ax− b = my ⇐⇒ ∃x, y, ax+my = b,

dBezout�ª, �ö�dub ∈ (a,m)Z.

~4.10. ¦÷v 24x ≡ 7 mod 59 �) x.

). du (24, 59) = 1, ��§k). dîAp��{

59 = 24× 2 + 11

24 = 11× 2 + 2

11 = 5× 2 + 1

�

1 = 11× 59− 27× 24, 24 · (−27) ≡ 1 mod 59.

¤±x ≡ 7× (−27) ≡ 47 mod 59.

duÓ{'X´�d'X, é�½� m, ·��Ä�ê r � m ��d

a [r] (¡�Ó{a), K

[r] = mZ+ r = {mk + r | k ∈ Z}.

P� m �¤kÓ{a8Ü� Z/mZ. du?Û�ê� m �Ø�{ê�

0, 1, . . . ,m− 1. K

Z/mZ = {[0], [1], . . . , [m− 1]}. (4.4)

5¿� [r] = [mk + r], �·�kéõ�UÀ� a0, a1, . . . , am−1 ¦�

Z/mZ = {[a0], [a1], . . . , [am−1]}.

'X`

Z/mZ = {[1], [2], . . . , [m− 1]}

= {[0], [1 +m], [2 + 2m], . . . , [m− 1 + (m− 1)m]}.
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X α ∈ [r1] = mZ+ r1, β ∈ [r2] = mZ+ r2, K

α± β ∈ [r1 ± r2]

α · β ∈ [r1r2].

dd, ·�}Á3 Z/mZ þ½Â\{Ú¦{

[a] + [b] = [a+ b], [a][b] = [ab]. (4.5)

·K4.6 `²þã½Â��Ó{ak', �Ó{a��L�À�Ã'.

½n4.11. Z/mZ 3þã\{Ú¦{¿Âe�¤ m ����.

y². �I�y

(1) \{Ú¦{÷v��Æ, (ÜÆÚ©�Æ.

(2) [0] �\{ü �, [−a] � [a] �\{_�.

(3) [1] �¦{ü �.

ù
Ñ´w,�.

5P. X m Ø´�ê, K Z/mZ Ø´��. ¯¢þ, X m = m1m2, K

[m1][m2] = [m] = [0].

y3·�5�Ä Z/mZ þ�¦{ü + (Z/mZ)×.

d½Â, e [a] ∈ Z/mZ �_, K�3 [b], ¦� [ab] = 1. = [a] �_�Ä

�duÓ{�§

ax ≡ 1 mod m

´Äk). d·K 4.9, Ó{�§k)�du(a,m) = 1. �·�k

½n4.12. (Z/mZ)× = {[a] | (a,m) = 1, 0 ≤ a ≤ m}.

½Â4.13. + (Z/mZ)× ��P� ϕ(m). ¼êϕ : m 7→ ϕ(m) ¡�î.¼ê

(Euler’s totient function).
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~4.14. � m = 6, K

(Z/mZ)× = {[1], [5]},

Ù¥ [5]2 = [25] = [1]. �ϕ(6) = 2.

½n4.15. � p ��ê, K Z/pZ � p �k��.

y². d½n4.11, Z/pZ ����. 2d½n4.12

(Z/pZ)× = Z/pZ− {[0]}.

� Z/pZ � p �k��.

½Â4.16. ±�·�P Fp = Z/pZ.

5P. þ¡�¯¢`²� m ��ê p �, Z/mZ = Fp ��(g,�´��),

� m �Üê�, Z/mZ Ø´��.

ly3m©, ·��K [ ], P

Z/mZ = {0, 1, . . . ,m− 1}, (4.6)

���5¿ùp� r L« r ¤3��da. XIrN�� r´� m �Ó{

a, ·�P� r mod m.

§4.2 ¥I�{½n

�m ≥ 1 ���ê. ·�kN�

fm : Z −→ Z/mZ

r 7−→ r mod m.

e 1 ≤ d | m, KkN�

fm,d : Z/mZ −→ Z/dZ

r mod m 7−→ r mod d.
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·K4.17. éu�½�m Úd, ·�k

(1) fm ´�ê� Z �� Z/mZ ��Ó�, =éua, b ∈ Z,

fm(1) = 1, fm(a± b) = fm(a)± fm(b), fm(ab) = fm(a) · fm(b).

(2) fm,d ´� Z/mZ �� Z/dZ ��Ó�, =éu a, b ∈ Z/mZ,

fm(1) = 1, fm(a± b) = fm(a)± fm(b), fm(ab) = fm(a) · fm(b).

¿�éu r mod d

f−1m,d(r mod d) = {(r + kd) mod m | 0 ≤ k <
m

d
}. (4.7)

y². ´�y. 3�öS.

½n4.18. � m,n �p����ê, K

Φ : Z/mnZ −→ Z/mZ× Z/nZ

a mod mn 7−→ (a mod m, a mod n)

´��Ó�, =÷v^�

(1) Φ(0) = (0, 0), Φ(1) = (1, 1).

(2) éua, b ∈ Z/mnZ,

Φ(ab) = Φ(a)× Φ(b), Φ(a+ b) = Φ(a) + Φ(b).

(3) Φ �V�.

y². (1), (2) w,.

(3) duN�ü>þ´ mn �8Ü, ��y² Φ �ü�=�. eΦ(a) =

Φ(b), K

a ≡ b mod m, a ≡ b mod n.

d(m,n) = 1, � a ≡ b mod mn. ¤± a mod mn = b mod mn. = Φ �

ü�.
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íØ4.19. Φ 3 (Z/mnZ)× þ����+Ó�:

Φ : (Z/mnZ)× −→ (Z/mZ)× × (Z/nZ)×. (4.8)

y². ��¡, X (a,mn) = 1, K (a,m) = 1 � (a, n) = 1. � Φ ò

(Z/mnZ)× N� (Z/mZ)× × (Z/nZ)×.

,��¡, X (a,mb) = d > 1, K (a,m) ½ (a, n) Ø�U�´1. = Φ

ò8Ü

Z/mnZ− (Z/mnZ)×

N�8Ü

Z/mZ× Z/nZ− (Z/mZ)× × (Z/nZ)×

¥. nÜü�¡�Ä, � Φ : (Z/mnZ)× −→ (Z/mZ)× × (Z/nZ)× 7�÷

�, Ïd�+Ó�.

5P. ·���±^Xe¯¢5y²þãíØ: (i)�Ó�p�ü +�Ó�;

(ii) e R Ú S ��, K R× S �ü +=� R× × S×.

íØ4.20. (1) � m, n p�, K

ϕ(mn) = ϕ(m)ϕ(n), (4.9)

=ϕ �È5¼ê.

(2) X m = pα1
1 · · · pαss , p1, . . . , ps �üüØÓ��ê, K

ϕ(m) = ϕ(pα1
1 ) · · ·ϕ(pαss ) = pα1−1

1 (p1 − 1) · · · pαs−1s (ps − 1). (4.10)

y². (1) díØ 4.19 =�. ·���y² ϕ(ps) = ps−1(p− 1) =�. �

(Z/psZ)× = {[a] | (a, p) = 1, 0 ≤ a < ps}

= {[a+ bp] | 0 < a ≤ p− 1, 0 ≤ b < ps−1}.

�

ϕ(ps) =
∣∣(Z/psZ)×

∣∣ = ps−1(p− 1).

=��y.
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d½n4.18 �8B, ·�k

½n4.21 (¥I�{½n). X m1, . . . ,mn üüp�, KN�

Φ : Z/m1 · · ·mnZ −→ Z/m1Z× · · · × Z/mnZ

(a mod m1 · · ·mn) 7−→ (a mod m1, . . . , a mod mn)

´��Ó�.

�È¤Ó{�§|��ó, Kk

½n4.22. � m = m1 · · ·mn, Ù¥ m1, . . . ,mn üüp�, KÓ{�§|

x ≡ a1 mod m1, . . . , x ≡ an mod mn

7k), ��Ü)�� m ���Ó{a.

�±wÑ, ½n 4.18, ½n 4.21 Ú½n 4.22 ´n��d�½n, ·��

±ò§�Ñw¤¥I�{½n�ØÓLã/ª.

·�fâ´^ Φ ´ü�¿�N�ü>8Ü���ê��5y²Φ ´V

�. ¯¢þ, ��±��y² Φ ´÷�.

¥I�{½n¥÷��y². �½ ã = (a1 mod m1, . . . , an mod mn),·�

�y²�3 a mod m, Φ(a mod m) = ã.

Äk·�Ïé M1 ∈ Z, ¦�
M1 ≡ 1 mod m1

M2 ≡ 0 mod m2

· · ·
Mn ≡ 0 mod mn.

d�¡ n−1�Ó{ª=�M1 = km2 · · ·mn, k ∈ Z. �\M1 ≡ 1 mod m1,

K�é� k, ¦�

km2 · · ·mn ≡ 1 mod m1.

du(m2 · · ·mn,m1) = 1, ù�� k �3, �M1 �3. Ó�, ·��é� Mi,

¦� {
Mi ≡ 0 mod mj (j 6= i)

Mi ≡ 1 mod mi
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y3- a = a1M1 + a2M2 + · · ·+ anMn mod m, K

a mod mi = aiMi mod mi

= ai mod mi,

= Φ �÷�.

5P. ¥I�{½n´¥I<���uy, q¡�f½n, �Ðåu〈〈�f
�²〉〉 ¥�¯K:

“8kÔØ�Ùê, nnê�{�, ÊÊê�{n, ÔÔê�{�, ¯Ô

AÛ?”

�È¤y3��ó, Ò´Ïé x ¦�

x ≡ 2 mod 3, x ≡ 3 mod 5, x ≡ 2 mod 7.

§� 31593cÑ��〈〈�{Úm〉〉 ò�f¯K){o(Xe:

n<Ó1Ô�D, Êärsö�{,

Ô fì����, Øz"ÊB��.

ùp m = 3× 5× 7 = 105, m1 = 3, m2 = 5, m3 = 7. �âþãy²�

M1 = 2× 5× 7 = 70, M2 = 3× 7 = 21, M3 = 3× 5 = 15.

��f¯K�)�

70× 2 + 21× 3 + 15× 2 ≡ 233 ≡ 23 mod 105.

Ù��)= 23.

§4.3 î.½nÚ¤ê�½n

�!ò0��ênØ¥ü��½n: î.½nÚ¤ê�½n.

½n4.23 (î.). éu?Û a ∈ Z, (a,m) = 1, þk

aϕ(m) ≡ 1 mod m. (4.11)
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½n4.24 (¤ê). � p ��ê, K

ap ≡ a mod p. (4.12)

î.½n�y². � (Z/mZ)× = {r1, · · · , rϕ(m)}, Kéu?¿� m p��

�ê a, du [a]ri 6= [a]rj, ÏdE,k

{[a]r1, . . . , [a]rϕ(m)} = (Z/mZ)×.

ò (Z/mZ)× ¥¤k��¦È, �

[a]r1 · · · [a]rϕ(m) = [a]ϕ(m)r1 · · · rϕ(m) = r1 · · · rϕ(m),

du+þ��Æ¤á, �

[aϕ(m)] = [1],

=aϕ(m) ≡ 1 mod m.

¤ê�½n�y². dî.½n, ap−1 ≡ 1 mod p é?¿ (a, p) = 1 ¤á.

� ap ≡ a mod p. ,	X a ≡ 0 mod p, g, ap ≡ a mod p.

du¤ê�½nÚî.½n3A^¥��5, k7�?�Ú&¢. ·

�^,	�«�{5y²¤ê�½nÚî.½n.

Ún4.25. éu 1 ≤ k ≤ p− 1,

p
∣∣∣ (p

k

)
. (4.13)

y². d
(
p
k

)
= p!

k!(p−k)! , p | p!, � p Ø�Ø k!(p− k)!, �p |
(
p
k

)
.

dþãÚn, á�k

·K4.26. 3 Fp ¥, (a+ b)p = ap + bp.

y². ù´duþãÚn, �Úî��ª½n(½n2.28) é���¤á.

Ún4.27. � a, b ��ê, a ≡ b mod p, Kéu n ∈ N,

ap
n ≡ bp

n

mod pn+1. (4.14)
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y². ·�^8B{. n = 0 ��b�^�. �Úné n ¤á, = ap
n

=

bp
n

+ xpn+1, x ∈ Z. �dÚî��ª½n

ap
n+1

= (ap
n

)p = (bp
n

+ xpn+1)p

= bp
n+1

+

(
p

1

)
bp
n(p−1)(xpn+1) +

∑
k≥2

(
p

k

)
bp
n(p−k)(xpn+1)k

= bp
n+1

+ bp
n(p−1)xpn+2 +

∑
k≥2

(
p

k

)
bp
n(p−k)xkpnk+k.

¤± ap
n+1 ≡ bp

n+1
mod pn+2. Ún�y.

¤ê�½n�y². ·�I�y²é n ∈ Z,

np ≡ n mod p. (4.15)

Äk, n = 0 �w,¤á. Ùg, d

(n+ 1)p = np +

p−1∑
k=1

(
p

k

)
nk + 1

9Ún 4.25, �

(n+ 1)p ≡ np + 1 mod p.

Ïd

np ≡ n mod p ⇐⇒ (n+ 1)p ≡ n+ 1 mod p.

¤ê�½n�y.

î.½n�y². � m = pe11 · · · pess , ·�k

ϕ(m) = ϕ(pe11 ) · · ·ϕ(pess ).

�y aϕ(m) ≡ 1 mod m,d¥I�{½n,��y²éu i = 1, . . . , s, aϕ(m) ≡
1 mod peii , ���y²

ap
ei
i ≡ 1 mod peii .

ù8(uy²é?¿�ê p, e (a, p) = 1, K

ap
n−1(p−1) ≡ 1 mod pn. (4.16)
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� n = 0 �, ùÒ´¤ê�½n. y3òÚn4.27 A^� a = ap−1, b = 1 �

�/, K

(ap−1)p
n−1 ≡ 1 mod pn.

î.½n�y.

XJ·�^k�� Fp þ��â5Lã¤ê�½n, Kk

½n4.28. 3k�� Fp þ, ap = a. AO/, X a 6= 0, K

a−1 = ap−2. (4.17)

§4.4 ��âÚA^

Ó{êk'�$�=��â (modular arithmetic), ù´êØ3A^�

¡���¤3. 3�!, ·�Äk$^�ÙÚþÙ�nØo(�e¢S¥

²~������â, ,��Ñü�A^Þ~.

§4.4.1 ��â

(I) ��úÏf�¦�: XÛ¦�êa, b ���úÏf(a, b)?

ù´��â�Ä�$�. �{Ò´îAp��{, §�ò¦�x, y, ¦

�ax+ by = (a, b), =a, b ÷v�Bezout�ª.

(II) �m ¦_: �(a,m) = 1, XÛ¦b, ¦�ab ≡ 1 mod m?

ùp·��´¦^îAp��{, ¦�a,m ¤÷v�Bezout�ªab +

mn = 1, Kb �a �_.

(III) Ó{�§¦): ¦Ó{�§ax ≡ b mod m �¦).

¯¢þ� m ¦_´Ó{�§¦)�AÏ�¹. �{Xe:

(i) Äk¦� d = (a,m).

