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M’ Approximation theory

€ In mathematics, approximation theory is concerned with
how functions can best be approximated with simpler
functions, and with quantitatively characterizing the errors
Introduced thereby.
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M Filter Approximation Theory: T ()

€ We want to determine classes of rational polynomials
that approximate the “Ideal” low-pass filter response
(high-pass band-pass and band-stop filters can be derived

from a low pass desian)
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Vector Quantization
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3

Quantize mutually dependent values in
joint space May help even if values are
largely independent

larger space {x1,x2} is easier for Huffman
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M DFT vs. DCT
L T-DFT, DCTZARH#i
AR A A2

A generic sampled signal
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M JPEG

The source data (8x8)
IS transformed to a
linear combination of
these 64 frequency
squares.
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8x8 11 G Tyl =
RN 64T K
FE LA

http://en.wikipedia.org/wiki/Discrete_cosine_transform
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M fffkial@ (Optimization problems)

— — Source: {Convex Optimization) ,Stephen Boyd
‘ H *’j‘ ]Zl 7;& fO(X) Chapter 4 Convex optimization problems

We use the notation

minimize  fo(x)
subject to  fi(x) <0, i=1,....m (4.1)
T

hi( ):U, i=1,....p

to describe the problem of finding an x that minimizes fo(x) among all > that satisfy
the conditions f;(x) <0,i=1,..., m,and hy(x)=0,7i=1,....p. Wecall z € R"
the optimization var iable and the function fo : R™ — R the objective function or
cost function. The inequalities f;(x) < 0 are called inequality constraints, and the
corresponding functions f; : R"™ — R are called the inequality constraint functions.
The equations h;(r) = 0 are called the equality constraints, and the functions
hi : R"™ — R are the equality constraint functions. If there are no constraints (i.e.,
m = p = 0) we say the problem (4.1) is unconstrained.



M’ RBBE H XS

Source: {Convex Optimization) ,Stephen Boyd
Chapter 4 Convex optimization problems
minimize  fo(x)

subject to  fi(x) <0, i=1,..., m

hife) =0, +=1,..., |2

@ The basic idea in Lagrangian duality is to take the constraints into
account by augmenting the objective function with a weighted sum
of the constraint functions.

m p
Lz, \v)= folxr)+ Z i filr) + Z vihi(x)
i=1 i=1

@ The vectors A and v are called the dual variables or Lagrange
multiplier vectors associated with the Problem.

m p
g(A,v) = inf L(x,\,v)= Int (fo(‘i') + Z Aifi(x) + Z Vz'hz(if))
i=1 1=1

reD reD
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Principle Component Analysis (PCA)
Karhunen-Loeve transformation (KL transformation)
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@ Projection of data along w is Aw.
@ Variance: o%,= (AW)T(Aw) = wTATAw = wTCw
where C = ATA is the covariance matrix of the data (A is centered!)

Iy /Z A
C=ATA =(a12z..3, :
1 T/\- a, -

€ Task: maximize variance subject to constraint wTw=1.
@ Maximize f=w'Cw - A(w'w - 1), A is the Lagrange multiplier



, AT R R ER?
MC K% F57%: Optimization Problem

€ Maximize

f=wlCw—-\wlw—-1)
A Is the Lagrange multiplier
@ Differentiating with respect to w yields

8f — 20w — 2)\w =0
oOw

@ Eigenvalue equation: Cw = Aw, where C = ATA.

@ Once the first principal component is found, we continue in the
same fashion to look for the next one, which is orthogonal to (all)
the principal component(s) already found.
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@ Representation = Approximation = Compression
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Blocking artifacts

@ The cause of the blocking effect with respect to block-
based coding Is intuitively obvious.

