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ABSTRACT

We numerically investigate the mesoscopic electronic transport properties
of Bernal-stacked bilayer/trilayer graphene connected with four monolayer
graphene terminals. In armchair-terminated metallic bilayer graphene, we
show  that  the  current  from  one  incoming  terminal  can  be  equally  parti-
tioned into other three outgoing terminals near the charge-neutrality point,
and the conductance periodically  fluctuates,  which is  independent  of  the
ribbon width but influenced by the interlayer hopping energy. This finding
can be clearly understood by using the wave function matching method, in
which  a  quantitative  relationship  between  the  periodicity,  Fermi  energy,
and  interlayer  hopping  energy  can  be  reached.  Interestingly,  for  the
trilayer case, when the Fermi energy is located around the charge-neutrality
point, the fractional quantized conductance 1/(4e2h) can be achieved when
system exceeds a critical length.
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 1   Introduction

The  research  of  two-dimensional  layered  materials  has
attracted great attention [1–18]. Graphene, in particular,
has been made into a variety of electronic devices and is
a promising candidate in spintronics because of its excellent
thermal  and  electronic  properties  [19–34].  Compared
with  monolayer  graphene,  multilayer  graphene  shows
more  complex  phenomena  due  to  the  modification  of
energy  dispersion  by  interlayer  interaction.  Previous
studies on the electronic transport properties in multilayer
graphene mainly focused on the planar properties,  such
as  quantum  anomalous  Hall  effect,  nonlocal  electron
transport in bilayer graphene, and intervalley scattering
in magic-angle graphene [35–38].

The layer of graphene can provide another adjustable
freedom degree and interlayer interaction can change the
distribution of  charges  between different  layers.  Due to
the  torsion  of  angle  and  interlayer  distance  between
different  layers,  there  will  be  significant  differences  in
the  electrical  resistance  [23, 39].  Investigations  have
been  made  to  explore  the  transmission  through  the
boundary  between  (two)  monolayer  and  bilayer
graphene  from  tight  binding  model  or  by  analytical
method  [40–50].  High  tunability  of  transport  properties
in  such  a  configuration  was  revealed,  while  around  the
Dirac point, the Fano factor has the 1/3 value characteristic
of diffusive transport [44]. Experimentally, it is easier for
the Bernal-stacked multilayer graphene to be mechanically
peeled from graphite, where only half atoms in one layer
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exit hopping with adjacent layers [51–54]. The armchair
nanoribbons are cut from graphene and basically maintain
the  two-dimensional  plane  structure  of  graphene.
However,  for  zigzag  nanoibbon,  its  edge  states  exert  a
great influence on tranposrt properties and are sensitive
to edges roughness [55, 56].
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In  this  work,  we  systematically  study  the  electronic
transport properties of bilayer or trilayer graphene with
armchair edges contacted with four monolayer graphene
terminals.  When  current  is  injected  into  bilayer  region
from  one  monolayer  terminal,  the  incident  current  is
equally distributed in the remaining terminals when the
Fermi energy is close to the charge neutrality point (
<  0.001  eV).  An  obvious  periodicity  of  conductance
variation  between  insulating  and  conducting  states  can
be  observed  as  a  function  of  central  scattering  region
length.  The  resonance  of  wave  functions  leads  to  a
conductance peak of 0.25 , indicating that the incident
current  is  split  evenly  by  the  multilayer  device.  The
above phenomena are independent of metallic nanoribbon
width  but  are  influenced  by  interlayer  hopping  energy.
In the case of trilayer graphene, when the Fermi energy
is  close  enough  to  the  charge-neutrality  point  (  <
0.001 eV), there is a quasi-platform (0.25 ) with the
central region length increasing. At the resonance peak,
only  one  of  the  outgoing  terminals  is  conductive  and
others  are  insulating.  The  total  transmission  keeps
0.75  between  the  two  peaks  of  conductance  and
approaches  at  the  peak  of  the  conductance.  Our
work  provides  an  effective  method  of  controlling  the
electron transmittance only by adjusting the sample size
and Fermi energy.