(ii) XJ d - b, KÓ{�§Ã);

(iii) XJ d | b, ¦ a
d
� m

d
�_ c, K b

d
· c mod m

d
=�Ó{�§�).
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(IV) � m ¦�: �½ a, n, ¦ an mod m.

�{Xe:

(i) ò n Ðm� 2 ?�/ª: n = n0 + n1 · 2 + · · · + nk · 2k, Ù¥ k ≥ 0,

nk = 1, ni = 0 ½1.

(ii) �g��{Ø{: a0 ≡ a mod m, a1 ≡ a20 mod m, · · · , ak ≡ a2k−1

mod m, ùp 0 ≤ ai < m.

(iii) O� an = an0
0 a

n1
1 · a

nk
k mod m.

(V)Ó{�5�§|�¦): ¦)Ó{�§| aix ≡ bi mod mi (i = 1, · · · k).

�{Xe.

(i) �äz�Ó{�§´Äk), =u�éz� i, di = (ai,mi) ´Ä�Ø bi,

Xk��Ø�ØKÃ).

(ii) Xz�Ó{�§þk), K¦)�Ó{�§|8(� x ≡ bi mod mi

(i = 1, · · · k) ��/.

(iii) ézé 1 ≤ i < j ≤ k§¦ mij = (mi,mj). X mij > 1, u� mij ´Ä

�Øbi − bj. XØ�Ø, KÃ); X�Ø, òüÓ{�§ x ≡ bi mod mi

� x ≡ bj mod mj ��n�Ó{�§ x ≡ bi mod mi/mij, x ≡ bj

mod mj/mij ±9 x ≡ bi mod mij.

(iv) UY�1(iii) ��¤k� mi üüp�.

(v) -Mi = m1m2 · · ·mk/mi,¦Mi � mi �_ ci. Ú b1c1M1+ · · ·+bkckMk

� m1 · · ·mk (5¿d�� k � mi �U��Ó{�§|ØÓ) =��Ó

{�§|�).

§4.4.2 A^Þ~

(I) ¤ê�½nÚ�5�½

k��ä�½��ê n´Ä��ê(�5�½¯K, primality test) �Ï

±53�ênØ, $�3��êÆïÄ¥´���©��¯K, 8cù�

¯K®²k
'�÷¿��Y
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¤ê�½n3¢SA^¥é�ê�½¯Kké��^. d¤ê�½n,

n ´�ê��=�éu¤k 0 < a < n, an−1 ≡ 1 mod n. ¢SA^¥, <�

~~�ÅÀ�ê�('X10 �) a (0 < a < n), O� an−1 mod n, X§�Ñ

�u 1,·�¡ n�¤ê��ê (pseudoprime). §�ké�AÇ´ý���

ê. ùÒ´¤ê�5�½{ (Fermat primality test). ÏL¤ê�5�½, ·

��±GØý�õêÜê, du�3(Ã¡õ) Üên (¡�Carmichaelê),

¦�éu¤k 0 < a < n, (a, n) = 1, an−1 ≡ 1 mod n. ~X561 Ò´�

�Carmichaelê. 3¢SO�ÅA^¥,<�~#Nêg¤ê�5�½,,�

^O�(½5�5�½�{5©Û���¤ê��ê.

(II) RSA �{

3y�)¹¥, ²~I�ÏLú��äux�þ�9Å��&E, ù


&E3DÑL§¥J�¬�1n��¼, Ïdé&E\�l�y&ES�

w��©�. Äu·�ÆSL��ênØ, Rivest, ShamirÚAdleman�O


�«�{, =Ï~¤¢�RSA�{, §�2�A^�y���ÏÕ¥. ù

p·�{�0��eRSA�{.

À½ü�ØÓ�Û�ê p, q,- n = pq,K ϕ(n) = (p−1)(q−1). À�ê

e, 0 < e < ϕ(n)�� ϕ(n)p�.¦§'u� ϕ(n)�_ d (0 < e < ϕ(n)). ò

n Ú e úÙÑ5, ¡�ú� (public key), gC�3 d, ¡�¡�h� (private

key).

3ÏÕ�, ©�´� 0� n�êiéA,ux©��uux��� n�

ê. X`�ú�� (n, e), h�� d, ¯�ux&E A �`. Äk¦3ú��

þé�`�ú� e, O� b ≡ Ae mod n (\�L§) ¿ò B ux�`. `�

Â�&E B ±��IO� Bd mod n =���&E A ()�L§).

XJZ�¼
&E B,��¡E��&E A,¦I���h� d,3®�

e ��¹eù�Óu�� ϕ(n). XJ�� n �Ïª©) pq, ϕ(n) g,´é

N´���. ���8c��, � p, q v
��, é n �Ïª©)Ñ´é

(J�, Ïª©)�(J5¦�RSA�{�S�5���æ.

,��¡, \�)�L§Ì�^��Ò´� n ¦�, �[Ø�©Û�e

·��Ñ��{�¯$§Ý.
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S K

SK4.1. y²: ëY n ��ê¥Tk��� n �Ø.

SK4.2. é��ê n, PT (n) �Ùêè��K��Ú. ~X

T (1234) = 4− 3 + 2− 1 = 2.

y²

T (n) ≡ n (mod 11).

SK4.3. y²·K 4.8.

SK4.4. (1) y²: ��²�ê� 3 Ó{u 0 ½ 1; � 4 Ó{u 0 ½ 1; �

5 Ó{� 0, 1 ½ 4.

(2) y²: ��á�ê� 9 Ó{u 0 ½ ±1; �ê�og�� 16 Ó{u

0 ½ 1.

SK4.5. � a ´Ûê, n ´��ê, y²

a2
n ≡ 1 (mod 2n+2).

SK4.6. (1) y²: � n > 3 �, ϕ(n) ´óê;

(2) y²: � n > 2 �, Ø�L n �� n p����ê�Ú´ 1
2
nϕ(n).

SK4.7. � m,n Ñ´��ê, m = nt. K� n �?��Ó{a

{x ∈ Z | x ≡ r (mod n)}

�L«� t �� m �(üüØÓ�)Ó{a

{x ∈ Z | x ≡ r + in (mod m)} (i = 0, 1, · · · , t− 1)

�¿.

SK4.8. ¦÷ve¡Ó{ª� x:

(1) 8x ≡ 5 (mod 23);

(2) 60x ≡ 7 (mod 37).
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SK4.9. �Ñ F7 ¥�\{Ú¦{L.

SK4.10. � p ´�ê,

(1) XJ ā ∈ Fp, K pā = ā+ · · ·+ ā︸ ︷︷ ︸
p�

= 0̄;

(2) � n ´�ê, ā ∈ Fp, ā 6= 0̄. e nā = 0̄, K p | n.

SK4.11. � p ´Û�ê, XJr1, · · · , rp−1 � r′1, · · · , r′p−1 ÑL� p ��

"Ó{a{[1], [2], · · · , [p − 1]}, y²: r1r
′
1, · · · , rp−1r′p−1 ØL� p �"Ó{

a{[1], [2], · · · , [p− 1]}, =y²�3i 6= j, rir
′
i ≡ rjr

′
j mod p.

SK4.12. O� ϕ(360), ϕ(429).

SK4.13. ¦ 3400 (�?�L«¥) �"ü êè.

SK4.14. � m,n ���ê, (m,n) = 1. y²:

mϕ(n) + nϕ(m) ≡ 1 (mod mn).

SK4.15. � (a, 10) = 1, y²: a20 ≡ 1 (mod 100).
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� F ��. �Ùò?Ø F þ�(��) õ�ª� F [x] �5�. ·�òw

� F [x] ��ê� Z �5�¯<��q.

§5.1 �Ø5nØ

§5.1.1 ��úÏf

½Â5.1. � f(x), g(x) ∈ F [x]. XJ�3 h(x) ∈ F [x], ¦�

f(x) = g(x)h(x),

¡ g(x) � f(x) �Ïf, f(x) � g(x) ��ê, P� g(x) | f(x), ÄKP�

g(x) - f(x).

~5.2. õ�ª a ∈ F× 9 af(x) o´ f(x) �Ïf, ·�¡�� f(x) �²

�Ïf.

½n5.3 (�{Ø{). � f(x), g(x) ∈ F [x] � g(x) 6= 0, K�3���

q(x), r(x) ∈ F [x],

f(x) = q(x)g(x) + r(x) (deg r < deg g). (5.1)

y². ky�35. - I = {f(x)− a(x)g(x) | a(x) ∈ F [x]}, K I Ø´�8.

- r(x) ´ I ¥gê�$�. XJ deg r ≥ deg g, -

g(x) = b0 + b1x+ · · ·+ bmx
m,

r(x) = a0 + a1x+ · · ·+ anx
n,

K n > m. - r1(x) = r(x)− an
bm
g(x)xn−m,K r1(x) ∈ I � deg r1 < n = deg r,

gñ. � deg r < deg g.

2y��5. XJ f(x) = q1(x)g(x) + r1(x) = q2(x)g(x) + r2(x), K

r1(x)− r2(x) = g(x)(q2(x)− q1(x)). '�ü>gê� r1 = r2, � q1 = q2.

5P. q(x) � r(x) ©O¡� f(x) � g(x) �Ø�û�{ê. �[�±'�

þãy²��ê�{Ø{�y².

67
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½Â5.4. � f(x), g(x) ∈ F [x], f(x) � g(x) ���úÏf´�÷vXe^

��Ä�õ�ª d(x) ∈ F [x],

(1) d(x) ´ f(x) � g(x) �úÏf;

(2) XJ d′(x) ´ f(x) � g(x) �úÏf, K deg d′ 6 deg d(x).

d�P d(x) = (f(x), g(x)). XJ d = 1, ¡ f � g p�.

�±wÑ, XJ d(x) ∈ F [x] ÷v^� (1) Ú (2), K cd(x) (c 6= 0) �÷

v (1) Ú (2). �
�y d(x) ���5, ·�b� d(x) Ä�(aqu�ê�

�úÏf¥ d ���ê).

½n5.5. � f(x), g(x) ∈ F [x], K f(x) � g(x) )¤�n�� d(x) )¤�

n�´Ó�n�, =

{f(x)u(x) + g(x)v(x) | u(x), v(x) ∈ F [x]}

={d(x)w(x) | w(x) ∈ F [x]}.

AO/,

(1) �3 u(x), v(x) ∈ F [x], ¦�

f(x)u(x) + g(x)v(x) = d(x) = (f(x), g(x)). (5.2)

(2) f � g p���=��3 u(x), v(x) ∈ F [x], ¦� fu+ gv = 1.

5P. ·�Ó�¡þ¡��ª� Bezout �ª.

y². - I ´ f(x) � g(x) )¤�n�. � d′(x) � I ¥��"�gê��

ö, Ø�� d′ Ä�. Äk, d d(x) | f(x) � d(x) | g(x) � d(x) | d′(x).

,��¡, ·�äó d′(x) | f(x) � d′(x) | g(x). ¯¢þ, d�{Ø{,

f(x) = q(x)d′(x) + r(x) (deg r < deg d′). dd r(x) ∈ I, �d d′(x) gê��

5� r(x) = 0, = d′ | f . Ón d′ | g, ·�Ó��y²
 f(x) � g(x) )¤�

n�� d′(x) )¤�n�´���.

du d | d′, ·�k deg d 6 d′. d d′ ´ f(x) � g(x) �úÏf, �

deg d′ 6 deg d, ¤± deg d = deg d′. du§�þÄ�, � d = d′.

5P. �½n�y²�½n3.6 �y²XÓ.

Ó�·�k
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½n5.6. F [x] ¥�n� I þ�Ìn�, =�3 f(x) ∈ F [x], ¦�

I = f(x)F [x] = {f(x)u(x) | u(x ∈ F [x])}.

y². ë�½n 3.7 Ú½n5.5 =�. �[y²3�öS.

Ó�·��kO� f(x) � g(x) ��úÏf�îAp��{.

8�. �½Ø��"� f(x), g(x) ∈ F [x], O� (f(x), g(x)).

�{.

10Ú XJ f(x) = 0, K (f(x), g(x)) = cg(x), Ù¥ c ∈ F×, cg(x) Ä�.

11Ú XJ f(x), g(x) 6= 0, ��{Ø{

f(x) = q1(x)g(x) + r1(x).

XJ r1(x) = 0, K�{ª�, (f(x), g(x)) = cg(x), Ù¥ c ∈ F×, cg(x)

Ä�.

12Ú XJ r1(x) 6= 0, ��{Ø{

g(x) = q2(x)r1(x) + r2(x).

E11Ú,�� rn(x) = 0. K (f(x), g(x)) = crn−1(x), c ∈ F×, crn−1(x)

Ä�.

~5.7. �F = F2, ¦(x2 + 1, x4 + x2 + x+ 1).

y². ·�k

x4 + x2 + x+ 1 =x2(x2 + 1) + (x+ 1),

x2 + 1 =(x+ 1)(x+ 1),

(5¿�3F2 ¥2 = 0), �(x2 + 1, x4 + x2 + x+ 1) = x+ 1.

·K5.8. (1) � f(x), g(x) ∈ F [x], d(x) = (f(x), g(x)). XJ d′ | f, d′ | g, K
d′ | d.

(2) XJ (f(x), g(x)) = 1 � (f(x), h(x)) = 1, K (f(x), g(x)h(x)) = 1.
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y². (1) d Bezout �ª, d(x) = f(x)u(x) + g(x)v(x), � d′ | d.

(2) �

f(x)u1(x) + g(x)v1(x) = 1,

f(x)u2(x) + h(x)v2(x) = 1,

Kf(fu1u2 + u1hv2 + u2gv1) + gh · v1v2 = 1, �(f, gh) = 1.

§5.1.2 Ø��õ�ªÚÏª©)

½Â5.9. õ�ªp(x) ∈ F [x]¡�Ø��õ�ª´�§Ø´~õ�ª(=§�

gê ≥ 1) �Ïf�k²�Ïf c Ú cp(x) (c ∈ F×), ÄK¡§3F þ��.

d½Âá�,

m(x) �� ⇐⇒ �3�~�õ�ª m1(x),m2(x), m(x) = m1(x)m2(x).

(5.3)

Ø��õ�ª3�þõ�ª���^��ê3�ê���^�©�q.

·�Äkk:

Ún5.10 (îAp�Ún). XJ p �Ø��õ�ª, p | fg, K p | f ½ p | g.

y². �y{. XJ p - f � p - g, K(p, f) = (p, g) = 1, � (p, fg) = 1, ù�

p | fg gñ.

½n5.11. é?¿gê≥ 1 �õ�ª f(x) ∈ F [x],

f(x) = cp1(x) · · · pr(x), (5.4)

Ù¥ c � f(x) �Ä�Xê, p1, · · · , pr �Ä�Ø��õ�ª, ¿�XØOÏ

fgSKL�ª��.

y². ��âÄ�½n�y²��aq.

ò p1, · · · , pr ¥�Ó�ÏfÜ¿å5, K

f(x) = cpe11 · · · pess , (5.5)

Ù¥ p1, · · · , ps üüØÓ, e1, · · · , es ���ê. ·�k±eíØ.
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íØ5.12. XJ f(x) = c1p
α1
1 · · · pαss , g(x) = c2p

β1
1 · · · pβss , Ù¥ pi �üüØ

Ó�Ä�Ø��õ�ª, α1, · · · , αs, β1, · · · , βs > 0, K

(f, g) = p
min(α1,β1)
1 · · · pmin(αs,βs)

s . (5.6)

dþã(J�±wÑ, Ø��õ�ª3õ�ª�¥��5ÒXÓ�ê

éu�ênØ��5. Ïdk7��Ñ�
{K5�ä��õ�ª´Ä´

Ø��õ�ª. ·�ò3�Ö���õ&?Ø��õ�ª.