Examples of the blocking effect; most
evident in the smoothly textured
regions which are of low-to-medium
luminance.
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. H.264
MC F IR R 575K 8% (Deblocking filter)
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I Whether or not to filter a particular block boundary
I Whether to apply strong or normal deblocking
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H.265(HEVC) B ER3 =
SAQ: edge offset (E

::_-_Eﬁz_

((Iassm?:atlon Rules for Edge Offset

Condition

(¢ <a&&c=
(c>a&&c==b)l|[(c=a&&c>Db)

c<a&&c<b
=b) |[(c == a && ¢ < b)

cad&&c=Db
None of the above

Sample
Four 1-D directional patterns for Category
EO sample classification !
a a da 3
alc|b C C c 4
b b b 0
CrreeEemEmEmEEmEmEmEmm——— 1
: . Category 1 5 Category 2 i
Positive offsets for EO 5t N2/ 51 A ! i
categories 1 and 2 and é‘“ YL R )
negative offsetsfor §& a ¢ b % a ¢ b i
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EO categories3and 4 |~ smplende sampleinde i
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l |
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Gibbs phenomenon

The Gibbs phenomenon involves both the
fact that Fourier sums overshoot at a jump
discontinuity, and that this overshoot does
not die out as the frequency increases.
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M’ Ringing effect

JPEG2000 Original JPEG
928 bytes 389 bvtes 398 bytes

The ringing effect is fundamentally associated with
Gibb’s phenomenon, and, as such, it is most
evident along high contrast edges in areas of
generally smooth texture in the reconstruction, and
appears as a shimmering or rippling outwards from
the edge up to the encompassing block’s boundary.
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Dennis Gabor, 1946~ MTHIREREO, =

GaborZar & O B M I A B R B 25
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The orignial image || 'haar’ based wavelet coeffients |

The sparsity of the wavelet "haar’ BASIS

1% basis has been used to reconstruct || 5% basis has been used to reconstruct || 15% basis has been used to reconstruct ” 20% basis has been used to reconstruct
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1IN HE 7R 5)
CDF 5/3 wavelet

MC

The JPEG 2000 compression - RPN TE R
standard uses the biorthogonal CDF
5/3 wavelet for lossless
compression and a CDF 9/7
wavelet for lossy compression.

CDF 5/3
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Wedgelets [Donoho, 1999]

Ridgelets [Candes, Donoho, 1998 Ph D thesis] %

Curvelets [Candes, Donoho, 1999] 1P
248 CurveletsfE20054F 2 H

Contourlets [Donoho, 2002 et al] FC R
Multidirectional pyramids and contourlets
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Gabor filter:real component Gabor filter:imaginary component Gabor filter-frequency component
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Angle of Projection (degrees)

https://en.wikipedia.org/wiki/Radon_transform
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M Radon transform N

= (cos a, sin )

Johann Radon, 1917  —------RXS--- e S

ainogram of Phantom

1]
Projection Displacement

a0

fla,s) = ff (), y(t)

/ f((tsina + scosar), (—tcosa + ssina) ) dt

PAAETE 5L T radonZ8 # KA U FERRfgE: — -1
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A S YR 7, 15218 F(d, )5 2 &
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http://en.wikipedia.org/wiki/File:Sinogram_Source_-_Two_Squares_Phantom.png
//upload.wikimedia.org/wikipedia/commons/2/20/Sinogram_Result_-_Two_Squares_Phantom.png

M. Ridgelet Transform 2382532 1998

— A5 R RR BR BR(x,y) I Ridgelet 25 4 g SN

Re(a,b,0) = [[ 1(X, N¥ .16, (X y)dxdy
¥ boxy = 2P (xcos @+ ysin@—b)/ a]

YN HFERE, a, b, 07 7] ~1ZRIidgelet) ]S A2 B A
] 24

— RS (x,y)BIRidgelet THETR] IAF{EE oM Randon ZE 4,

X}
R;(a,b,0) = [ Randon(8, )¥|(t— b)/ aldt

CE VR B RS E

Candés E,Donoho D 19994 1 Vit i, 20054 5 Y53 T Hik &k



M. Ridgelet3Z
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M CurveletZTHap = 12
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Figure: 1 Curvelet transform flow block diagram



M’ Contourlet Transform %t Bg: K 25

OContourIet/}ETﬁ%H‘Jﬁéﬁuﬁﬁm ER i EUR- SR 2
£ (Laplacian Pyramid, LP) /{53l a 7, 2R
JEAE . 4E 7 I ek 2840 (Directional Filter Bank,
DFB) A E—HHEFRRERKZ, FZAREREIE
EREZ (Contour) , [AI1544 ContourletZ24t,

