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We theoretically demonstrate that the electronic second-order topological insulator with robust corner states,

having a buckled honeycomb lattice, can be realized in bismuthene by inducing in-plane magnetization. Based

on the 𝑠𝑝3 Slater–Koster tight-binding model with parameters extracted from first-principles results, we show

that spin-helical edge states along zigzag boundaries are gapped out by the in-plane magnetization whereas four

robust in-gap electronic corner states at the intersection between two zigzag boundaries arise. By regulating the

orientation of in-plane magnetization, we show different position distribution of four corner states with different

energies. Nevertheless, it respects some spatial symmetries and thus can protect the higher-order topological

phase. Combined with the Kane–Mele model, we discuss the influence of the magnetization orientation on the

position distribution of corner states.

DOI: 10.1088/0256-307X/39/1/017302

The discovery of Z2 topological insulators
(TIs),[1−5] which exhibit spin-helical gapless edge
modes protected by time-reversal symmetry, has ig-
nited one of the most active fields in physics re-
search. Recently, topological phases have been gener-
alized to higher order.[6−12] While a conventional TI
in 𝑑 dimensions has topological gapless states on its
(𝑑− 1)-dimensional boundary, a higher-order TI with
𝑛th order has topological gapless states on its (𝑑 −
𝑛)-dimensional boundary. In two-dimensional (2D)
higher-order TIs, pioneering theoretical works suggest
the presence of 0D corner states inside the band gap
of the insulating edge and bulk.[6,7,9,13−16] Currently,
0D corner states of 2D higher-order TI have been real-
ized in various classical photonic[17−25] and phononic
crystals.[26−32] However, only limited 2D second-order
TI material candidates have been proposed.[9,33−40]

Experimentally, electronic corner states characteriz-
ing 2D higher-order TIs have not yet been observed.
Thus, it remains a big challenge to search realistic 2D
electronic higher-order TI materials.

In this Letter, we theoretically propose to realize
electronic higher-order TI from bismuthene, which is
a 2D TI, by applying an in-plane magnetization. By
introducing the in-plane magnetization, we show that
the spin-helical edge modes along the zigzag bound-
aries become gapped, whereas four robust in-gap cor-
ner states appear at the intersect between two zigzag
boundaries. The fractional charge appears at each
corner with 𝑒/2. By applying different strengths of
in-plane magnetization in bismuthene, we get differ-

ent topological phases. Without magnetization, bis-
muthene is a Z2 TI. By applying strong enough mag-
netization, it shows Chern TI phase, which is similar
to the situation as reported in graphene[41,42] and iron-
halogenide.[43] In the presence of strength between two
cases, we demonstrate that there is a second-order TI
phase with electronic corner states. Different orienta-
tions of magnetization will decide the position distri-
bution of corner states, but it has no effect on the num-
ber of corner states by further analysis of the Kane–
Mele model.

Model Hamiltonian. In our study, we focus on the
Slater–Koster tight-binding Hamiltonian constructed
by employing the two-center approximation on the or-
thogonal basis of {|𝐴⟩, |𝐵⟩} ⊗{|𝑠⟩, |𝑝𝑥⟩, |𝑝𝑦⟩, |𝑝𝑧⟩} ⊗
{|↑⟩, |↓⟩},[44]

𝐻 =
∑︁
𝑖𝛼

𝜖𝛼𝑐
†
𝑖𝛼𝑐𝑖𝛼 −

∑︁
𝑖𝛼,𝑗𝛽

𝑡𝑖𝑗,𝛼𝛽𝑐
†
𝑖𝛼𝑐𝑗𝛽

+ 𝑡SO
∑︁
𝑖

𝑐†𝑖𝛼𝑙 · 𝑠𝑐𝑖𝛽 + 𝜆
∑︁
𝑖𝛼

𝑐†𝑖𝛼�̂� · 𝑠𝑐𝑖𝛼

+𝛥
∑︁
𝑧𝛼

𝑐†𝑧𝛼𝑐𝑧𝛼, (1)