§5.2 õ�ª":Ú��½n

3�{Ø{¥, - g(x) = x− a, f(x) = q(x)(x− a) + r(x), d deg r < 1

� r(x) �~õ�ª. ò x = a �\, � r(x) = f(a). ·�k

½n5.13 ({ê½n). � f(x) ∈ F [x], K

f(x) = q(x)(x− a) + f(a). (5.7)

� f(a) = 0 ��=� x− a | f(x).

½Â5.14. �õ�ª f(x) 6= 0, X�� a ∈ F ÷v f(a) = 0, ¡ a � f(x) �

� ½":.

½n5.15 (õ�ª�.�KF½n). � f(x) ∈ F [x] ´gê� n �õ�ª,

K f(x) �":�ê 6 n.

y². � a1, a2, · · · , as � f(x) �":, Kd{ê½n

f(x) = f1(x)(x− a1).

d f(a2) = 0 = f1(a2)(a2 − a1), � f1(a2) = 0, Ón a2, · · · , as �´ f1(x)

��. du deg f(x) = n �Ï=� deg f1(x) = n − 1, ¤± s 6 n ��=�

s− 1 6 n− 1. �d8B{=�.

5P. ·�¡þã½n�õ�ª�.�KF½n´�
«O+Ø¥�.�K

F½n, ·�ò3e�ÙùãT½n.

éu����, ½n¥�(ØØ¤á. 'X3o�êN H ¥

( 0 −1
1 0 )

2
= ( i 0

0 i )2 =
( −i 0

0 −i
)2

= −1.
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� f(x) � n gõ�ª(n ≥ 1), x1, . . . , xn ´ f(x) � n �ØÓ�, Kd

{ê½n

f(x) = (x− x1)g(x),

d 0 = f(x2) = (x2 − x1)g(x2) � g(x2) = 0. 2d{ê½n, g(x) = (x −
x2)h(x), f(x) = (x− x1)(x− x2)h(x). �gaí, ·�k

f(x) = (x− x1)(x− x2) · · · (x− xn)l(x).

�Äü>õ�ª�gê� l(x)�gê� 0, = l(x) = C (C 6= 0). 2�Äü

>�Ä�Xê� C = an, �

f(x) = an(x− x1)(x− x2) · · · (x− xn).

·�keãk'õ�ª��Xê�'X���½n:

½n5.16 (��½n). � F ��, �f(x)) = anx
n + an−1x

n−1 + · · · + a0

(an 6= 0) �F þgên ( n > 0) �õ�ª. K

(1) e x1, . . . , xn � f(x) � n �ØÓ��, K

f(x) = an(x− x1)(x− x2) · · · (x− xn). (5.8)

(2) XJõ�ª

f(x) = anx
n + an−1x

n−1 + · · ·+ a0 = an

n∏
i=1

(x− xi),

(d� xi �±�Ó), Kéu1 ≤ k ≤ n,∑
1≤i1<i2<···<ik≤n

xi1xi2 · · ·xik = (−1)k
an−k
an

. (5.9)

AO/,

x1 + · · ·+ xn = (−1)
an−1
an

, (5.10)

x1 · · ·xn = (−1)n
a0
an
. (5.11)

y². (1) Xþ¤y. (2) '�ü>Xê=�.



§5.3 õ�ªÓ{nØ 73

3��½n¥� n = 2 � 3, K£�·�ÙG��/.

½n5.17. (1) X f(x) = x2 + bx+ c = (x− x1)(x− x2), K

x1 + x2 = −b, x1 · x2 = c. (5.12)

(2) X f(x) = x3 + bx2 + cx+ d = (x− x1)(x− x2)(x− x3), K
x1 + x2 + x3 = −b,

x1x2 + x2x3 + x3x1 = c,

x1x2x3 = −d.
(5.13)

·K5.18. �p ��ê, K Fp þ�õ�ªxp − x kXeÏª©):

xp − x =
∏
a∈Fp

(x− a). (5.14)

y². d¤ê�½n, a ∈ Fp þ´õ�ª xp − x ��. dõ�ª�.�KF

½n, §�´xp − x ¤k�p �ØÓ�. �(5.14) d(5.8) =�.

§5.3 õ�ªÓ{nØ

§5.3.1 õ�ª�Ó{

�½ m(x) �F þ��~�õ�ª(=degm ≥ 1).

½Â5.19. õ�ª f(x) � g(x) � m(x) Ó{´� f(x)− g(x) | m(x), d�

^Ó{ª

f(x) ≡ g(x) mod m(x) (5.15)

5L«.

·K5.20. � m(x) Ó{'X´ F [x] þ��d'X, �XJ a(x) ≡ b(x)

mod m(x), c(x) ≡ d(x) mod m(x), K

(1) a(x)± c(x) ≡ b(x)± d(x) mod m(x).

(2) a(x)c(x) ≡ b(x)d(x) mod m(x).

y². w,.
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P [r(x)] = r(x) mod m(x) �õ�ªr(x) ¤3�Ó{�da. dõ�

ª��{Ø{, F [x] � m(x) �Ó{�da8Ü=

F [x]/m(x) = F [x]/m(x)F [x] = {[r(x)] | deg r < degm}. (5.16)

Kdþã·K, XJ½Â

[r1(x)] + [r2(x)] = [r1(x) + r2(x)], (5.17)

[r1(x)] · [r2(x)] = [r1(x)r2(x)], (5.18)

K F [x]/m(x)F [x] 3þã\{Ú¦{$�e¤����, =keã½n:

½n5.21. F [x]/m(x)F [x] ����, §����

{[r(x)] | deg r(x) < degm(x)},

§�ü + (F [x]/m(x)F [x])× �

{[a(x)] | (a,m) = 1, deg a < degm}.

AO/, F [x]/m(x)F [x] �����=� m(x) �Ø��õ�ª.

òþã½nA^� F = Fp � p �k����/, ·�k

íØ5.22. XJ m(x) ∈ Fp[x], degm(x) = n > 0, K Fp[x]/m(x)Fp[x] � pn

��. XJ m(x) = p(x) �Ø��õ�ª, K Fp[x]/m(x)Fp[x] � pn �k�

�.

½n�y². Fp[x]/m(x)Fp[x] ´���d½Â9þã·Ká�.

XJ (a,m) = 1, K�3 u(x), v(x) ∈ F [x],

a(x)u(x) +m(x)v(x) = 1,

� a(x)u(x) ≡ 1 mod m(x), ¤± [a(x)]k_� [u(x)]. ,��¡, XJ a(x)

mod m(x) �_, K�3 b(x) ∈ F [x], ¦�

a(x)b(x) ≡ 1 mod m(x),
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��3 v(x), a(x)b(x) = 1 + m(x)v(x), ¤± (a,m) = 1. nÜü�¡�(J

=k

(F [x]/m(x)F [x])× = {[a] | (a,m) = 1, deg a < degm}.

XJm(x) = m1(x)m2(x), 0 < degm1 < degm,K [m1(x)]·[m2(x)] = 0,

� F [x]/m(x)F [x] Ø´��. ,��¡, XJ m(x) Ø��, Ké?¿ a 6= 0,

a(x) ∈ F [x], deg a < degm, k (a(x),m(x)) = 1, �

(F [x]/m(x)F [x])× = F [x]/m(x)F [x]− {[0]},

= F [x]/m(x)F [x] ��.

5P. lùpm©, ·�ò^r(x) {PÓ{a[r(x)]. XJI�AO�²´�

m(x) �Ó{a, ·��^r(x) mod m(x) L«.

§5.3.2 ¥I�{½n

� m(x) | n(x), K·�kg,N�

F [x]/n(x)F [x] −→ F [x]/m(x)F [x]

a mod n(x) 7−→ a mod m(x).

XÓ�ê��/, ù�N�´��÷Ó�. ·�Ó�k¥I�{½n:

½n5.23. XJ m(x) = m1(x)m2(x) · · ·ms(x), Ù¥ mi üüp�, K·�

k�Ó�

Φ : F [x]/m(x) −→ F [x]/m1(x)× · · · × F [x]/ms(x)

a(x) mod m(x) 7−→ (a(x) mod m1(x), · · · , a(x) mod ms(x)),

§p�+Ó�

(F [x]/m(x))× −→ (F [x]/m1(x))× × · · · × (F [x]/ms(x))×.

d½n�y²��aqu�ê�¥I�{½n�y², ·�3�öS.

Ó�, �±^¥I�{½n5)õ�ªÓ{�§.
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§5.3.3 $gõ�ª�Ø��5

dõ�ª�Ó{nØ, ·���XJ p(x) ´F [x] þ�Ø��õ�ª,

KF [x]/p(x)´�.ù´�~��E��Ãã. Ïd×��½��õ�ª´Ä

��ké��nØÚ¢S¿Â. éu$gõ�ª, ·�ke¡�(J:

·K5.24. (1) ?¿�~��õ�ª��~�õ�ªÏf¥gê��ö7�

Ø��õ�ª;

(2) AO/, gê� 1 �õ�ª7�Ø��õ�ª.

(3) �þ�2 g½ö3 gõ�ªØ����=�§3�þvk":.

y². (1) �p(x) ´m(x) ¥�~�õ�ªÏf¥gê��ö. XJ p(x) �

�, Kp(x) = p1(x)p2(x) �0 < deg p1 < deg p, �p1(x) ´p(x) �Ïfp(x)

q´m(x) �Ïf, �p1(x) �´m(x) �Ïf. ù�p(x) �gê��5gñ.

(2) ´(1) �AÏ�¹.

(3) �f(x) gê�2 ½3. XJf(x) = g(x)h(x) �deg g ≥ 1, deg h ≥ 1,

Kg(x)½h(x)¥7k��gêTÐ�1, d�§�uax+ b (a 6= 0), �−a−1b
=�f(x)�":. ,��¡,XJf(x)k":,d{ê½n, f(x)7��.

S K

SK5.1. (1) � n ´��ê, α ∈ F . y²: x− a �Ø xn − an;
(2) � n ´�Ûê, α ∈ F . y²: x+ a �Ø xn + an.

SK5.2. ée¡��/, ^îAp��{¦ (f(x), g(x)):

(1) F = Q, f(x) = x3 + x− 1, g(x) = x2 + 1;

(2) F = F2, f(x) = x7 + 1, g(x) = x6 + x5 + x4 + 1;

(3) F = F3, f(x) = x8+2x5+x3+x2+1, g(x) = 2x6+x5+2x3+2x2+2.

SK5.3. � m,n ´��ê, y²: F [x] þõ�ª xm − 1 � xn − 1 ���

úÏª´ x(m,n) − 1.

SK5.4. � f(x), g(x) ∈ F [x], � f(x) � g(x) p�. Ké?¿��ê n,

f(xn) � g(xn) �p�.
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SK5.5. ¦knXêõ�ª α(x) Ú β(x), ¦�

x3α(x) + (1− x)2β(x) = 1.

SK5.6. � f(x), g(x) ∈ F [x] � g(x) 6= 0. L�ª f(x)
g(x)
¡� F þ�kn©

ª.

(1) � g(x) = a(x)b(x), Ù¥ a(x) � b(x) p��þ�~ê; b�

deg f < deg g, K�3��(½� r(x), s(x) ∈ F [x], deg r < deg a, deg s <

deg b , ¦�
f(x)

g(x)
=
r(x)

a(x)
+
s(x)

b(x)
;

(2) � g(x) Ä�Xê� 1, ÙIO©)´ g(x) =
l∏

i=1

pmii (x). b�

deg f < deg g. K�3��(½�õ�ª hi(x) ∈ F [x], deg hi < mi deg pi (1 6

i 6 l), ¦�
f(x)

g(x)
=

h1(x)

pm1
1 (x)

+ · · ·+ hl(x)

pmll (x)
;

(3) � p(x) ∈ F [x] ´Ø��õ�ª, m ´��ê. Ké?¿ h(x) ∈
F [x], h(x) 6= 0 � deg h < m deg p, �3��(½�õ�ª αi(x) ∈ F [x](1 6

i 6 m), ¦�
h(x)

pm(x)
=
αm(x)

p(x)
+ · · ·+ α1(x)

pm(x)
,

Ù¥ αi(x) ½ö�", ½ö degαi < deg p;

(4) y²: z��©f�gê�u©1�gê, �©1kIO©)

f(x) = pm1
1 (x) · · · pmll (x)

�kn©ª g(x)
f(x)
´Ü©©ª�Ú,z�Ü©©ª�©1´ pkii (x) (ki = 1, · · · ,

mi; i = 1, · · · , l), ©f½ö´", ½öÙgê�u deg pi.

SK5.7. � f(x) ∈ F [x], � deg f = 2 ½ 3. K f(x) 3 F þØ���¿�

^�´ f(x) 3 F ¥Ã":.

SK5.8. (½ F2[x] � F3[x] ¥¤k 2 g9 3 g�Ä�Xê� 1 �Ø��

õ�ª.
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SK5.9. ���y = ax+ b ��y2 = x3 + cx+ d uü:(x1, y1), (x2, y2),

Á^x1, y1, x2, y2 L«a, b, c Úd.

SK5.10. � f(x) ∈ Fp[x], deg f = p − 2. eé¤k α ∈ Fp (α 6= 0) k

f(α) = α−1, Á(½ f(x).
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�Ùò?Ø+Ø�
Ä:�£,�)����,Ì�+�5�,±93+

Ø½þ©Û¥���.�KF½n.

§6.1 ����ÚÌ�+

½Â6.1. � G ´+, g ´ G ¥���, d g )¤�f+=´�¹ g ���

f+. ·�^ < g > 5L«§. Ó�, X S ⊆ G � G �f8Ü, Kd S ¥

��)¤�f+¡� S )¤�f+, P� < S >.

·�Äk?Ø < g > ¥���, d+�ún, §7�¹

(i) gk = g · · · g, k � g �¦.

(ii) 1 = g0.

(iii) g−k = g−1 · · · g−1, k � g−1 �¦.

,��¡, d(i),(ii),(iii)�¤k���¤�8Ü�(´ G �f+. �

< g >= {gk | k ∈ Z}, d? gk �U�Ó.

½Â6.2. + G ¥�� g ��´�÷v gk = 1 �����ê, d�¡ g � k

�k��. Xù�� k Ø�3, ¡ g ���Ã¡�, d�¡ g �Ã���.

Ún6.3. X g � k �k��, K gn = 1 ��=� n ≡ 0 mod k, gi = gj �

�=� i ≡ j mod k. d�, g )¤�f+ < g >= {1, g, . . . , gk−1} ´k �
k�+.

X g �Ã��, Kéu�êi 6= j, þk gi 6= gj.

y². X g � k �k��, � n = kq + r, 0 ≤ r < k. X r 6= 0, K gr 6= 1.

� gn = gkq+r = (gk)q · gr = gr 6= 1. X r = 0, K gn = gkq = 1. nþ=y²


 gn = 1 ��=� n ≡ 0 mod k. du gi = gj ��=� gi−j = 1, ���

du i ≡ j mod k. dué?¿ n, n = kq + r, gn = gr, 1, g, · · · , gk−1 ü
üØÓ, � < g >= {gn | n ∈ Z} = {1, g, . . . , gk−1}.