 2   System models and methods

To  study  the  resonance  in  multilayer  graphene,  we
construct the device as shown in Fig. 1(a), where the red
represents  the  central  scattering  region  and  the  blue
denotes  four  semi-infinite  monolayer  graphene  leads

i (i = 1, 2, 3, 4)
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π

labeled  as ,  with  current  injected  from
terminal  1.  The  central  scattering  regions  are -
stacked bilayer and -stacked trilayer with armchair
edges,  respectively  [see Figs.  1(b)  and  (c)].  The  width
and length  of  nanoribbon are  measured  by  the  number
of  atoms in the transverse direction and the number of
unit cells  in the machine direction, respectively. The -
band  tight-binding  Hamiltonian  of  the  system  can  be
written as

H =
∑
⟨i,j⟩

γi,j c
†
i cj , (1)

c†i cj
i γi,j

t = −2.6 eV t⊥ = 0.34 eV

q p

ü

where  ( )  is  the  creation  (annihilation)  operator  at
site .  The  hopping  amplitude  is  defined  as

 ( )  for  the  nearest-neighbor  sites
in the same layer (different layers). The electronic transport
properties are investigated by calculating the conductance
between  terminals  and ,  which  can  be  described  by
the Landauer–B ttiker formula [57]:

Gpq =
e2

h
Tr [ΓqG

rΓpG
a] , (2)

Gr (a)

Γq/p

where  is  the retarded (advanced) Green’s  function
of  the  central  scattering  region,  and  is  the  line-
width  function  coupling  the  terminal  to  the  central
region.

 3   Results in AB-stacked bilayer graphene

AB

3m+ 2 m

|E| ≤ t⊥

We  first  investigate  the  electronic  transport  properties
in -stacked bilayer graphene. The electronic property
of  an  armchair  nanoribbon  is  determined  by  its  width,
i.e., semi-metallic for nanoribbon width of  (  is a
positive integer) and insulating for other widths. There-
fore, in our calculations, the ribbon width is set to be 20
to keep a metallic state. The corresponding one-dimensional
band  structures  are  plotted  in Fig.  2(a).  One  can  find
that the monolayer graphene lead displays linear energy
dispersion  whereas  the  bilayer  graphene  central  region
demonstrates quadratic dispersion in low-energy range of

 due  to  interlayer  interaction  [see Figs.  2(a)
and (b)].

|EF| > t⊥

G13 G14

We then study the four-terminal conductance variation
as a function of length of the bilayer central region at a
certain  Fermi  energy.  When ,  interference
between  conduct  channels  leads  to  antiresonance
phenomenon  (see  Appendix  for  more  information),  i.e.,
the  approaches  its  maximum while  the  reaches
its minimum. The conductance from terminal 1 to other
terminals have an obvious period, which is similar to the
results  reported in  the  step monolayer-bilayer  graphene
junctions [48],where the electronic transmission through
the central region depends on the position of the mono-
layerlayer port connected in the central region.

|EF| < t⊥When ,  one  can  find  one  conducting  channel

 

t⊥ = 0.34 eV

ABA

Fig. 1  (a) Schematic  diagram  of  the  bilayer  graphene
device. The red part is central scattering region where exits
interlayer  hopping .  The  four  blue  regions  are
infinite monolayer graphene reservoirs and current is incident
from  terminal  1. (b) Graphene  nanoribbon  with  armchair
boundary. (c) Side view of -stacked trilayer graphene.
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from Fig.  2(b)  in  the  central  bilayer  region,  and  the
conductance antiresonance between  and  gradually
disappears  as  the  length  of  the  bilayer  central  region
increases. For example, Fig. 2(c) displays the four-terminal
conductance as a function of central scattering length 
for  armchair  terminated  bilayer  graphene  with

.  We can see that,  while  and  have
antiresonance  behavior  for  shorter ,  they  are  nearly
equal for longer , with a peak of roughly 0.25 . The
conductance  also has a clear period,  and the valley
value is 0.25 , which is identical to the peak values
of  and .