B w9 (m, )
{,—x\ bgndpass H\\\
] *@LEFD o N7
N

Wi

[l

/f/ \‘H

bandpass [~
image directional ’#f##fff ff
subbands
The Contourlet Transform: An Efficient Directional Multiresolution Image Representation

Minh N. Do, Martin Vetterli 48 -, _ﬂ-}

IEEE Transactions on Image Processing, 2002 possible frequency decompositions
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Bandelet. Wedgelet
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Wedgelets, David L. Donoho, 1997
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@ Representation = Approximation = Compression
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X Ray. CT. MRI\ PET
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PET (positron emission tomography)
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PET (positron emission tomography)
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" (Computerized Tomography)
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M CT (Computerized Tomography)
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CT (Computerized Tomography)
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Image reconstruction
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(a)

https://en.wikipedia.org/wiki/Shepp%E2%80%93Logan_phantom (€) (d)

Figure 1: Example of a simple recovery problem. (a) The Logan-Shepp phantom test
image. (b) Sampling domain £ in the frequency plane; Fourier coefficients are sampled
along 22 approximately radial lines. (¢) Minimum energy reconstruction obtained by setting
unobserved Fourier coefficients to zero. (d) Reconstruction obtained by minimizing the total
ariation, as in (1.1). The reconstruction is an exact replica of the image in (a).



M R ER S (Nuclear Magnetic
Resonance Imaging, NMRI)
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Paul C. Lauterbur Sir Peter Mansfield
Prize share: 1/2 Prize share: 1/2

20034, A M & A 5
K Lauterbur 53 T I K2
ffjPeter Mansfield—#2 4= T
P VR A 2R = 2

68



*zﬁé’i/\iﬁ}ﬁ1% = (cos a, sin )

N
Radon transform  ------ X v

MC

A\Q‘é

$®

ainogram of Phantom

20

(a, 5) / F(x(t),y(t)) dt

/ f((fsma—l—&cas&} (— tcosa—i—ssin&})dt

—0

40

B0

PHAETT L T radon 22 # R Em] DLIX AR B A —
AP AR L (AR5 SREEE
Rd, FFIAfNa) SHGY) EZ R, 15311
% F(d,0) sk /& sk B RadonZs # . Ak & 4

, ~FTHI(d,a) BT EEA S BAZ R EE X BT R A
0 0 50 BRI Y FEAN A 1

Projection Displacement

Angle of Projection (degrees)

140

160



http://en.wikipedia.org/wiki/File:Sinogram_Source_-_Two_Squares_Phantom.png
//upload.wikimedia.org/wikipedia/commons/2/20/Sinogram_Result_-_Two_Squares_Phantom.png
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,  BERFEHELE
MC single pixel camera
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M DMD (digital micromirror device)

Mirror —10°
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Landing Tip g p o s o e o K 3
(a) (b)

[FIG6] (a) Schematic of two mirrors from a Texas Instruments digital micromirror device

(DMD). (b) A portion of an actual DMD array with an ant leg for scale. (Image provided by
DLP Products; Texas Instruments.)
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Low-cost, fast, sensitive
optical detection

_ )

Compressed, encoded
image data sent via RF
for reconstruction
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Image encoded by DMD
and random basis
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Compressed Sensing

1.Animage canbe
sensed and compressed
atthe same time.

2.The trick istosum
the analog voltages of
randomly chosen sets
of pixels. You need
many such sets, but far
fewer thanthe number
of pixels.