where 𝑐†𝑖𝛼 = (𝑐†𝑖𝛼↑, 𝑐
†
𝑖𝛼↓) is the creation operator of

an electron at the 𝑖th atomic site with ↑/↓ and 𝛼/𝛽
representing spin up/down and different orbitals, re-
spectively. The first term is the on-site energy, which
is degenerate for 𝑝𝑥 and 𝑝𝑦 orbitals due to threefold
rotation symmetry. The second term stands for the
hopping energy up to next-nearest neighbors with an
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amplitude of 𝑡𝑖𝑗,𝛼𝛽 . The third term represents the
intra-atomic spin-orbit coupling (SOC) of strength 𝑡SO
with 𝑠 = (𝑠𝑥, 𝑠𝑦, 𝑠𝑧) and 𝑙 = (𝑙𝑥, 𝑙𝑦, 𝑙𝑧) being the
Pauli matrices and orbital-angular-momentum oper-
ators, respectively. The fourth term corresponds to
an exchange coupling between the electron and mag-
netization, where the unit vector �̂� denotes the direc-
tion of the exchange field. The last term is the extra
potential energy on the atoms in edge of the sam-
ple, which is degenerate for orbitals and spins. This
tight-binding model is generally valid for lattices with
𝑠 and 𝑝 orbitals. Without loss of generality, we per-
form our numerical study by employing the parame-
ters of bismuthene,[44] which are extracted from first-
principles calculation by using nonlinear least-squares
fitting. We calculate the Chern number by integrat-
ing the Berry curvature over the first Brillouin zone
according to the formula[41,45,46]

𝒞 =
1

2𝜋

∑︁
𝑛

∫︁
BZ

d2𝑘𝛺𝑛(𝑘), (2)

where 𝛺𝑛 is the Berry curvature at momentum 𝑘 of
the 𝑛th band. The Chern number 𝒞 of the system in
the presence of strong SOC, strong and weak magneti-
zations correspond to 𝒞 = 0 and 𝒞 = −2, respectively.
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Fig. 1. Energy bands of the zigzag nanoribbon. (a) 𝒞 = 1
TI with 𝑡SO = 0.2 eV and 𝜆 = 0.3 eV. (b) Topologically
trivial band insulator with 𝑡SO = 0.2 eV and 𝜆 = 0 eV.
(c) Z2 TI with 𝑡SO = 0.55 eV and 𝜆 = 0 eV. 𝛥 = 0 eV for
all. The magnetization orientation is along the 𝑥 direction.
Topological edge states are highlighted in red.

We get different phases with different intra-atomic
SOC strengths 𝑡SO and magnetization strengths 𝜆.
We set 𝛥 = 0 eV. As shown in Fig. 1(a), we get
𝒞 = 1 Chern TI with 𝑡SO = 0.2 eV and 𝜆 = 0.3 eV,
which has one topological edge state. As shown in
Fig. 1(b), we get topologically trivial band insulator
with 𝑡SO = 0.2 eV and 𝜆 = 0 eV, which has no topo-
logical edge state. As shown in Fig. 1(c), we get Z2

TI with 𝑡SO = 0.55 eV and 𝜆 = 0 eV, which has two
topological edge states. As shown in phase diagram of
bismuthene, bismuthene will go through a transition
state from Z2 TI to Chern TI. There may be a new
topological phase.

Corner States. Here, we show the emergence of
corner states. Hereinbelow, we set 𝑡SO = 0.55 eV,

𝜆 = 0.2 eV and 𝛥 = 0.5 eV without loss of general-
ity, and take �̂� along the �̂� direction. As shown in
Fig. 2(a), we first consider the corners between two
zigzag-edged boundaries. In the absence of the mag-
netization and strong SOC, bismuthene is a 2D Z2