EF

G1i (i = 2, 3, 4)

L ≈ 663a

G1i (i = 2, 3, 4) e2/h

G11 +G12 +G13 +G14 = e2/h Gtotal = 0.75 e2/h

G1i (i = 2, 3, 4) ≈ 0

When  is shifted from the second sub-band edge to
the  charge-neutrality  point,  as  shown  in Fig.  2(d),

 exhibits  pulse-wave-like  period  with  a
periodic  length  of  where a =  1.42  Å  is  the
lattice  constant  of  graphene.  The  conductance  peak  of

 is  around  0.25 ,  and  the  incident
current  is  split  equally  by  this  device.  Considering

 and  at  the
peak,  we  can deduce  that  a  quarter  of  current  bounces
back  to  the  incident  terminal.  Moreover,  between  the
two adjacent peaks,  indicates that the
entire  system is  almost  an  insulator,  with  the  majority
of  current  reflected  back  to  the  incident  terminal.  We
also find that the length period of conductance variation
is  independent  of  nanoribbon  width,  but  can  be  tuned
by  adjusting  the  Fermi  energy  or  interlayer  hopping
energy,  i.e.,  the  closer  the  Fermi  energy  to  charge
neutrality  point  or  the  less  interlayer  hopping  energy,
the longer the period. We employ the low-energy effective
Hamiltonian to explain the above phenomena. The effective

Hamiltonian of monolayer graphene near the Dirac cone
can be described as

H =

(
0 qx + iqy

qx − iqy 0

)
, (3)

qx qy x y

E H

where  ( )  is  the  momentum in  ( )  direction.  The
eigenvector corresponding to the eigenvalue  of  is

f =
1√
2E

(
E

qx + iqy

)
(4)

E2 = q2x + q2y

for  the  incident  particle,  the  relation  between  energy
and momentum satisfies .

The  low-energy  effective  Hamiltonian  of  Bernal-
stacked bilayer graphene in one valley is written as

HBLG =


0 kx + iky t⊥ 0

kx − iky 0 0 0
t⊥ 0 0 kx − iky
0 0 kx + iky 0

 ,

(5)

(kx, ky)

ϕ = (ϕA1 , ϕB1 , ϕA2 , ϕB2)
T

E HBLG

where  is  the  momentum,  and  the  corresponding
spinor  of  Hamiltonian  is .  The
eigenvector corresponding to the eigenvalue  of  is

fB =


(E2 − k2x − k2y)E

(E2 − k2x − k2y)(kx − iky)

t⊥E
2

t⊥E(kx + iky)

 , (6)

Ewhere  satisfies

k2x = E2 ± t⊥E − k2y. (7)

As mentioned in previous studies [40, 47], for metallic
armchair nanoribbon, we can incident the particle in the
lowest  energy  sub-band  from  monolayer  graphene  to
bilayer graphene, and view the central region as a potential
well. Then the conductance can be calculated by matching
wave function in the boundary. The incident wave function
in terminal 1 can be set as

ψ1 = feiqxx + rfe−iqxx, (8)

rwhere  is  reflection  amplitude.  In  other  terminals,  the
wave functions are written as

ψ2 = t2fe−iqxx, (9)

ψ3 = t3feiqxx, (10)

ψ4 = t4feiqxx, (11)

ti (i = 2, 3, 4)

kx
±kx1 ±kx2

where  are  the  transmission  amplitudes  to
the  corresponding  terminals.  In  the  bilayer  graphene,
there are four solutions of  Eq.  (7) for ,  which can be
identified as  and . Inside the bilayer region, the
wave function is the linear combination of the eigenfunc-

 

y

EF = 0.339 eV
EF = 0.001 eV 0.25G0 0.75G0

Fig. 2  Energy  bands  for  graphene  nanoribbon  with  open
boundary only in  direction. The blue dispersion corresponds
to  monolayer  graphene  and  the  red  part  describes  bilayer
graphene bands. (a, b) Nanoribbon with width set to be 20
atoms terminates in armchair boundary. (c, d) Conductance
as  a  function  of  central  scattering  length L for  armchair
terminated  bilayer  graphene  with  and

. Dashed lines in (d) represent  and .
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tions with different momentums, which can denoted as

ψ=a1fBeikx1x+a2fBeikx2x+a3fBe−ikx1x+a4fBe−ikx2x.