� g �Ã����, gi = gj ⇔ gi−j = 1⇔ i− j = 0, =i = j.

79



80 18Ù +ØÄ:

½Â6.4. X G =< S >, ¡ G d S )¤. X S �k�8, ¡ G �k�)¤

+ (finitely generated). AO/, X G d���� g )¤, ¡ G �Ì�+

(cyclic group), g � G ���)¤� (generator).

d½Â�Ì�+7´��+. �?�Ú/, ·�k

½n6.5. � G �Ì�+.

(1) X G �k�+, Ù�� n, K G ∼= Z/nZ.
(2) X G �Ã�+, K G ∼= Z.

y². � g � G �)¤�. ½Â

ϕ : Z→ G, k 7→ gk.

´� ϕ �÷Ó�.

� G �Ã�+�, dÚn 6.3, X i 6= j, K gi 6= gj, � ϕ �üÓ�. Ï

d ϕ �Ó�.

� G � n �k�+�, ϕ p�Ó� Z/nZ→ G, k mod n 7→ gk. dÚ

n 6.3, dÓ�Qüq÷, ��Ó�.

½n6.6. � G �Ì�+, g � G �)¤�, K

(1) X G �Ã�+, K G �)¤�� g ½ g−1.

(2) X G � n �k�+, K G �)¤�8Ü�

{gk | 0 ≤ k < n, (k, n) = 1}.

(3) G �gÓ�+

AutG ∼=

Z/2Z, X G �Ã�+;

(Z/nZ)×, X G � n �k�+,

� G �z�gÓ�ò)¤�N�)¤�.

y². (1)Ú(2): ��h = ga ´ G �)¤���=� g = hb é,� b ∈ Z
¤á. � gab = g. X G �Ã�+, K ab = 1, � a = ±1, = h = g ½ g−1.

XJ G ��� n, K ab ≡ 1 mod n, ¤± (a, n) = 1.

(3): X f : G→ G �gÓ�, g �)¤�, K G = {f(gk) = f(g)k | k ∈
Z}, � f(g) �´G �)¤�. ·�½ÂN� ϕ Xe:
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(i) X G �Ã�+,

ϕ : AutG→ {±1}, f 7→

1, X f(g) = g;

−1, X f(g) = g−1.

(ii) X G ���n,

ϕ : AutG→ (Z/nZ)×, f 7→ a mod n X f(g) = ga.

K ϕ Qüq÷, � ϕ(f1f2) = ϕ(f1) · ϕ(f2), = ϕ �+Ó�.

±e·�� G ´ n �Ì�+. �½§���)¤� g. Kéu?Û�

� a ∈ G, �3�ê k ¦� a = gk, �¤k÷v^�� k �¤� n ���Ó

{a. ·�½Â

logg : G→ Z/nZ, a 7→ k, (6.1)

ù´Ì�+�m�Ó�, =k

logg 1 = 0, logg(ab) = logg(a) + logg(b). (6.2)

·�¡ k = logg a � a 'u g �lÑéê (discrete logarithm). êÆ3&E

S�A^¥�����Ø%¯KÒ´

¯K6.7 (lÑéê¯K). ®�Ì�+ G��Ú)¤� g. é�� a ∈ G, X
Û¦ a 'u g �lÑéê?

·K6.8. �G �n �Ì�+, g ´G ���)¤�, a ∈ G. K�§xk = a

3G ¥k)��=�d = (k, n) | logg a. ��d^�¤á�, �§�kd �

).

y². �x = gy. K�§xk = a k)�du�3y, ¦�gky = glogg a, =ky ≡
logg a mod n k). �â·K 4.9, �§xk = a 3G ¥k)��=�d =

(k, n) | logg a.

�d | logg a �. Ó{�§ky ≡ logg a mod n �)�y ≡ logg a

d
c mod n

d
,

Ù¥c �k
d
� n

m
�_, �xk = a kd �)gy, Ù¥y =

c logg a+in

d
(0 ≤ i <

d).
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§6.2 .�KF½n

§6.2.1 �8L«

� H ´+ G �f+.

½Â6.9. éu a ∈ G, 8Ü aH = {ah | h ∈ H} ¡� G 'u H �m�8

(right coset). Ha = {ha | h ∈ H} ¡� G 'u H ���8 (left coset).

Ún6.10. �8 aH � bH �oØ�, �oÜ. � aH = bH ��=�

b−1a ∈ H(½ a−1b ∈ H). Ón Ha � Hb �oØ�, �oÜ. � Ha = Hb

��=� ab−1 ½ ba−1 ∈ H.

y². X aH ∩ bH 6= ∅. - ah1 = bh2, K b−1a = h2h
−1
1 ∈ H. d�

ah = ah1(h
−1
1 h) = bh2(h

−1
1 h) ∈ bH,

bh = bh2(h
−1
2 h) = ah1(h

−1
2 h) ∈ aH,

� aH = bH. Ón����8�/.

dÚn 6.10, � {aiH | i ∈ I} � G 'u H �¤km�8�¤�8Ü,

=aiH L¤kG 'uH �m�8, �üüØ�. K

G =
⊔
i∈I

aiH (6.3)

� G ���©.

½Â6.11. {ai | i ∈ I} ¡� G ���m�8�L�X (right coset represen-

tatives).

Ón, X {Hbj | j ∈ J} � G 'u H �¤k��8�¤�8Ü, K

{bj | j ∈ J} ¡� G �����8�L�X. 5¿�, {bj | j ∈ J} ���8
�L�X��=�

G =
⊔
j∈J

Hbj (6.4)

� G �©.
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Ún6.12. XJ {ai | ı ∈ I} ´ G 'u H ��(m)�8�L�W, K {a−1i |
i ∈ I} ´ G 'u H �m(�)�8�L�X. AO/, X G 'u H ��½

m�8�L�Xk�, K�!m�8�L�Xþk�, ��ê�Ó.

y². Ï���8Ü

(aH)−1 = {(ah)−1 | h ∈ H} = {h−1a−1 | h ∈ H} = Ha−1.

�Ún�y.

½Â6.13. + G 'uf+ H ��ê (index) (G : H) ´� G 'u H ��

8�L���ê. X�8�L��êÃ�, ·�5½ (G : H) �u ∞.

½n6.14 (+Ø.�KF½n). X G �k�+, K

|G| = |H| · (G : H) (6.5)

5P. XJ5½ ∞ ·��ê =∞ ·∞ =∞, K G �Ã�+�(6.5)�¤á.

y². d(6.3), ·�k

|G| =
∑
i∈I

|aiH| =
∑
i∈I

|H| = |H| · |I| = |H| · (G : H).

½n�y.

.�KF½n´+Ø¥1���½n, §kéõ�íØ.

íØ6.15. � G �k�+, x ∈ G, K x|G| = 1, =�� x ��o´+ G �

��Ïf.

y². ù´du��x ���uf+< x > ��.

íØ6.16. î.½n�¤ê�½n¤á.

y². ù´Ï�+ (Z/nZ)× ��� ϕ(n), 2díØ 6.15=�.

íØ6.17. �ê�+Ñ´Ì�+.

y². � g 6= 1, g ∈ G,K g��7� p. �G = {1, g, . . . , gp−1} ∼= Z/pZ.
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íØ6.18. � G � n �Ì�+, Kéu?¿ d | n, d ≥ 1, G ¥k�� d �

Ì�+ {1, xnd , . . . , xnd (d−1)}, Ù¥ x � G �)¤�. df+�´Ì�+.

y². Äk´�y {1, xnd , . . . , xnd (d−1)} ´ G � d �Ì�f+. ,��¡, �

H ´G� d�f+, y ∈ H. P y = xa,du y��ê�Ø d,� yd = xad = 1.

¤± ad = kn, y = x
n
d
k.

íØ6.19. éu?¿��ê n, ke�ð�ª:

n =
∑
1≤d|n

ϕ(d). (6.6)

y². ·�é n�Ì�+���U�©a,K�� d���)¤��� d�

Ì�f+. du d�Ì�+¥�k ϕ(d)�)¤�(½n 6.6),�Tk ϕ(d)�

���� d. � n =
∑

d|n ϕ(d).

§6.2.2 �8��5f+

� H ´ G �f+, é²w��ó, Ha 6= aH. @o�o�ÿ§��

�Qº

Ún6.20. � H ≤ G, K Ha = aH éu a ∈ G ¤á��=� aHa−1 =

{aha−1 | h ∈ H} = H.

y². XHa = aH, Kéu?¿ h ∈ H, �3 h′ ∈ H, ha = ah′. � h =

h = ah′a−1 ∈ aHa−1, = H ⊆ aHa−1. Ón, é?¿ h′ ∈ H, �3 h ∈ H,

ha = ah′. ¤± ah′a−1 = h ∈ H, = aHa−1 ⊆ H. � aHa−1 = H. ��, e

aHa−1 = H, Kéu?¿ h ∈ H, h = ah′a−1, = ha = ah′. ¤± Ha ⊆ aH.

Ón aH ⊆ Ha. � Ha = aH.

£Áå�5f+�½Â, H ´G ��5f+´�é?Û x ∈ H, x ��

Ý�þ3 H ¥, �gHg−1 = H é?¿ g ∈ G ¤á. ·�k

·K6.21. f+H ´G ��5f+��=�é?¿ g ∈ G, gH = Hg.

S K
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SK6.1. �

A =

(
0 −1

1 0

)
, B =

(
0 1

−1 −1

)
.

Á¦A, B, AB ÚBA 3GL2(R) ¥��.

SK6.2. y²+¥��a ��≤ 2 ��=�a = a−1.

SK6.3. y²XJ+G ¥?Û����≤ 2§KG ´C��+.

SK6.4. �G ´k�C��+. y²:∏
g∈G

g =
∏
a∈G
a2=1

a.

SK6.5. �p ´Û�ê.

(1) y² (Z/pkZ)× �k 1 � 2 ��.

(2) y² ∏
g∈(Z/pkZ)×

g = −1.

(3) y² Wilson ½n: (p− 1)! ≡ −1 mod p.

SK6.6. �m ´Û��ê�Ø´�ê�g.

(1) ¦ (Z/mZ)× ¥ 2 ����ê.

(2) y² ∏
g∈(Z/mZ)×

g = 1.

SK6.7. �(m,n) = 1"XJG ´m �Ì�+, H ´n �Ì�+, y²G×H
´mn �Ì�+.

SK6.8. y²�≤ 5 �+´C��+.

SK6.9. 3Ó�¿Âe(½¤k4 �+.

SK6.10. � a, b ´+ G �?¿ü���. Áy: a Ú a−1, ab Ú ba k�Ó

��.
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SK6.11. �G ´C��+, H ´G ¥¤kk�����¤�8Ü. y²H

´G �f+.

SK6.12. y²Q ��\{+Ø´Ì�+. �?�Úy²Q Ø´k�)¤
�.

SK6.13. S1 �?¿k��f+þ�Ì�+.

SK6.14. XJH �K ´G�f+��p�, y²H ∩K = 1.



1ÔÙ ��+

�Ùò|^þ�Ùk'+Ø�Ä�5�5ïÄ�a��(��ó�

��) +: ��+.

§7.1 ��9ÙL«

·�Äk£��e½Â. X A �8Ü, SA ´¤k A �g��V��8

Ü, K SA 3N�EÜ��¦{$�e�¤+, ¡� A �é¡+.

XJ A ´k�8 {x1, . . . , xn}, K A �g��V�Ò´òkSê|

(x1, . . . , xn) N� (xσ(1), . . . , xσ(n)), Ù¥ σ(1), . . . , σ(n) ²L1, . . . , n z��

��TÐ�g, =(1, . . . , n) � (σ(1), . . . , σ(n)) ´ {1, . . . , n} þ�V�.

½Â7.1. éu n ≥ 1, n ���+ Sn =8Ü {1, . . . , n} �é¡+, Ù¥��

¡� {1, . . . , n} ��� (½ü�, permutation).

·�k

·K7.2. Sn ´ n! �k�+, �� n ≥ 3 �, Sn ����+.

y². |Sn| = n! dü�ê5�=�. ey Sn ���.

X σ, τ ∈ Sn, Ù¥

σ(1) = 2, σ(2) = 3, . . . , σ(n− 1) = n, σ(n) = 1,

τ(1) = 2, τ(2) = 1, τ(i) = i(i ≥ 3).

K στ(1) = σ(2) = 3, τσ(1) = τ(2) = 1. � στ 6= τσ. = Sn(n ≥ 3) Ø´C

��+.

�ïÄ��+ Sn, I���Ð�/ª5L«Ù¥��� σ ∈ Sn. ��

g,��{´ò��^ü1ª�Ñ

σ =

(
1 2 · · · n

σ(1) σ(2) · · · σ(n)

)
,

87
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Ù¥Ó��e¡�ê´þ¡�ê3���^e��. ~X

σ =

(
1 2 3 4 5 6

6 4 2 3 5 1

)

=´ò 1 7→ 6, 2 7→ 4, 3 7→ 2, 4 7→ 3, 5 7→ 5, 6 7→ 1. ù«ü1ª�Ð?´{'

²
, §�_�N´¦Ñ.

σ−1 =

(
σ(1) σ(2) · · · σ(n)

1 2 · · · n

)
(∗)
=

(
1 2 · · · n

σ−1(1) σ−1(2) · · · σ−1(n)

)
,

Ù¥ (∗) ´ò�gd£Ä, ¦�þ¡�1C� (1 2 · · · n) �kSê|. ~X

þ¡� σ, ·�k

σ−1 =

(
6 4 2 3 5 1

1 2 3 4 5 6

)
=

(
1 2 3 4 5 6

6 3 4 2 5 1

)
.

ü1ªL«���,{'�*, �PÒÑ��¡, �3�+¦{$�

�Ø´�©�B. ù�ÿI�^�1ª5L«��½ö`^Ó��¦È5L

«.

½Â7.3. � k ���ê, {i1, . . . , ik} ⊆ {1, . . . , n}. �� (i1 · · · ik) ´�Ù
ò i1 7→ i2 7→ · · · 7→ ik 7→ i1 �éuj /∈ {i1, . . . , ik}, j 7→ j. d�¡Ù� k Ó

� (k-cycle). éuk = 2, ¡ 2 Ó� {i1, i2} �é� (transposition).

5P. ?Û�� 1 Ó�þ´ Sn ¥�ü �, ·�P� 1.

½Â7.4. X8Ü {i1, . . . , ik}∩{j1, . . . , jl} = ∅, ¡ k Ó� (i1, . . . , ik)� l Ó

� (j1, . . . , jl) Ø��. ÄK¡§���.

½n7.5. (1) ü�Ø��Ó�7��, = στ = τσ éØ��Ó� σ, τ ð¤

á.

(2) Sn ¥?Û�����±��üüØ��Ó��È.
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y². (1) � σ = (i1 i2 · · · ik), τ = (j1 j2 · · · jl), K

στ(i1) = σ(i1) = i2 = τσ(i1)

· · ·

στ(ik) = σ(ik) = i1 = τσ(ik)

στ(j1) = σ(j2) = j2 = τσ(j1)

· · ·

στ(jl) = σ(j1) = j1 = τσ(jl)

στ(α) = α = τσ(α),∀α /∈ {i1, . . . , ik, j1, . . . , jl}

�στ = τσ.