TI, where a pair of spin-helical gapless edge modes
counterpropagate along the zigzag boundary. In the
presence of magnetization, the time-reversal symme-
try is broken and the edge modes become gapped as
shown in Fig. 2(b) by the energy bands in red, which
are two-fold degenerate. It should be noted that mag-
netization is not strong enough to realize Chern TI.
We choose parameters that meet 𝒞 = 0. Interestingly,
when two gapped zigzag boundaries encounter each
other at a corner in the diamond-shaped nanoflake,
in-gap states arise as displayed in red, where the en-
ergy levels are plotted as shown in Fig. 2(c). There are
four corner states, which are two pairs of degenerate
energy states distributed on two different diagonals,
respectively. For every corner state, the probability of
wavefunctions is high-lighted in the inset, where the
1/2 electron charge is found to localize at each corner
leading to the fractionalized charge distribution. It is
a key to add extra potential energy on edge atoms,
which leads the gap of edge states induced by magne-
tization to move into the bulk energy gap. Finally, we
get a global gap in energy band of zigzag nanoribbon.
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Fig. 2. Corner states in bismuthene. (a) Schematic plot
of diamond-shaped buckled honeycomb lattice nanoflake
with zigzag boundaries. (b) Energy bands of the
zigzag nanoribbon. (c) Energy levels for diamond-shaped
nanoflake. Corner states with different eigenvalues are
highlighted in blue and red, respectively. Probabilities of
two corner states with different eigenvalues are plotted in
corresponding colors in the inset.

Results and Discussions. Now, let us analyze the
physical origin of the corner states. Without magne-
tization, the presence of SOC leads to energy band
reversal and thus drives bismuthene to Z2 TI phase.
As the magnetization increases, the energy gap be-
comes smaller, until it is closed and reopened to lead
to Chern TI phase. Although the presence of the in-
plane magnetization, which is not strong enough to
close the energy gap, breaks time-reversal symmetry
and thus drives the Z2 TI phase into a trivial insula-
tor, it preserves various space symmetries. For exam-
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ple, in-plane magnetization breaks ℳ𝑧 symmetry, but
in-plane mirror-reflection is preserved. At this time,
bismuthene is not a trivial insulator but a second-
order TI with robust corner states. If magnetization
is strong enough to reopen an energy gap, bismuthene
will become Chern insulator phase.

Table 1. Different position distribution of corner states in
different orientations of magnetization in bismuthene. Here
𝛼 and 𝛽 represent acute angles and obtuse angles of diamond-
shape nanoflake, respectively. The position distribution is
given from low to high energy of different pairs of corner
states.

Orientation(𝜑) Distribution Orientation(𝜑) Distribution

0 𝛼𝛽 𝜋/2 𝛼𝛽

𝜋/12 𝛽𝛼 7𝜋/12 𝛽𝛽

𝜋/6 𝛽𝛼 2𝜋/3 𝛽𝛽

𝜋/4 𝛽𝛼 3𝜋/4 𝛽𝛽

𝜋/3 𝛼𝛽 5𝜋/6 𝛼𝛽

5𝜋/12 𝛼𝛽 11𝜋/12 𝛼𝛽

(a) (b)

(c) (d)
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Fig. 3. Edge spectra for the modified Kane–Mele model:
(a) and (b) with Rashba SOC (𝜆R = 0.4 𝑡) and out-plane
magnetization (𝜆 = 0.2 𝑡), (c) and (d) with the in-plane
magnetization (𝜆 = 0.2 𝑡); (a) and (c) the energy band
of zigzag nanoribbon, (b) and (d) the energy levels for
diamond-shaped nanoflake. Corner states are highlighted
in red. Probabilities of the corresponding corner states are
plotted in the insets.

Furthermore, let us discuss the influence of the
orientation of in-plane magnetization on the position
distribution of the corner states. If we change the
in-plane magnetization orientation sequentially by a
fixed angle 𝜋/12, we can find that there is a period of
𝜋/4 about position distribution of corner states from

0 to 2𝜋. In a period of 𝜋/4, corner states’s distri-
bution remains the same. As shown in Table 1, we
get different position distribution of corner states in
different orientations of magnetization. If magnetiza-
tion orientations are in different periods, the position
distribution of corner states will be different. We can
speculate that in a 2D higher-order TI, the orientation
of the magnetic field is an important or even the only
factor that affects the position distribution of corner
states.