(12)

E → 0

±
√
t⊥E

±
√
t⊥Ei

π/kx1 = π/
√
t⊥E

For  the  normal  incident  current  at  the  low-energy
region  ( ),  there  are  two  traveling  modes  with
momentums of , and two evanescent modes with
momentums of . Combining wave functions with
the boundary conditions, i.e., wave functions are contin-
uous  in  the  boundary  between  monolayer  and  bilayer
graphene,  we  can  obtain  the  transmission  coefficient,
which  is  the  same  as  the  results  from  tight-binding
model. The four wave functions intervene in the bilayer
graphene  region,  resulting  in  a  periodic  oscillation
phenomena.  The  oscillation  period  is ,
indicating  that  we  can  control  the  period  by  changing
interlayer interaction or Fermi energy.

x

L = 546a

B1

A1, B1

L = 663a

Ai, Bi i = 1, 2

To  clearly  understand  the  behavior  of  electron,  we
plot  the  wave  function  distribution  as  a  function  of
bilayer  graphene  length  in  the  central  region.  As
displayed  in Fig.  3(a),  with  fixed  central  scattering
region  length ,  in  the  left  boundary  between
terminal  1  and  bilayer  graphene,  the  wave  function  is
mainly  distributed  in  the  atom ,  so  for  the  incident
electron which equally distributes in the , it would
reflect back to incident terminal completely. For length

 where conductance comes to a peak, in the left
boundary between terminal 1 and bilayer graphene, the
electron  would  also  distribute  in  the  other  atoms  and
three-fourths currents transmit over the barrier. In other
three  boundaries,  the  wave  function  distributes  equally
in two atoms  ( ), so the transmitted current
will be evenly distributed in three outgoing terminals.

 4   Results in trilayer graphene

ABA

Here,  we  turn  to  explore  the  conductance  variation  in
-stacked trilayer graphene near the charge-neutrality

point.  First  we  plot  the  armchair  nanoribbon  band
structure of trilayer graphene in Fig. 4(a). One can find
two  sub-bands  in  low  energy  region,  i.e.,  one  is  linear

L

EF = 0.001 eV
L

0.25 e2/h

G12 G13

G14

e2/h L

0.25 e2/h

G12 G14

G13 e2/h

L L

G13 G14

0.25 e2/h G12

0.25 e2/h

0.75

0.25

2100a

EF = 0.0001 eV EF = 0.00001 eV

and the other is quadratic, leading to different transport
phenomena.  The  interference  between  these  two  sub-
bands  results  in  antiresonance  behavior  which  is  the
same  as  that  in  bilayer  graphene. Figures  4(b)–(d)
display the conductance as a function of central scattering
length  for armchair terminated trilayer graphene with
different  Fermi  energies.  For  as  shown  in
Fig.  4(b),  with the increasing of ,  all  the conductance
first quickly approaches a quasi plateau of , then
the conductance  and  rapidly diminish to zero at
the first resonance length, while  reaches its maximum
of . As  further increases, all the conductance keeps
around  before  reaching  the  second  resonance
length.  At  the  second  resonance  point,  and 
nearly  vanishes  whereas  reaches .  Then  the
conductance  oscillates  repeatedly  with .  At  larger ,
the conductance  and  gradually deviate from the
plateau of , whereas the conductance  always
keeps .  It  is  worth  noting  that  the  total  trans-
mission  is ,  indicating  the  reflection  probability  is

, which is the same as that in bilayer graphene. We
can control the oscillation period between two resonance
peaks by tuning the Fermi energy, i.e., the first conductance
plateau  will  increase  more  than  when  the  Fermi
energy is located at  and ,
providing  a  strategy  to  split  current  evenly  [see
Figs. 4(c) and (d)]. For undoped trilayer graphene, this
device theoretically split equally injected current.

 5   Summary and discussion

We  systematically  investigate  the  electronic  transport
properties  in  armchair-terminated  bilayer  and  trilayer
graphene  from  tight-binding  model  and  wave  function
matching  method.  In  low  energy,  different  dispersion

 

EF = 0.001 eV

Fig. 3  Probability distribution of wave function as a function
of  bilayer  graphene  length x with  fixed  Fermi  energy

. (a, b) The central region length are set to be
546a and 663a respectively.