3.0nly the sums are

digitized. )
4.These digitized 10011101 00101011 01110010
values constitute the

compressed image. H i H
Significant compu-

tationis needed to 100111010010101101110010

decompressit.

http://spectrum.ieee.org/semiconductors/optoelectronics/camera-chip-makes-alreadycompressed-images



|
It

N
7
~
¢
¢

B Z LR TER

MC IEilj‘éEI,J 1E:1%

Measurementfi)x

BNRRSCHYIRE

16384 Pixels 16384 Pixels
Original 1600 Measurements 3300 Measurements
(10%) (20%)
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%t EE

4096 Pixels 4096 Pixels 65536 Pixels
Original 800 Measurements 1600 Measurements 6600 Measurements
(20%) (40%) (10%)

http://dsp.rice.edu/cscamera
Single-Pixel Imaging via Compressive Sampling 79
IEEE SIGNAL PROCESSING MAGAZINE [83] MARCH 2008
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Original 4096 Pixels 4096 Pixels
Object 800 Measurements 1600 Measurements
(20%) (40%)
Original 4096 Pixels 4096 Pixels
Object 800 Measurements 1600 Measurements
(20%) (40%)
Original 4096 Pixels 4096 Pixels
80 Object 800 Measurements 1600 Measurements

(20%) (40%)
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M’ David Donoho

Donoho did his undergraduate studies at Princeton University, graduating in 1978.
He obtained his Ph.D. from Harvard University in 1983. He was on the faculty of
the University of California, Berkeley from 1984 to 1990 before moving to
Stanford.

In 1991, Donoho was named a MacArthur Fellow. He was elected a Fellow of the
American Academy of Arts and Sciences in 1992. He was the winner of the
COPSS Presidents' Award in 1994. In 2001, he won the John von Neumann Prize
of the Society for Industrial and Applied Mathematics. In 2002, he was appointed
to the Bass professorship. He was elected a SIAM Fellow and a foreign associate
of the French Académie des sciences in 2009, and in the same year received an
honorary doctorate from the University of Chicago.[1] In 2010 he won the Norbert
Wiener Prize in Applied Mathematics, given jointly by SIAM a
Mathematical Society. He is also a member of the United State
of Science.

http://en.wikipedia.org/wiki/David_Donoho J :
http://www-stat.stanford.edu/~donoho/ born on March 5, 1‘7



M’ Emmanuel Candes

Candes' early research concerned nonlinear approximation
theory. In his Ph.D. thesis, he developed generalizations of
wavelets called curvelets and ridgelets that were able to capture
higher order structures in signals. This work has had significant
Impact in image processing and multiscale analysis, and earned
him the Popov prize in approximation theory in 2001.

In 2004, Candes wrote a paper with Terence Tao that kicked off
the field of compressed sensing: the recovery of sparse signals
from a few carefully constructed, and seemingly random
measurements. '

Emmanuel Jean Candes is a professor of
mathematics and statistics at Stanford University.

http://en.wikipedia.org/wiki/Emmanuel _Cand%C3%A8s
http://www-stat.stanford.edu/~candes/



M(L Terence Tao http://en.wikipedia.org/wiki/Terence_Tao

http://www.math.ucla.edu/~tao/

@ Terence "Terry" Chi-Shen Tao FRS (simplified Chinese:
B 27 %F: traditional Chinese: Fg & 1) (born 17 July 1975,
Adelaide), 1s an Australian born American mathematician
working in harmonic analysis, partial differential
equations, combinatorics, and analytic number theory. He
currently holds the James and Carol Collins chair in
mathematics at the University of California, Los Angeles.

LIFE AND TIMES OF TERENCE TAO

@ Age 7: Begins high school

@ 9: Begins university

@ 10,11,12: Competes in the International
Mathematical Olympiads winning bronze,
silver and gold medals

@ 16: Honours degree from Flinders University

@ 17: Masters degree from Flinders University

@ 21: PhD from Princeton University

@ 24: Professorship at University of California

20 %7 SRAF MUK 27
22400, 245 Wit
WU R ZE RS N IR Hd%

in Los Angeles _
@ 31: Fields Medal, the mathematical ~

equivalent of a Nobel prize 3 |
SUH GRAPHIC 3806




M Fields Medals Award 2006
Okounkov, Perelman, Tao and Werner

https://plus.maths.org/content/fields-medals-2006
Andrei Okounkov [f] https://www.mathunion.org/imu-awards/fields-medal

Grigory Perelman [#]