(2) � k1 ������ê¦� σk1(1) = 1. ù�� k1 7,�3, Ï�

1, σ(1), σ2(1), . . . , σk(1), . . .�k�8. � i2´ {1, . . . , n}\{1, σ(1), . . . , σk1−1(1)}
¥���. - k2�����ê¦� σk2(i2) = i2. Ó�- i3 = min{1, . . . , n}\{1,
σ(1), . . . , σk1−1(1), i2, . . . , σ

k2−1(i2)}. 2� k3. · · · , �gaí, ·�k

{1, . . . , n} = {1, σ(1), . . . , σk1−1}t{i2, . . . , σk2−1(i2)}t· · ·t{is, . . . , σks−1(is)}.

·�äó

σ = (1 σ(1) · · · σk1−1(1)) · · · (is σ(is) · · ·σks−1(is)). (7.1)

¯¢þ, é i ∈ {1, . . . , n}, � i = σk(ij). -þªm> = σ′, K

σ(i) = σk+1(ij) = σ′(ij).

(7.1) �y.

~7.6. éu σ =

(
1 2 3 4 5 6

6 4 2 3 5 1

)
,K σ = (1 6)(2 4 3)(5) = (1 6)(2 4 3).

~7.7. éu��n, ��+�±Xe�[�Ñ.

(1) éu n = 2, S2 = {1, (12)}.
(2) éu n = 3, S3 = {1, (12), (13), (23), (123), (132)}.
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(3) éu n = 4, K

S4 = {1, (12), (13), (14), (23), (24), (34),

(123), (132), (124), (142), (134), (143), (234), (243),

(1234), (1243), (1324), (1423), (1342), (1432),

(12)(34), (14)(23), (13)(24)}.

5P. k Ó� (i1 · · · ik) ¥=����3Ä Ø´���, ¯¢þ

(i1 i2 · · · ik) = (i2 · · · ik i1) = · · · = (ik i1 i2 · · · ik−1).

�±@�ù k �:÷^�¨���3��¨(Ó) þ, Ó�=÷^��^=.

·K7.8. X σ = (i1 · · · ik)� k Ó�,K σ ��� k,� σ−1 = (ik ik−1 · · · i1).

y². w,. dþã5P��, ¦_�±À�÷_�¨^=.

��������ëwSK 7.4©

½Â7.9. � σ ∈ Sn. � σ ��Ø�Ó�¦È�, k Ó���ê� λk, K¡ σ

�. � 1λ12λ2 · · ·nλn .

d.�½Â, �ê λ1, . . . , λn ≥ 0, ÷v�§

n∑
i=1

iλi = n. (7.2)

¤±Sn ¥���.��ê=�÷v (7.2) ��K�ê| λ1, . . . , λn ��ê.

3|ÜêÆ¥, ù��ê|¡���ê n ���© (partition). . ©�

�ê¡�©¼ê, ~^p(n) L«.

~7.10. dp(2) = 2, p(3) = 3, p(4) = 5 ���+ S2, S3 ÚS4 ¥���.©

Ok2, 3 Ú5 «, ù�~ 7.7 ��.

·K7.11. �� σ � σ′ �.�Ó��=� σ � σ′ 3 Sn ¥�Ý, =�3

τ ∈ Sn, σ′ = τστ−1. ���+Sn ¥�Ýa��ê�u©¼êp(n).
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y². � σ = (i1 · · · ik)(j1 · · · jl) · · · , K

τστ−1 = (τ(i1) · · · τ(ik))(τ(j1) · · · τ(jl)) · · · ,

§�.� σ ��.

�L5, X σ = (i1 · · · ik)(j1 · · · jl) · · · ), σ′ = (i′1 · · · i′k)(j′1 · · · jl)′ · · · ). -

τ =

(
i1 · · · ik j1 · · · jl · · ·
i′1 · · · i′k j′1 · · · j′l · · ·

)

K τστ−1 = σ′, = σ � σ′ �Ý.

§7.2 Ûó��Ú��+

§7.2.1 Û���ó��

·K7.12. (1) ?Ûk Ó��±��k − 1 �é��¦È.

(2) Sn dé�)¤. ���/, Sn �dé� (12), (13), . . . , (1n) )¤.

y². (1) ù´du(i1 · · · ik) = (i1ik)(i1ik−1)(i1i2).

(2) duz���Ñ´Ó��¦È, �d(1), Sn dé�)¤. duéz

�é�

(ij) = (1i)(1j)(1i),

�Sn �dé� (12), (13), . . . , (1n) )¤.

� f = f(x1, . . . , xn) ´ Zn � Z � n Cþ¼ê, éu σ ∈ Sn ½Â

σ(f)(x1, . . . , xn) = f(xσ(1), . . . , xσ(n)). (7.3)

� σ(f) �´ Zn � Z þ� n Cþ¼ê.

~7.13. � n = 3, σ = (123), f(x1, x2, x3) = x23 − x1, K

σ(f)(x1, x2, x3) = x21 − x2.
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Ún7.14. ·�k

(1) X σ = 1, K σ(f) = f .

(2) X σ, τ ∈ Sn, K στ(f) = σ(τ(f)).

(3) X f, g � n Cþ¼ê, c ��~ê, K

σ(f + g) = σ(f) + σ(g), σ(cf) = cσ(f).

y². (1), (3) 3�Öö.

(2) ��¡,

στ(f)(x1, . . . , xn) = f(xστ(1),...,xστ(n)).

,��¡, dτ(f)(x) = f(xτ(1), . . . , xτ(n)) �

σ(τ(f))(x) = f(xσ(τ(1)), . . . , xσ(τ(n))) = f(xστ(1), . . . , xστ(n)).

� στ(f) = σ(τ(f)).

½n7.15. �3���+Ó� ε : Sn → {±1}, ¦�é¤ké� τ k

ε(τ) = −1.

y². - ∆(x1, . . . , xn) =
∏

1≤i<j≤n
(xi − xj). XJ σ ´ i �é��È, ¦^Ú

n 7.14 ²O�=�

σ∆ = (−1)i∆.

AO/, τ∆ = −∆é¤ké� τ ¤á. - ε(σ) = (−1)i,d στ(∆) = σ(τ(∆))

k ε(στ) = ε(σ)ε(τ). � ε �+Ó�.

��5w,, Ï�¤k��þdé�)¤.

d½n,�����¤é�¦È�,é��ê�Ûó5ØC.·�kXe

½Â.

½Â7.16. X σ �óê�é��¦È, ¡ σ �ó�� (even permutation).

X σ �Ûê�é��¦È, K¡ σ �Û�� (odd permutation).
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d½Â, ·�á�k

ó�� ·Û�� =Û��,

ó�� ·ó�� =ó��,

Û�� ·Û�� =ó��.

·�e¡&?XÛO��½���Ûó5. Äk, ·�k

·K7.17. XJ�� σ ∈ Sn�.�1λ12λ2 · · ·nλn, Kσ �Ûó5�
n∑
i=1

λi(i−1)

�Ûó5��.

y². ù´duz�k Ó�þ´k − 1 �é��¦È.

½Â7.18. ��σ ���ê n(σ) ½Â�8Ü{(i, j) | σ(i) > σ(j) � i < j}
��.

�â½Â, ·�k

n(σ) =
n∑
i=1

|{j | σ(j) > i � j < σ−1(i)}|. (7.4)

=3σ �ü1ªL�¥, Pαi �3i �>��ui �ê��ê, K

n(σ) = α1 + α2 + · · ·+ αn−1. (7.5)

·K7.19. ��σ �±��n(σ) �é��¦È. ����Ûó5Ú§���

ê�Ûó5�Ó.

y². ·�én(σ) �8B.

(1) Xn(σ) = 0, Kσ �ð�C�, §´"�é��¦È.

(2)b�·Ké¤k n(σ) < k ����(. X n(σ) = k > 0,K7�3 i

¦� σ(i) > σ(i+ 1). ¯¢þXØ,,Kd 1 ≤ σ(1) < σ(2) < · · · < σ(n) ≤ n

7k σ(i) = i é¤k i ¤á.

�Ä¦È τ = (σ(i) σ(i + 1))σ, K τ(i) = σ(i + 1), τ(i + 1) = σ(i) 

τ(j) = σ(j) é¤k j 6= i, i + 1 ¤á. d½Â=� n(τ) = n(σ) − 1. d8B

b�, τ ´ k − 1 �é��¦È, ¤± σ = (σ(i) σ(i+ 1))τ ´ k �é��¦

È. ·K�y.
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~7.20. ~ 7.6¥, σ �.�112131, d·K 7.17, σ �Û��.

,��¡, α1 = 5, α2 = 2, α3 = 2, α4 = α5 = 1, �n(σ) = 11. d·K

7.19, σ �Û��. �O�(Jüö¬Ü.

§7.2.2 ��+

½Â7.21. Sn ¥¤kó���¤�f+, = ker ε, ¡� n ���+ (alter-

nating group), P� An.

dÛó���?Ø=�, An ´ Sn ��5f+, �� n!
2

.

½n7.22. A5 ¥Ã�²��5f+, =e 1 6= N / A5, K N = A5.

y². e N / A5, K N �¹ A5 ��
�Ýa. d·K 7.17� A5 ¥��.

� 15, 22 · 1, 3 · 12 Ú 5. d·K 7.11, Ó.��3 S5 ¥�Ý. -

X1 ={¤k 22 · 1 .�� σ = (ab)(cd)},

X2 ={¤k 3 · 12 .�� σ = (abc)},

X3 ={¤k 5 .�� σ = (abcde)}.

·�äó

(1) X1 � X2 þ´ A5 ¥�Ýa.

(2) X3 �o´ A5 ¥�Ýa, �o X3 = Y t Z, Ù¥ Y, Z � A5 ¥�Ýa

� |Y | = |Z| = 12.

äó(1)�y²:

X σ = (ab)(cd), σ′ = (a′b′)(c′d′), - τ ∈ S5, ¦� σ′ = τστ−1, K

σ′ = τστ−1 = (a′b′)τστ−1(a′b′).

du τ � (a′b′)τ 7k��3 A5 ¥, � σ � σ′ 3 A5 ¥�Ý.

X σ = (abc), σ′ = (a′b′c′), τ ∈ S5 ¦� σ′ = τστ−1. � e′, f ′ 6= a′, b′, c′,

K

σ′ = τστ−1 = (e′f ′)τσ((e′f ′)τ)−1.

du τ � (e′f ′)τ 7k��3 A5 ¥, � σ � σ′ 3 A5 ¥�Ý.
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äó(2)�y²:

-

Y = {σ(12345)σ−1 | σ �Û},

Z = {σ(12345)σ−1 | σ �ó}.

K X3 = Y ∪ Z, � Y, Z � A5 ¥�Ýa, ¿�N� Y → Z, τ 7→ (12)τ(12)

�V�. e Y ∩ Z 6= ∅, -

σ(12345)σ−1 = σ′(12345)σ′−1,

Ù¥ σ �ó��, σ′ �Û��, �

(12345) = τ(12345)τ−1

é,�Û�� τ ¤á. �éu?Û (abcde) ∈ X3,

(abcde) = σ(12345)σ−1 = στ(12345)(στ)−1,

Ù¥ σ � στ ØÓÛó. �d� Y = Z = X3.

däó, e N 6= 1, N 7� {1} � X1, X2, Y, Z �eZ|Ü�¿. �d

.�KF½n, N ´ 60 �Ïf, du|X1| = 15, |X2| = 20, |Y | = |Z| = 12

½ 24. ���U��¹´ N = A5.

½Â7.23. X+ G Ã�²��5f+, K¡ G �ü+ (simple group).

Galois éÊg±þ�ê�§�ª)Ø�3�y²Ò�6u

½n7.24. An (n ≥ 5) ´ü+.

·�c¡y²�½n´§��«AÏ�¹. ü+ÒX�ê¥��ê, ´

+Ø��«+�ïÓÄ¬. éuü+, AO´k�ü+�ïÄ, 3þ�V

8�c��l�c�´êÆïÄ���9:, �ª+ØÆ[3�VÐ¤õ

ò¤kk�ü+?1
©a. k�ü+©a½n�y²´+ØïÄ���p

¸, ù�½n�2�A^�êÆïÄ����¡.

S K
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SK7.1. r�� σ = (456)(567)(761) �¤Ø��Ó��È.

SK7.2. ?Ø��

σ =

(
1 2 · · · n

n n− 1 · · · 1

)
�Ûó5.

SK7.3. ¦σ(f)(x1, x2, x3, x4), Ù¥σ = (143) Úσ = (23)(412).

SK7.4. (1) � G �+, σ, τ ∈ G,< σ > ∩ < τ >= {1} � στ = τσ. X σ

��� m, τ ��� n, K σ · τ ��� [m,n], = m Ú n ���ú�ê.

(2) y²�������u§�Ó�L«¥��Ó���Ý���ú�

ê.

SK7.5. y² Sn ¥.� 1λ12λ2 · · ·nλn ����k n!/
n∏
i=1

λi!i
λi �. ddy

² ∑
λi>0

λ1+2λ2+···+nλn=n

1
n∏
i=1

λi!iλi
= 1.

SK7.6. �ÑS4 ���6 �f+. Á`² A4 vk 6 �f+.

SK7.7. � n > 2 �, (12) Ú (123 · · ·n) ´ Sn ��|)¤�.

SK7.8. XJÝ
 A ∈ GLn z�1z��Ñk�=k����� 1, Ù{

��� 0, K¡ A ���Ý
. - G �¤k���
�¤�8Ü. y² G

´ GLn ���f+, � G Ó�u Sn.

SK7.9. �α, β ∈ Sn. y²:

(1) αβα−1β−1 ∈ An;
(2) αβα−1 ∈ An ��=�β ∈ An.
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k��þ��â´A^��2��êÆnØ��, ´�è, ?èÚ&E

S��¯õ+��êÆÄ:. 3�Ù, ·�òïÄ§�¦{+�(�, Ú?

�g�{�Vg, ¿y²�gp�Æ.

§8.1 ¦{+ (Z/mZ)× � F×p �(�

§8.1.1 ¦{+�(�

� m ´��ê. �â¥I�{½n, ·�k

½n8.1. � m �Ïª©)�m = pe11 · · · pess . KN�

ϕ : (Z/mZ)× −→
s∏
i=1

(Z/peii Z)×

a mod m 7−→ (a mod peii )si=1

´+Ó�.

Ïd�ïÄ+ (Z/mZ)× �(�, ·��I�ïÄ (Z/pkZ)× �(�, Ù

¥ p ��ê, k ≥ 1. AO/, I�ïÄ (Z/pZ)× = F×p �(�.

Äkb� p �Û�ê.

½n8.2. ¦{+ F×p �Ì�+. =�3 g mod p, §��� p− 1.

y². éu d | p− 1, - S(d) = #{a ∈ F×p | a ��� d} �F×p ¥��d ��
���ê, �

p− 1 =
∑
d|p−1

S(d).

·��Iy²S(p− 1) 6= 0 =�.

,��¡, XJ a ��� d, K {1, a, . . . , ad−1} þ´õ�ª xd − 1 3

� Fp þ� d�ØÓ�.�dõ�ª�.�KF½n(½n 5.15),§�7,´

xd − 1 ��Ü�. ù
�¥, ad : 1 ≤ k < d, (k, d) = 1 ��TÐ� d, Ù¦

97
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�����u d. �

S(d) =

ϕ(d), X�3 a ��� d;

0, XØ�3 a ��� d.