 
ABA

EF = 0.001 eV EF = 0.0001 eV EF = 0.00001 eV

0.25G0 0.75G0

Fig. 4  (a) Ribbon band structure of -stacked trilayer
graphene.  Conductance  as  a  function  of  central  scattering
length L for  armchair  terminated  trilayer  graphene  with
(b) , (c) , (d) .
The  nanoribbon  width  is  set  to  be  20  atoms.  The  dashed
blue lines represent  and .
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results in various current distribution phenomena. Wave
functions  with  different  momenta  in  central  scattering
region intervene with each other, which leads to a periodic
change  in  conductance.  In  armchair-terminated  bilayer
graphene  nanoribbon,  incident  current  flows  equally  to
the outgoing terminals, and at the peak, the conductance
is . In armchair-terminated trilayer graphene, as
long as the Fermi energy is close to the charge-neutrality
point,  a  quasi-platform  ( )  appears  with  the
increasing of length. With the help of this four-terminal
device, we could control electron transmission by Fermi
energy and sample size. What is even more interesting is
that  we  could  realize  the  even  split  of  current.  Here,
there is no applied external voltage in those systems and
the only condition is  that  Fermi energy is  near  charge-
neutrality point, which could be realized easily in experi-
ment.  Near  the  low energy  level,  as  long  as  the  energy
band structure is similar to that of bilayer graphene, the
periodic regulation of current can be realized through a
similar  bilayer  structure  with  the  help  of  interlayer
coupling strength.
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 Appendix A

EF > t⊥

G13 G14 G12

When the Fermi energy , the conductance variation
as a function of central region length is depicted in Fig.
A1.  The  total  conductance  is  related  to  the  number  of
channels.  Due  to  scattering  between  multiple  channels,

 and  are complementary, and the value of  is
not  zero,  indicating  that  a  certain  current  flows  into
terminal 2.

We  also  calculated  the  variation  of  the  conductance
when  the  central  scattering  region  is  zigzag  boundary
graphene. Figure  A2 shows  the  zigzag  ribbon  band

AB

AB

G1i(i = 2, 3, 4) G13

G14 e2 G14

G13

structure of monolayer graphene and -stacked bilayer
graphene.  In  the  low  energy,  there  are  two  conductive
channels in bilayer graphene. When the central scattering
region is -stacked zigzag bilayer graphene, due to the
intervention between these two channels, the conductance

 changes  periodically.  The  sum of  and
 has  always been /h.  When  reaches  the  maxi-

mum,  becomes  the  minimum  and  vice  versa.  The
changing period of conductance is related to the ribbon
width.  The  wider  the  strip  is,  the  longer  the  change
period will be.

 Appendix B

T1i i

The result calculated by the continuous model is shown
in Fig. B1. The Fermi energy is set to be 0.001 eV. We
can  find  that (  =  2,  3,  4)  shows  obvious  periodic

 

EF = 1 eV EF = 0.4 eV

Fig. A1  (a, b) Conductance as a function of central scat-
tering  length L for  armchair  terminated  bilayer  graphene
with  and .

 

y

Fig. A2  Energy bands for graphene nanoribbon with open
boundary only in  direction. The blue dispersion corresponds
to  monolayer  graphene  and  the  red  part  describes  bilayer
graphene bands. (a, b) Nanoribbon with width set to be 20
atoms terminates in zigzag boundary. (c, d) Conductance as
a function of central scattering length L for zigzag terminated
bilayer graphene with width 20 and 40 atoms.

 

T1i i

Fig. B1  This  is  the  result  obtained  from  the  continuous
model. The Fermi energy is 0.001 eV. The maximum value of
transmission probability  ( =2, 3, 4) is still around 0.25.
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π/kx1 = π/
√
t⊥E

ü

change,  and  the  whole  system  changes  into  conductor
and  insulator  state  as  the  length  of  the  central  region
changes.  The  period  of  transmission  probability  is

,  which  indicates  that  it  is  only  related
to the interlayer coupling strength and the incident electron
energy.  The  values  of  transmission  probability  are
almost the same, indicating that the device has achieved
the equal distribution of current. This result is consistent
with  the  result  calculated  by  Landauer–B ttiker
formula.
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