. i __ ‘ .
B MR, RN A
B LT ER R R
AP
lEAH Poincaré J54H
HED] W Wendelin Werner [4] Terence Tao
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CS Sampling
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@ 147 %1 (Compressive Sensing, CS)Hibfe H T —%
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Low-cost, fast, sensitive
optical detection

Image encoded by DMD
and random basis
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See How a Standard Camera Works
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M- Light Field Camera
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M LFEEREHMEEMRYIENLEER

Figure 1. Conceptual schematic of our
camera, which is composed of a main
lens, microlens array and a photosensor.
The main lens focuses the subject onto
the microlens array. The microlens array
separates the converging rays into an
Image on the photosensor behind it. Main lens Microlenses  Sensor

F’U, S
Figure 3: Top: All the light that passes through a //’/laf

pixel passes through its parent microlens and —
through its conjugate square (sub-aperture) on the v
main lens. Bottom: All rays passing through the " .
sub-aperture are focused through corresponding W

pixels under different microlenses.

Main lens H
Photosensor
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Our digital back is a Megavision FB4040. The image sensor that it contains is a Kodak KAF-16802CE color sensor,
which has approximately 4000 X 4000 pixels that are 9 microns wide. Our microlens array was made by Adaptive Optics
Associates (part 0125-0.5-S). It has 296 X 296 lenslets that are 125 microns wide, square shaped, and square packed with
very close to 100% fill-factor. The focal length of the microlenses is 500 microns, so their f-number is f/4. For the body
of our camera we chose a Contax 645, and used two lenses: a 140 mm /2.8 and 80 mm /2.0. We chose lenses with wide
maximum apertures so that, even with extension tubes attached for macrophotography, we could achieve an /4
Imageside f-number to match the f-number of the microlenses.
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Figure 9: Our light field camera in use.

Light Field Photography with a Hand-held Plenoptic Camera i _ ) ) _
Figure 8: Top: Exploded view of assembly for attaching the microlens array
Ren Ng etc. 100

to the digital back. Bottom: Cross-section through assembled parts.
Stanford Tech Report CTSR 2005-02 & o P ) A pars
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Figure 14: Refocusing
after a single exposure of
the light field camera. The
Images are photographs
refocused at different
depths: middle row is
focused on first and second
figures; last row is focused
on third and last figures.
Compare especially middle
left and bottom right for
full effective depth of field.

Light Field Photography with a Hand-held Plenoptic Camera
Ren Ng etc.
Stanford Tech Report CTSR 2005-02
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VR camera maker Lytro is shutting down, former employees are going to Google
https://www.theverge.com/2018/3/27/17166038/lytro-light-field-camera-company-shuts-down-google-hiring

Google acquires some Lytro folks as the company shutters
https://www.cnet.com/news/google-may-acquire-light-field-tech-company-lytro-for-vr-ar/
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https://raytrix.de/products/

3D measurements
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Compute “refocused” image
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Raytrix Lightfield Camera RSp

Standard 4MP Camera




M’ Extended Depth-of-Field

https://raytrix.de/wp-content/uploads/software/Raytrix_LightFieldCamera_2015_printl.pdf

}_‘—Hq —E . Lens Type 1 . Lens Type ' Lens Type 3
« 3D F|UId Mechanics .
- 3D Machine Vision T . .

« 3D Microscopy
« 3D Plant Analysis

Raytrix cameras use micro lens arrays with different micro lens types
which differ in their focal length. This extends the depth-of-field of
the camera.
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(> From raw image to total focus

https://raytrix.de/wp-content/uploads/software/Raytrix_LightFieldCamera 2015 printl.pdf

Micro-images show multiple imaging

ot obijsch patis Color-coded depth map for high-

contrast areas
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Computationally reconstructed image

from raw image and depth map Eilleddepiiimag
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with Stereo Camera System

Red area can only be
seen by left camera L.
Therefore, no depth
calculation possible in

this area.
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Depth
estimation

possible only
in green area.

with Light Field Camera

Depth
estimation
No occlusion area in this ) possible in

example due to many green area
micro cameras with
small field of view
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