= S(d) ≤ ϕ(d) é¤k d | p− 1 ¤á. ¤±

p− 1 =
∑
d|p−1

S(d) ≤
∑
d|p−1

ϕ(d) = p− 1,

Ù¥�����ª5gu�ª (6.6). Ïd S(d) = ϕ(d). AO/, S(p− 1) =

ϕ(p− 1) ≥ 1.

3?Ø k > 1 ��/c, ·�k�ÑXe¯¢:

Ún8.3. � f : G→ H �+Ó�, f(g) = h. X h ��� k, K g ��� k

�Ø.

y². X g ��� m, K gm = 1, ¤± f(gm) = hm = 1, � k | m.

½n8.4. éu k ≥ 1, (Z/pkZ)× �Ì�+.

y². k = 1 ��/=þ¡�½n.

éu k ≥ 1, ·��A^þãÚn�+Ó�

(Z/pk+1Z)× → (Z/pkZ)×

a mod pk+1 7→ a mod pk

• k = 2��/. X g mod p� F×p �)¤�,KdÚn 8.3, g mod p2 �

(g + p) mod p2 3 (Z/p2Z)× ��� p− 1 �Ø. du ϕ(p2) = p(p− 1),

�§����U´ p(p − 1) ½ö p − 1. ·���y²§�¥k���

���Ø´ p− 1 =�, =y²gp−1 Ú (g+ p)p−1 ØUÓ��1 mod p2.

�

(g + p)p−1 − gp−1 =
∑
k≥1

(
p− 1

k

)
gp−1pk ≡ (p− 1)gp−2 6≡ 0 mod p2,

���y.
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• k ≥ 2��/. � g mod p2 � (Z/p2Z)× ���)¤�, K

gp−1 6≡ 1 mod p2. (8.1)

·�8By², éu k ≥ 1,

gϕ(p
k) = 1 + pkαk, p - αk. (8.2)

� k = 1 �, (8.2)=^� (8.1). �� k = r � (8.2)¤á, K

gϕ(p
r+1) = (1 + prαr)

p ≡ 1 + pr+1αr mod pr+1.

�d8Bb�, (8.2)¤á.

y3·�8By² g mod pk � (Z/pkZ)× �)¤�. � k = 2 �,

ùd g �À�û½. �� k = r� g mod pr 3 (Z/prZ)× ��� ϕ(pr),

dÚn 8.3, g mod pr+1 3 Z/pr+1Z ��� ϕ(pr) �Ø. � (8.2)`²§

��Ø�u ϕ(pr), ��U´ ϕ(pr+1) = pϕ(pr). ½n�y.

y3?Ø p = 2 ��/. � k = 1, 2 �, (Z/2Z)× � (Z/4Z)× ©O´

{1} Ú {±1}, g,´Ì�+.

·K8.5. X k ≥ 3, K (Z/2kZ)× Ø´Ì�+.

y². ��y²é?ÛÛê a, a2
k−2 ≡ 1 mod 2k =�. ùd8B{á�(ë

�SK 4.5).

½Â8.6. �m ≥ 1,XJ (Z/mZ)×�Ì�+,K§���)¤� g mod m(½

g ∈ Z)¡�� m ����� (primitive root).

nÜ±þ(J, ·�k

½n8.7. �m ���3( = (Z/mZ)×�Ì�+) ��=� m = 2, 4, pα ½

2pα, Ù¥ p �Û�ê, α ≥ 1.
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y². ·�®²é m = 2, 4, pα y²
���3, é m = 2k(k ≥ 3) ��

Ø�3. � m = 2pα �,

(Z/2pαZ)× ∼= (Z/2Z)× × (Z/pαZ)× ∼= (Z/pαZ)×,

�§�Ì�+.

éuÙ¦�¹, ·�k m = m1 ·m2,m1,m2 > 2 � (m1,m2) = 1. d�

(Z/mZ)× ∼= (Z/m1Z)× × (Z/m2Z)×.

du ϕ(m1) � ϕ(m2) k�Ó��Ïf 2. �de¡Ún, (Z/mZ)× ¥?Û

����Ñ�ϕ(m1)ϕ(m2)/2 = ϕ(m)/2 �Ø, �§Ø´Ì�+.

Ún8.8. �+G ÚH �k�+, K+ G×H ¥?Û����þ�ØG �H
�����ú�ê[|G|, |H|].

y². � (g, h) ∈ G × H, m = [|G|, |H|], K gm = hm = 1. ¤± (g, h)m =

1.

§8.1.2 ���O�

þ¡·��Ñ
����35(J, �3¢SA^¥, ·�I�ý�é

���()¤�). ½n8.4 �y²Ú¥I�{½n¢Sþ�Ñ
¦�m ��

�(Ù¥m = pk �m = 2pk) ��{:

(1) ¦Ñ� p ��� g. 3¢SA^¥, ù�±^VÇ5�{. �ÅÀ� a

(2 ≤ a ≤ p− 1), u� a � p ��. �â½n 8.2, a k ϕ(p− 1)/(p− 2)

��U5´��.

(2) O� gp−1 mod p2 (��â),XJØ�u 1 mod p2,K g´� pk (k ≥ 2)

���; ÄK g + p ´� pk (k ≥ 2) ���.

(3) � g ´� pk (k ≥ 2) ���. X g �Ûê, K g ´� 2pk ���; X g

�óê, K g + pk ´� 2pk ���.

~8.9. � p = 31. Äk p − 1 = 30 = 2 × 3 × 5. du36, 310, 315 þØ´1

mod 31, �3 ´�31 ���(ë�SK8.2). du330 ≡ 567 mod 961, �3 ´

�31k Ú�2 · 31k ���.
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§8.1.3 pgÓ{�§¦)

XJ� m ����3, � g �� m �����, K�â (6.1) ·�k

+Ó�

logg : (Z/mZ)× → Z/ϕ(m)Z, a 7→ logg a. (8.3)

�� a 'u�� g �lÑéê logg a �¡� a 'u�� g ��ê (index).

�lÑéê¯K(¯K 6.7) 3d?�Ò´�ê�O�¯K. � m é��, ù

�¯K´é(J�¯K. � m '���, �ê�O��±^5¦)pgÓ{

�§.

¯K8.10. ®�� m ���3. �(a,m) = 1. XÛ¦ xk ≡ a mod m �

)?

�â·K 6.8, ·�kXenØ5(J:

·K8.11. �g ´�m ���, (a,m) = 1. KÓ{�§xk ≡ a mod m �

)��=�d = (k, ϕ(m)) | logg a. ��d^�¤á�, �§�)�gy, Ù

¥y ≡ c logg a

d
mod ϕ(m)

d
, c �k

d
�ϕ(m)

d
�_.

§8.2 F×p �²����g�{

� p �Û�ê, dþ!� F×p �Ì�+. XJ g ´ Fp �����()¤

�), K§�²��8Ü�

F×2p = {a2 | a ∈ F×p } = {1, g2, . . . , gp−2}. (8.4)

½Â8.12. XJ a mod p ´ F×p ¥�²��, ¡ a mod p ��g�{. �

�, K¡��g��{.

½Â8.13. éu a ∈ Fp, V4�ÎÒ½Â�

(
a

p

)
=


1, X a ��g�{;

0, X a = 0;

−1, X a ��g��{.

(8.5)

éu a ∈ Z, ½Â (a
p

)
=
(a mod p

p

)
. (8.6)
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V4�ÎÒkXe5�:

·K8.14. N� (
·
p

)
: F×p −→ {±1}

´+�÷Ó�, =÷v (
a

p

)(
b

p

)
=

(
ab

p

)
. (8.7)

�ó�, �g�{�È��g�{, �g��{�È��g�{, �g�{

��g��{�È��g��{.

5P. ¯¢þéu a, b ∈ Fp, ·�ok
(
a
p

)(
b
p

)
=
(
ab
p

)
.

y². � g � F×p �)¤�. X a = gk, b = gl, K ab = gk+l. (
a

p

)
= (−1)k,

(
b

p

)
= (−1)l,

(
ab

p

)
= (−1)k+l.

���y.

·K8.15. � a ∈ F×p . Ke�^��d:

(1)
(
a
p

)
= 1;

(2) x2 = a 3 F×p k);

(3) x2 − a 3 Fp[x] ¥��.

y². w,.

·K8.16. �gÓ{�§ x2 ≡ a mod p �)êTÐ�
(
a
p

)
+ 1.

y². w,.

·�y3?ØV4�ÎÒ�O�.d�âÄ�½n�ê akXeÏª©

):

a = (−1)ε2αpα1
1 · · · pαss (ε, α, αi ∈ N).

X p | a, K
(
a
p

)
= 0. X (a, p) = 1, K(
a

p

)
=

(
−1

p

)ε(
2

p

)α(
p1
p

)α1

· · ·
(
ps
p

)αs
. (8.8)
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�¦
(
a
p

)
��, �I�¦(

−1

p

)
,

(
2

p

)
,

(
q

p

)
(p, q �Û�ê).

·K8.17 (î.�O{).
(
a
p

)
≡ a

p−1
2 mod p.

y². X p | a, K�> = m> ≡ 0 mod p. ÄK, � a = gk ∈ F×p . K(
a
p

)
= (−1)k, a

p−1
2 ≡ g

p−1
2
k mod p. �(a

p

)
= 1 ⇐⇒ 2 | k ⇐⇒ g

p−1
2
k ≡ 1 mod p.

½n�y.

íØ8.18.
(−1
p

)
= (−1)

p−1
2 .

y². dî.�O{,
(−1
p

)
≡ (−1)

p−1
2 mod p. �du p > 2, �

(−1
p

)
=

(−1)
p−1
2 .

·K8.19 (pdÚn). � p ´Û�ê, (a, p) = 1, r = p−1
2
. P µ �

a, 2a, · · · , ra

¥� p ��{Ø{{ê�u p
2
��ê, K(
a

p

)
= (−1)µ. (8.9)

y². � b1, · · · , bλ � c1, · · · , cµ ©O� a, 2a, · · · , ra � p �Ø�uÚ�

u p
2
�{ê, K λ+ µ = r.

5¿�éu i1 6= i2, j1 6= j2 9é¤k i Ú j þk

bi1 6≡ bi2 , cj1 6≡ bj2 , bi 6≡ p− cj mod p,

!1 ≤ bi, p− cj ≤ r, �

{b1, · · · , bλ, p− c1, · · · , p− cµ} = {1, · · · , r}.

¤±

r! =b1 · · · bλ · (p− c1) · · · (p− cµ) ≡ (−1)µbλ · c1 · · · cµ
≡(−1)µa · (2a) · · · (ra) ≡ (−1)µarr! (mod p).

dî.�O{, =�
(
a
p

)
= (−1)µ.
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íØ8.20.
(
2
p

)
= (−1)

p2−1
8 =

1 X p ≡ ±1 mod 8,

−1 X p ≡ ±3 mod 8.

y². ·�é p ≡ 7 mod 8 �¹¦^pdÚn, Ù§�¹aq.

5¿�d� p = 8k + 7, r = 4k + 3. éua = 2, 2, · · · , (2k + 1) · 2
�p �Ø�{ê�up

2
, (2k + 2 · 2, · · · (4k + 3) · 2 �p �Ø�{ê�up

2
,

�
(
2
p

)
= (−1)2k+2 = 1.

éu
(
q
p

)
��/, ·�I�keã

½n8.21 (�gp�Æ). � p, q �Û�ê, K(
q

p

)(
p

q

)
= (−1)

p−1
2
· q−1

2 . (8.10)

�ó�= (
q

p

)
=


(
p
q

)
X p, q Ø�� 3 mod 4,

−
(
p
q

)
X p ≡ q ≡ 3 mod 4.

(8.11)

�gp�Æ´pdéêØ���z. §´�;êØ�(å, y�êØ

�m©. ��y�,êØïÄ�Ø%¯KE´�gp�Æ��«(4ÙE,Ú

���)í2. �gp�Æ�´�y²�õ�êÆ½n��,î8®²k�L

�zõ«y². ·�ò3e�!y²�gp�Æ.

·�Þ~`²XÛA^�gp�Æ.

~8.22. �½Ó{�§ x2 ≡ 219 mod 383 ´Äk)º

). ·�ÄkO�
(
219
383

)
. duV4�ÎÒ´È5�,(

219

383

)
=

(
73

383

)
·
(

3

383

)
.

d�gp�Æ, (
73

383

)
=

(
383

73

)
=

(
18

73

)
=

(
2

73

)
= 1,(

3

383

)
=

(
383

3

)
= −

(
2

3

)
= (−1) · (−1) = 1.

�
(
219
383

)
= 1. d·K 8.16, �§ x2 ≡ 219 mod 383 kü�).
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~8.23. Á¦¤k��ê p, ¦� x2 + 2x+ 7 3 Fp[x] ¥�Ø��õ�ª.

). d x2 + 2x+ 4 = (x+ 1)2 + 6, õ�ª x2 + 2x+ 7 Ø���du x2 + 6

Ø��, ��du
(−6
p

)
= −1. � p = 2, 3 �, ùØ�U¤á. � p 6= 2, 3 �,

5¿�d�gp�Æ(
−3

p

)
=

(
−1

p

)(
3

p

)
= (−1)

p−1
2 · (−1)

p−1
2

(p
3

)
=
(p

3

)
.

Ïd
(−6
p

)
= −1 ��=�

(
2
p

)
= 1,(

p
3

)
= −1;

½


(

2
p

)
= −1,(

p
3

)
= 1.

ùq�du p ≡ 1, 7 mod 8,

p ≡ −1 mod 3;
½

p ≡ 3, 5 mod 8,

p ≡ 1 mod 3.

1��Ó{�§|�)� p ≡ 17, 23 mod 24,1��Ó{�§|�)� p ≡
13, 19 mod 24. �õ�ª x2+2x+7�Ø��õ�ª�du p ≡ 13, 17, 19, 23

mod 24.

3þ¡~K¥, ·�¢Sþ´3¯�V4�ÎÒ
(
a
p

)
3©1 a�½, ©

f p Cz��Cz5Æ. ùp¡Ù¢%¹
���êØ5�. ·�Þ~`²

ù��¹. � a = −2 �½, p < 30, ·�k

(
−2

p

)
=


1 p = 3, 11, 17, 19,

0 p = 2,

−1 p = 5, 7, 13, 23, 29.

(8.12)

,��¡, ·�w�§ p = x2 + 2y2 ´Äk�ê). ·�k

2 = 02 +2 ·12, 3 = 12 +2 ·12, 11 = 32 +2 ·12, 17 = 32 +2 ·22, 19 = 12 +2 ·32,

 p = 5, 7, 13, 23, 29 �vk�ê). Ïd(
−2

p

)
= −1⇐⇒ p = x2 + 2y2 Ã�ê)(

−2

p

)
= 1⇐⇒ p = x2 + 2y2 k��ê).
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ù�y�¢Sþ�«
� Z[
√
−2] = {a + b

√
−2 | a, b ∈ Z} ��
5�. y

�êØ¥��Ø%Ü©Ò´éù�y�Ú�2�y�?1�º, luÐ


�õ�E,�p�ÆnØ.

§8.3 �gp�Æ�y²ÚC~

·�Äky²�gp�Æ.·�ò�Ñü«y²,�«¦^pdÚn,

,	�«æ^
¥I�{½n.