We extend our findings to the other 2D TI, such as
the modified Kane–Mele model. This model is defined
on a honeycomb lattice, with

𝐻 = − 𝑡
∑︁
⟨𝑖,𝑗⟩

𝑐†𝑖𝑐𝑗 + 𝑖𝑡SO
∑︁

⟨⟨𝑖,𝑗⟩⟩

𝜈𝑖𝑗𝑐
†
𝑖𝑠𝑧𝑐𝑗

+ 𝑖𝜆R

∑︁
⟨𝑖,𝑗⟩

𝑐†𝑖 (𝑠× 𝑑𝑖𝑗)𝑧𝑐𝑗 + 𝜆
∑︁
𝑖

𝑐†𝑖𝐵 · 𝑠𝑐𝑖, (3)

where 𝑐†𝑖 = (𝑐†𝑖↑, 𝑐
†
𝑖↓) is the creation operator of an

electron at the 𝑖th atomic site with up-spin and down-
spin (↑/↓). The first term is the nearest-neighbor hop-
ping with an amplitude of 𝑡. The second term stands
for the intrinsic SOC involving next-nearest-neighbor
hopping with 𝜈𝑖𝑗 = 𝑑𝑖 × 𝑑𝑗/|𝑑𝑖 × 𝑑𝑗 |, where 𝑑𝑖𝑗 is
a unit vector pointing from site 𝑗 to 𝑖. The third
term is the nearest neighbor Rashba term, which ex-
plicitly violates the 𝑧 → −𝑧 mirror symmetry. The
last term is the Zeeman field along the direction of
𝐵 = (sin 𝜃 cos𝜑, sin 𝜃 sin𝜑, cos 𝜃) with a strength of 𝜆,
and 𝜃/𝜑 represent polar/azimuthal angles.

The edge states of Z2 TI in this model are both
protected by time-reversal symmetry and mirror sym-
metry ℳ𝑧 = −𝑖𝜎𝑧. The presence of in-plane magne-
tization breaks two symmetries at the same time, but
the presence of out-plane magnetization only breaks
time-reversal symmetry. Extra mirror symmetry can
be removed by the Rashba SOC in the third term. As
shown in Fig. 3, we get two ways to realize 2D higher-
order topological corner states by applying out-plane
magnetization [see Figs. 3(a) and 3(b)] and in-plane
magnetization [see Figs. 3(c) and 3(d)], respectively.
The role of Rashba term ensures that ℳ𝑧 symmetry
is broken, which coexists with out-of-plane magnetiza-
tion term. Finally, we get two different position distri-
butions of corner states in diamond-shaped nanoflake.
Interestingly, by adjusting the ratio of the in-plane and
out-of-plane magnetization, the position distribution
of two kinds of corners states can be transformed into
each other. Different orientations of magnetization
determines the position distribution of corner states.
However, the number of corner states is independent
of the orientation of magnetization. This has a sim-
ilar effect on adjustment of the magnetic field in the
above bismuthene tight-binding model. Therefore, we
demonstrate that the position distribution of corner
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states is indeed changed by the direction of the mag-
netic field in 2D higher-order TIs.

In summary, we realize electronic 2D higher-order
TI by introducing in-plane magnetization. In-plane
magnetization breaks time-reversal symmetry, which
destroys the Z2 TI phase. In the calculation based on
the Slater–Koster tight-binding model, the first order
edge modes become gapped and four robust corner
states are in the gap. It shows that bismuthene is
a candidate to realize 2D higher-order topological in-
sulator experimentally. Meanwhile, we find that the
orientation of in-plane magnetization will affect the
position distribution of corner states in bismuthene.
Furthermore, we find that the orientation of magne-
tization will affect the position distribution of corner
states in the Kane–Mele model. Therefore, the ori-
entation of magnetization has an important role on
the position distribution of corner states in 2D higher-
order TIs.
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