æ^pdÚn�y². �a ´Ûê��p p�. éu 1 ≤ i ≤ r = p−1
2

, -

ia = p[
ia

p
] + ri, 0 < ri < p. (8.13)

·�÷^pdÚny²¥�PÒ, � {ri | 1 ≤ i ≤ r} = {bj | 1 ≤ j ≤
λ}
⊔
{ck | 1 ≤ k ≤ µ}. é(8.13) ü>¦Ú, Kk

p2 − 1

8
a = pA+B + C, (8.14)

Ù¥

A =
r∑
i=1

[
ia

p
], B =

∑
j=1

bj, C =

µ∑
k=1

ck.

du{bj, p− ck | 1 ≤ j ≤ λ, 1 ≤ k ≤ µ} = {1, · · · , r}, �

B + µp− C =
r(r + 1)

2
=
p2 − 1

8
. (8.15)

d(8.14) �(8.15) =�

p2 − 1

8
(a− 1) = (A− µ)p+ 2C. (8.16)

du a �Ûê, (8.16) íÑ A � µ ÓÛó, dpdÚn,(
q

p

)
= (−1)

(p−1)/2∑
i=1

[ iq
p
]
. (8.17)

Ón (
p

q

)
= (−1)

(q−1)/2∑
j=1

[ jp
q
]

. (8.18)
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�y²�gp�Æ, ·���y²

(p−1)/2∑
i=1

[
iq

p
] +

(q−1)/2∑
j=1

[
jp

q
] =

p− 1

2
· q − 1

2
. (8.19)

¯¢þ, ·��Ä���IX¥d: (0, 0), (p
2
, 0), (0, q

2
) Ú (p

2
, q
2
) �¤�

��/S(Ø¹>.) �I��ê�:(�:), Ù�ê=p−1
2
· q−1

2
. ,��¡,

L: (0, 0) �é��þvk��/S��:, e¡n�/S��:�ê

=
(p−1)/2∑
i=1

[ iq
p

], þ¡n�/S��:�ê=
(q−1)/2∑
j=1

[ jp
q

]. �(8.19) �y.

æ^¥I�{½n�y². -8Ü

S ={x | 1 ≤ x ≤ pq − 1

2
, (x, pq = 1)}

={1, 2, · · · , pq − 1

2
} − {p, 2p, · · · , (q − 1)p

2
}
⊔
{q, 2q, · · · , (p− 1)q

2
},

T ={(a, b) | 1 ≤ a ≤ p− 1, 1 ≤ b ≤ q − 1

2
}.

KS�T þk�Ó�� (p−1)(q−1)
2

. ·�äó: é?¿x ∈ S,�3���(a, b) ∈
T , ¦��§|x ≡ a mod p

x ≡ b mod q
Ú

x ≡ −a mod p

x ≡ −b mod q
(8.20)

k���=k��¤á. ¯¢þ, éu(a, b) ∈ T , d¥I�{½n, �3��

�x, 1 ≤ x ≤ pq − 1 �(x, pq) = 1 ¦�(x mod p, x mod q) = (a mod p, b

mod q). ex /∈ S, Kpq − x ∈ S, �(pq − x mod p, pq − x mod q) = (−a
mod p,−b mod q). e(a1 mod p, b1 mod q) = (−a2 mod p,−b2 mod q),

Kp | (a1 +a2)�q | (b1 + b2),éu(a1, b1), (a2, b2) ∈ T ùØ�U¤á. duS

�T ���, äó�y.

·�y3O�
∏
x∈S

x mod p �
∏
x∈S

x mod q. ��¡, du

S =

(q−1)/2⋃
i=1

{(i− 1)p+ 1, · · · , ip− 1}

⋃
{q − 1

2
p+ 1, · · · , q − 1

2
p+

p− 1

2
} − {q, · · · , p− 1

2
q},
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� ∏
x∈S

x ≡ (p− 1)!
q−1
2

(
p− 1

2

)
!
/
q
p−1
2

(
p− 1

2

)
! mod p

≡ (−1)
q−1
2

(
q

p

)
mod p

ùÙ¥1��Ó{^�
Wilson½n(SK6.5): (p− 1)! ≡ −1 mod p, Úî

.�O{. Ón ∏
x∈S

x ≡ (−1)
p−1
2

(
p

q

)
mod q.

òþ¡ü�üÕ�¦È�¤ê|¦È�/ª, =∏
x∈S

(x, x) ≡
(

(−1)
q−1
2

(
q

p

)
, (−1)

p−1
2

(
p

q

))
( mod p, mod q). (8.21)

,��¡, däóKk∏
x∈S

(x, x) ≡ ±
∏

(a,b)∈T

(a, b) ( mod p, mod q)

≡ ±
(

(p− 1)!
q−1
2 , (

q − 1

2
)!p−1

)
( mod p, mod q).

(8.22)

du (p− 1)! ≡ −1 mod p, u´ (p− 1)!
q−1
2 ≡ (−1)

q−1
2 mod p. d

−1 ≡ (q − 1)! mod q

≡ 1 · · · 2 · · · (q − 1

2
) · (−q − 1

2
) · · · (−2) · (−1) mod q

≡ (
q − 1

2
)!2(−1)

q−1
2 mod q

� ( q−1
2

)!2 ≡ (−1)(−1)
q−1
2 mod q. Ïd ( q−1

2
)!p−1 ≡ (−1)

p−1
2 (−1)

p−1
2

q−1
2 . K

(8.22) �±�¤∏
x∈S

(x, x) ≡ ±
(

(−1)
q−1
2 , (−1)

p−1
2 (−1)

p−1
2

q−1
2

)
( mod p, mod q). (8.23)

'� (8.23) Ú (8.21), ·�k(
q

p

)
= 1,

(
p

q

)
= (−1)

p−1
2

q−1
2 ,
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½ö (
q

p

)
= −1,

(
p

q

)
= −(−1)

p−1
2

q−1
2 .

ÃØ=«�¹Ñk (
q

p

)(
p

q

)
= (−1)

p−1
2

q−1
2 . (8.24)

�gp�Æ�y.

½n 8.21 ¥��gp�Æ�/ª´dV4�JÑ5�, 3d�c, î.

kXeßß:

ß�8.24. � p, q �Û�ê, K(
q

p

)
= 1 ⇐⇒ �30 < x < q§¦�p ≡ (−1)

p−1
2 x2 mod 4q.

·�k

·K8.25. î.ß��du�gp�Æ. AO/, î.ß�¤á.

y². � p ≡ 1 mod 4. X�gp�Æ¤á, K(
q

p

)
= 1⇐⇒

(
p

q

)
= 1⇐⇒�3 0 < x < q, p ≡ x2 mod q.

duþ¡� x �±^ q − x �O, ��b� x �Ûê, Ïd p ≡ x2 mod 4

o´¤á. ¤±î.ß�¤á.

�L5, Xî.ß�¤á. du p ≡ x2 mod 4q �du
(
p
q

)
= 1, ��

gp�Æ¤á.

� p ≡ 3 mod 4. X�gp�Æ¤á, K(
q

p

)
= 1⇐⇒

(
p

q

)
=

(
−1

q

)
⇐⇒

(
−p
q

)
= 1.

Ócã?Ø, �k(
q

p

)
= 1 ⇐⇒ �3 0 < x < q, −p ≡ x2 mod 4q,

¤±î.ß�¤á. �L5, Xî.ß�¤á. du p ≡ −x2 mod 4q �d

u
(
p
q

)
=
(
−1
q

)
, �(
q

p

)
= 1⇐⇒

(
p

q

)
=

(
−1

q

)
⇐⇒

(
−p
q

)
= 1,

=�gp�Æ¤á.
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S K

SK8.1. � p ´Û�ê. y²: � p �?¿ü����ÈØ´� p ���.

SK8.2. � p ´Û�ê, b��3ê a, p - a, ¦�é p − 1 �¤k�Ïf

q, k a(p−1)/q 6≡ 1 (mod p), K a ´� p ���. �L5�·Kw,�¤á.

SK8.3. � n, a Ñ´��ê� a > 1, Á¦a 3+(Z/(an − 1)Z)× ��, ¿

y²: n | ϕ(an − 1).

SK8.4. � m ´��ê, �ê a Ú b éu� m ��©O´ s 9 t, �

(s, t) = 1. y²: ab � m ��´ st.

SK8.5. (1) é p = 3, 5, 7, 11, 13, 17, 19, 23, ¦� p ������;

(2) ¦� 72 9� 510 �����.

SK8.6. � p � q = 2p+ 1 Ñ´�ê. y²

(1) � p ≡ 1 (mod 4) �, 2 ´� q ���;

(2) � p ≡ 3 (mod 4) �, −2 ´�q ���.

SK8.7. � p ´�ê, p ≡ 1 (mod 4). y²

(1)
p−1∑
r=1

( rp)=1

r = p(p−1)
4

;

(2)
p−1∑
a=1

a
(
a
p

)
= 0;

(3)

p−1
2∑

k=1

[
k2

p

]
= (p−1)(p−5)

24
.

SK8.8. � p ´�ê, p ≡ 3 (mod 4). � p > 3, y²

(1)
p−1∑
r=1

( rp)=1

r ≡ 0 (mod p);

(2)
p−1∑
a=1

a
(
a
p

)
≡ 0 (mod p).

SK8.9. � p ´Û�ê, a ´�ê.

(1) y²: Ó{�§ x2 − y2 ≡ a (mod p) 7k);

(2) e (x, y) Ú (x′, y′) þ´þãÓ{�§�), � x ≡ x′ � y ≡ y′
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(mod p) �, ·�ò (x, y) Ú (x′, y′) w¤´� p �Ó��). y²: (1) ¥

Ó{�§�)ê´ p− 1 (XJ p - a) ½ 2p− 1 (XJ p | a).

SK8.10. � p ´Û�ê, f(x) = ax2 + bx+ c � p - a. P

D = b2 − 4ac.

y²
p−1∑
x=0

(
f(x)

p

)
=

−
(
a
p

)
, XJ p - D,

(p− 1)
(
a
p

)
, XJ p | D.

SK8.11. � a ´Ûê, K

(1) x2 ≡ a (mod 2) é¤k a k);

(2) x2 ≡ a (mod 4) k)�¿�^�´ a ≡ 1 (mod 4), ¿�3d^�

÷v�, Tkü�ØÓ�);

(3)Ó{�§x2 ≡ a (mod 2k)(k > 3)k)�¿�^�´ a ≡ 1 (mod 8),

¿�3d^�¤á�Tko�): XJ x0 ´��), K±x0, ±x0 + 2k−1 ´

¤k).

SK8.12. O�
(
17
23

)
,
(
19
37

)
,
(
60
79

)
,
(

92
101

)
.

SK8.13. (1) (½± −3 ��g�{��ê;

(2) (½± 5 ��g�{��ê.

SK8.14. Á¦¤k�êp, ¦�x2 − 15 3Fp[x] ¥��.

SK8.15. � p = 4k + 1 ´�ê, a ´ k ��ê. y²:
(
a
p

)
= 1.

SK8.16. � n > 1, p = 2n + 1 ´�ê. y²: � p ����8�� p ��

g��{�8�Ó; ?y² 3, 7 Ñ´� p ���.

SK8.17. � p ´Û�ê, y²: Fp[x] ¥/X x2 +αx+ β ��gõ�ª¥,

�k p(p−1)
2
�Ø��õ�ª.
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31ÊÙ, ·�?Ø
�þ�õ�ª. 3�Ù, ·�?Øõ�ª�?�

Ú�£. Äk·�ò?ØZ þ�õ�ª�5�. 3±��C(Ä�)�êÆ

S¥, ù
5�ò�í2������õ�ª�þ. Ùg·��ÆSé¡õ

�ª�nØ, ùò3�5�êÆS¥��A^.

§9.1 �Xêõ�ª� Z[x]

·�Äk5w�eknê�þõ�ª��ê�þõ�ª�ØÓ.

• - f(x) = 2x+ 1, g(x) = 4x+ 2, ·�k

g(x) = 2f(x), f(x) =
1

2
g(x).

3 Q[x] ¥, f(x) � g(x) p�Ïf, �3 Z[x] ¥, f(x) ´ g(x) �Ïf

� g(x) Ø´ f(x) �Ïf.

• �{Ø{. - f(x) = x2, g(x) = 2x+ 1, K

x2 = (
1

2
x− 1

4
)(2x+ 1) +

1

4
.

ù´ Q[x] ¥��{Ø{, Ù¥q(x) = 1
2
x− 1

4
, r(x) = 1

4
. �3 Z[x] ¥Ø

�U�3 q(x), r(x) ∈ Z[x], ¦�

x2 = q(x)(2x+ 1) + r(x), deg r < 1.

¯¢þ,X q(x) ∈ Z[x], q(x)(2x+1)�Ä�Xê´óê,� x2−q(x)(2x+

1) �gê�½�u½�u 2.

• Q[x] ¥?Ûn�Ñ´d����)¤�, �3 Z[x] ¥ù´Øé�. ~X

Z[x] ¥d 2 Ú x )¤�n�, XJ§´d a(x) )¤, K

2 = a(x)b(x), x = a(x)c(x).

dc���ª�, deg a = deg b = 0, � a = ±2 ½ ±1. d1���ª,

a = ±1, � 1 = 2u(x) + xv(x). �Äü>�~ê�, K 1 =óê, gñ!

113



114 1ÊÙ õ�ª(II)

�´kù
ØÓ, ·�I��Ä Z[x] þ�õ�ª.

½n9.1 (�{Ø{). XJ g(x) ∈ Z[x] �Ä�õ�ª, Kéu?Û f(x) ∈
Z[x], �3��� q(x) � r(x) ∈ Z[x], ¦�

f(x) = q(x)g(x) + r(x), deg r < deg g. (9.1)

y². ��5�y²��þ�õ�ª��. éu�35, u��þ�/�y

². XJ deg r > deg g, -

I = {f(x)− a(x)g(x) | a(x) ∈ Z[x]}.

� r(x) ∈ I �gê�$. XJ deg r > deg g, 3��õ�ªy²¥, -

r1(x) = r(x)− r(x) Ä�Xê

g(x) Ä�Xê
· g(x) · xdeg r−deg g. (9.2)

3���/Kk deg r1 < deg r, � r1(x) ∈ I. 38c�/, du g(x) �Ä

�Xê� 1, (9.2) E�ö�, �Ek r1(x) ∈ I.

31ÊÙ'u�þõ�ªÓ�a��E¥, ·���XJ p(x) Ø��,

K F [x]/p(x) ��. ù´�~���E���{. Ïd��õ�ª´Ä��

�©�.

3¢SA^¥, XJ p(x) ∈ Z[x] 3 Q[x] ¥Ø��, á=�±�E#�

� Q[x]/p(x). � f(x) ∈ Z[x]. X f(x) 3 Q[x] ¥Ø��, g,k f(x) 3

Z[x] ¥Ø��. @où�L5´Ä��(? �!ò£�ù�¯K.

½n9.2 (pdÚn). XJ f(x) ∈ Z[x] � f(x) 3 Q[x] ¥��, K f(x) 3

Z[x] ¥��, =XJ

f(x) = g(x)h(x) (0 < deg g < deg f, g(x), h(x) ∈ Q[x]),

K

f(x) = g1(x)h1(x) (g1, h1 ∈ Z[x], 0 < deg g1 < deg f).

·�I�A�Ún:
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Ún9.3. � f(x) =
n∑
i=0

aix
i ∈ Z[x], p ��ê,

f̄(x) = f(x) mod p =
n∑
i=0

[ai]x
i ∈ Fp[x],

=ò f(x) �z�Xê ai ∈ Z À� Fp ¥��, K

ϕ : Z[x]→ Fp[x], f 7→ f̄

��Ó�. AO/, XJ f̄(x) Ø��, � p - an, K f(x) 7Ø��.

y². ��=�. 5¿� p - an =�du deg f̄(x) = deg f(x).

Ún9.4. � f(x) =
n∑
i=0

aix
i ∈ Z[x], g(x) =

m∑
j=0

bjx
j ∈ Z[x],

f(x) · g(x) =
n+m∑
k=0

ckx
k.

e (ai) vkú��Ïf, (bj) vkú��Ïf, K (ck) �vkú��Ïf.

y². ^�y{. XJ p | ck, é k = 0, · · · , n+m ¤á, K f̄(x) · ḡ(x) = 0 ∈
Fp[x]. d Fp[x] ´��� f̄(x) = 0 ½ ḡ(x) = 0, �d®�^�ùØ�U.

½Â9.5. XJ�Xêõ�ªXêmvkú��Ïf,¡dõ�ª���õ�

ª (primitive polynomial).

dÚn9.4, ��õ�ª�¦È�´��õ�ª.

Ún9.6. ?Û�"õ�ª a(x) ∈ Q[x] þ�±���¤

a(x) = ca1(x) (9.3)

�/ª, Ù¥c ∈ Q, a1(x) ∈ Z[x] ���õ�ª�Ä�Xê��.

5P. þª¥�c ¡�a(x) �NÝ (content).
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y². � N v
�, ¦� (±N)a(x) =
n∑
i=0

αix
i ∈ Z[x], - α ´¤k αi ��

�úÏf, K

a(x) =
α

±N
a1(x) = ca1(x), (9.4)

Ù¥ a1(x) ∈ Z[x], � a1(x) �XêÃú��Ïf, ·�� N ½ −N ¦�
a1(x) Ä�Xê��, �a(x) k(9.3) �/ª.

,��¡, XJ

a(x) = aa1(x) = ba2(x), a, b ∈ Q,

·��±Ï©�b�a, b ∈ Z p�. dua1(x) �a2(x) þ´��õ�ª,

�a = b = ±1"qdua1(x)�a2(x)Ä�XêÑ��, a, bÓ�K,�a = b

�a1(x) = a2(x).

pdÚn�y². � f(x) = g(x)h(x) ∈ Q[x]. ò§�Ñ��(9.3) �/ª

f(x) = c(f)f1(x), g(x) = c(g)g1(x), h(x) = c(h)h1(x),

K

f(x) = c(f)f1(x) = c(g)c(h)g1(x)h1(x).

dug1(x)h1(x) ���õ�ª, �Ä���, ��u f1(x), ¤±

f(x) = g1(x) · (c(f)h1(x)).

du g1(x), h1(x) ∈ Z[x]  c(f) ∈ Z ´f(x) ��Xê���úÏf, �pd

Ún�y.

dpdÚn�y²�±wÑ, XJ g(x) ´�Xêõ�ª f(x) 3 Q[x]

¥�Ïf, K§éA���õ�ª g1(x) ´ f(x) 3 Z[x] ¥�Ïf. dd·

��ÑpdÚn���A^.

·K9.7. �f(x) = anx
n + · · · + a0 ∈ Z[x] �n gõ�ª(n ≥ 1). XJα =

p/q (p, q p�) ´f(x) ���kn�, K p | a0 �q | an.

y². XJα = p/q (p, q p�) ´f(x) ���kn�, K qx − p ���

õ�ª�3 Z[x]¥, qx − p | f(x). -Ùûg(x) = bn−1x
n−1 + · + b0. '

�f(x) = (qx− p)g(x) �Ä�Ú~ê�Xê, =kan = bn−1q, a0 = −pb0. �
��y.
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~9.8. �f(x) = 3x3+x+7. XJf(x)kkn�p/q,dþã·K�p/q = ±1,

±3, ±1/7 ½±3/7. u�ù8 «�¹�§�ÑØ´f(x) ��. �f(x) vkk

n�. qdudeg f = 3, f(x) 3Q þ(l3Z þ) Ø��(ë�·K5.24).

pdÚn`²�Xêõ�ª�Ø��53 Z[x] ¥� Q[x] ¥´���,

@o´Äk�{5�äQ? Ún 9.3w�·�:

½n9.9 (Eisenstein�O{). XJ f(x) = anx
n+an−1x

n−1 + · · ·+a0 ∈ Z[x],

p ��ê� p - an, p | ai (0 6 i 6 n− 1), p2 - a0, K f(x) Ø��.

y². XJ f(x) ��, K f(x) = g(x)h(x), 0 < deg g < n, �

f̄(x) = ānx
n = ḡ(x)h̄(x) ∈ Fp[x],

¤± ḡ(x) = b̄xm, h̄(x) = c̄xn−m, = p | b0, p | c0, � p2 | b0c0 = a0.

~9.10. f(x) = x4 + 2x+ 6 3 Q[x] ¥Ø��.

~9.11. -p g©�õ�ª

Φp(x) = 1 + x+ · · ·+ xp−1 =
xp − 1

x− 1
=

p−1∏
n=1

(x− ζnp ), (9.5)

Ù¥ζp = e2πi/p. K

Φp(x+ 1) =
(x+ 1)p − 1

x
= xp−1 +

p−1∑
k=1

(
p

k

)
xk−1.

du p |
(
p
k

)
, p2 - p, � Φp(x+ 1) Ø��, Ïd Φp(x) �Ø��.

§9.2 õ�õ�ª

éuõ�õ�ª��nØ,38���êÚ�êAÛÆS¥¬²~��.

���êÆÄ:�£, ùp·�=�Ä�aAÏ�õ�ª: é¡õ�ª.

£Á·�31ÔÙ½ÂÛ���ó���,éu σ ∈ Sn, f(x1, · · · , xn) ∈
R[x1, · · · , xn], �

σ(f)(x1, · · · , xn) = f(xσ(1),··· ,xσ(n)).
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'X`, σ = (123), f(x1, x2, x3) = x23 − x2, K

σ(f)(x1, x2, x3) = x2σ(3) − xσ(2) = x21 − x3.

½Â9.12. n �õ�ª f(x1, ·, xn) ¡�é¡õ�ª´�é¤k σ ∈ Sn,

f(xσ(1), · · · , xσ(n)) = f(x1, · · · , xn), (9.6)

= σ(f) = fé¤k σ ∈ Sn ¤á.

~9.13. éu k ∈ N, pk(x1, · · · , xn) = xk1 + · · ·+ xkn ´é¡õ�ª.

~9.14. � F (x) = (x − x1)(x − x2) · · · (x − xn) = xn − s1xn−1 + s2x
n−2 +

· · ·+ (−1)nsn. �â��½n,

s1 = x1 + x2 + · · ·+ xn (9.7)

s2 =
∑

16i<j6n

xixj (9.8)

· · ·

sk =
∑

16i1<i2<···<ik6n

xi1xi2 · · ·xik (9.9)

· · ·

sn = x1 · · ·xn. (9.10)

s1, · · · , sn � x1, · · · , xn �é¡õ�ª, ¡�Ð�é¡õ�ª.

½n9.15. � R ���, K R þ� n �é¡õ�ªþ´Ð�é¡õ�ª�

õ�ª, =éu?¿ n �é¡õ�ª f(x1, · · · , xn), �3 n �õ�ª g, ¦

�

f(x1, · · · , xn) = g(s1, · · · , sn). (9.11)

~9.16. éu n = 3,

p2(x1, x2, x3) = x21 + x22 + x23

= (x1 + x2 + x3)
2 − 2(x1x2 + x2x3 + x3x1)

= s21 − 2s2.
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½n9.15 �y². éuü�ª xi11 · · ·xinn , ·�½Â§���

i1 + 2i2 + · · ·+ nin.

éuõ�ª, K½Â§���Ù¥ü�ª����. ·�äó: XJõ

�ª f(x1, x2, · · · , xn) �gê� d �é¡õ�ª, K�3� 6 d �õ�ª

g(x1, · · · , xn) ¦�

f(x1, · · · , xn) = g(s1, · · · , sn).

äó�y²�6ué nÚ d�V8B.·�Äké n�8B.� n = 1

�äów,¤á, d� s1 = x1.

b�äóé n − 1 �õ�ª¤á, 3 F (x) = (x − x1) · · · (x − xn) ¥�

xn = 0, K

(x− x1) · · · (x− xn) = xn − (s1)0x
n−1 + · · ·+ (−1)n−1(sn−1)0x,

Ù¥ (si)0 = si(x1, · · · , xn−1, 0),�éu i = 1, · · · , n−1, (si)0 = si(x1, · · · , xn−1)
´ n− 1 �Ð�é¡õ�ª.

·��y²äóé n �õ�ªþ¤á. y3égê d �8B. d = 0�

�¹´²��¹. � d > 0 �äóégê < d �n �õ�ª¤á. �

f(x1, · · · , xn) �gê� d, ��3 g1(x1, · · · , xn), � 6 d, �

f(x1, · · · , xn−1, 0) = g1((s1)0, · · · , (sn−1)0).

5¿� g1(x1, · · · , xn)�� 6 d, �

f1(x1, · · · , xn) = f(x1, · · · , xn)− g1(s1, · · · , sn−1)

�gê 6 d (d?gê´�éu (x1, · · · , xn) ó) ��é¡õ�ª. d

uf1(x1, · · · , xn−1, 0) = 0, � f1 � xn �Ø. qdu f1 é¡, �§�¹Ïf

sn = x1 · · · xn, ¤±

f1 = snf2(x1, x2, · · · , xn)

é,� f2 ¤á, w, f2 ´é¡�, �Ùgê 6 d − n < d. d8Bb�, �

3 g2, � 6 d− n, �

f2(x1, · · · , xn) = g2(s1, · · · , sn),
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�

f(x1, · · · , xn) = g1(s1, · · · , sn−1) + sng2(s1, · · · , sn),

Ù¥z���� 6 d, ½ny..

5P. d½n�y²��, XJ f � d gàgé¡õ�ª, = f �z�ü�

ªgêÑ� d, K½n¤��õ�ª g �z�ü�ª��þ� d.

½n9.17. XJ f(x1, · · · , xn) ∈ R[x] �f(s1, · · · , sn) = 0, K f = 0.

5P. þã½n`²Ð�é¡õ�ª´�êÕá (algebraically independent)

�, �`²3½n 9.15 ¥¤¦��õ�ª g ´���.

y². ·�^�y{. eØ,, �¤k÷v f(s1, · · · , sn) = 0 ��"õ�ª

¥ �n ���éudn gê���õ�ª f , P

f(x1, · · · , xn) = f0(x1, · · · , xn−1) + · · ·+ fd(x1, · · · , xn−1)xdn. (9.12)

·�äó f0 6= 0. ¯¢þ, XJ f0 = 0, K f(x1, · · · , xn) = xnψ(x1, · · · , xn),

� snψ(s1, · · · , sn) = 0, ¤± ψ(s1, · · · , sn) = 0, ψ �gê�u f�gê,

� f ���5gñ.

3 (9.12) ¥- xi = si, K

0 = f0(s1, · · · , sn−1) + · · ·+ fd(s1, · · · , sn−1)sdn.

ù´ R[x1, · · · , xn] ¥����ª. - xn = 0, K

0 = f0((s1)0, · · · , (sn−1)0),

ù� n ���5gñ.

·���±õ�ª��Oª��é¡õ�ª�~f5(å.

½Â9.18. -õ�ª f(x) = (x− x1) · · · (x− xn), K

Df = D(x1, · · · , xn) =
∏
i<j

(xi − xj)2, (9.13)

¡� f ��Oª.
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é²wD(f) ´x1, x2, · · · , xn �n(n − 1) gàgé¡õ�ª. éu{ü

�/, ·�k

·K9.19. (1) e f(x) = x2 + bx+ c,

Df = (x1 − x2)2 = b2 − 4c. (9.14)

(2) ef(x) = x3 + ax+ b,

Df = (x1 − x2)2(x2 − x3)2(x1 − x3)2 = −4a3 − 27b2. (9.15)

y². (1) ·�kD(f) = (x1 + x2)
2 − 4x1x2 = b2 − 4c.

(2)d�D(f)´x1, x2, x3�6gàgõ�ª,��6�õ�ª�7«: x61,

x41x2, x
3
1x3, x

2
1x

2
2, x1x2x3, x

3
2 Úx

2
3. �d½n 9.15 �¡�5Pk

D(f) = c1s
6
1 + c2s

4
1s2 + cs31s3 + c4s

2
1s

2
2 + c5s1s2s3 + c6s

3
2 + c7s

2
3.

qdus1 = −x1 + x2 + x3 = 0, s2 = a, s3 = −b, ·��±b�D(f) =

c6a
3 + c7b

2. �x1 = 1, x2 = −1, �x3 = 0, a = −1, b = 0 9D = 4,

�c6 = −4. �x1 = x2 = 1 9x3 = −2, K�)�c7 = −27. �

Df = (x1 − x2)2(x2 − x3)2(x1 − x3)2 = −4a3 − 27b2.

·Ky..

S K

SK9.1. � f(x) ∈ Z[x], � f(0) ≡ f(1) ≡ 1 (mod 2). y²: f(x) vk�

ê�.

SK9.2. é f(x) ∈ Z[x] � f(x) 6= 0, ^ c(f) L« f(x) �NÝ.

(i) é?¿ a ∈ Z, a 6= 0, y²: c(af) = |a|c(f);

(ii) y²: c(fg) = c(f) · c(g).

SK9.3. � f(x) ´��õ�ª, g(x) ∈ Q[x], � f(x)g(x) ∈ Z[x], K g(x) ∈
Z[x].
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SK9.4. � p(x) ∈ Z[x]´���Ø��õ�ª, y²: é f(x), g(x) ∈ Z[x],

e p(x) | f(x)g(x), K p(x) | f(x) ½ p(x) | g(x).

SK9.5. y²e¡�õ�ª3 Q[x] ¥Ø��:

(i) x4 + 3x+ 5;

(ii) x5 + 4x4 + 2x3 + 6x2 − x+ 5.

SK9.6. (i) � p ´�ê, y²: xp−1 + · · ·+ x+ 1 3 Q[x] ¥Ø��;

(ii) � n > 1 ´�ê, y²: XJ xn−1 + · · ·+ x+ 1 3 Q[x] ¥Ø��,

K n ´�ê.

SK9.7. � a1, · · · , an ´pØ�Ó��ê, y²: (x− a1) · · · (x− an)− 1 3

Q[x] ¥Ø��.

SK9.8. òe�é¡õ�ª��Ð�é¡õ�ª�õ�ª:

(i) x21x2 + x22x1 + x22x3 + x23x1 + x22x3 + x23x2;

(ii) x1(x
3
2 + x33) + x2(x

3
1 + x33) + x3(x

3
1 + x32).

SK9.9. �x1, x2, x3 ´�Xêng�§x
3 + ax2 + bx+ c = 0 ��. Pan =

xn1 + xn2 + xn3 . y²én ∈ N, an ´�ê.
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