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The quantum anomalous Hall effect (QAHE) has been experimentally observed in magnetically doped
topological insulators at ultralow temperatures. Inhomogeneous ferromagnetism is considered to be one of
the main factors that lead to the unexpected low QAHE observation temperature. Dopant-induced disorder
is usually the origin of the inhomogeneous ferromagnetism. Here, our systematic first-principles calculations
demonstrate that inhomogeneous mixing of Bi and Sb in a (Bi, Sb)2Te3 system is the intrinsic origin of
inhomogeneous ferromagnetism. Different from diluted magnetic semiconductors, the mixing energy of Cr
and V in Bi2Se3, Sb2Te3, and (Bi, Sb)2Te3 topological insulators clearly show that magnetic dopants are
homogeneously distributed even in the presence of naturally formed crystalline defects. Surprisingly, our study
shows that the mixing energies of Sb and Bi in a (Bi, Sb)2Te3 system are all positive in the whole range of
doping concentration, indicating that Bi elements in a (Bi, Sb)2Te3 system are inhomogeneously distributed.
Moreover, the formation energies of Cr and V suggest that they are relatively easy to substitute Bi sites in
Bi inhomogeneously distributed (Bi, Sb)2Te3 systems, which leads to inhomogeneous ferromagnetism of the
experimental QAHE system. The influence of the inhomogeneous distribution of Bi on the electronic structures
of bulk (Bi, Sb)2Te3 systems is also analyzed. We believe that our finding of the intrinsic origin of magnetic
inhomogeneity should be beneficial for the experimental enhancement of the QAHE observation temperature in
magnetically doped topological insulators.
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Introduction. The quantum anomalous Hall effect (QAHE)
[1–3] is the quantized version of the anomalous Hall effect
[4] and exhibits the same electronic transport properties as
that of the quantum Hall effect [5], i.e., quantized Hall con-
ductance and vanishing longitudinal resistance. This makes
it appealing to design QAHE-based electronic devices due
to their dissipationless chiral edge modes. To realize QAHE
in Z2 topological insulators (TIs), two ingredients are usu-
ally required, i.e., spin-orbit coupling and long-range ferro-
magnetism. After the experimental realization of monolayer
graphene [6], more efforts were made to explore the QAHE
[7–18]. Among these materials, the presence of linear Dirac
dispersion made both graphene and Z2 TIs the most hopeful
candidates to engineer topologically nontrivial band gaps that
exhibit QAHE. Superior to graphene, only ferromagnetism is
required in TIs to realize QAHE [19,20]. Besides the magnetic
proximity effect [21,22], magnetic-element doping is a more
effective approach to induce a magnetic interaction with the
surface states of TIs [23–25], as successfully adopted in
diluted magnetic semiconductors (DMSs) [26].

Indeed, based on magnetic doping strategies, the QAHE
was first observed in Cr- and V-doped (Bi, Sb)2Te3 thin films
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[27–30]. However, the extremely low temperature (typically
around tens of mK) is still a great challenge for practical
applications. Such an unexpected ultralow temperature is
usually attributed to the magnetic inhomogeneity [31–34] or
the appearance of dissipative conduction channels induced by
metallization of the bulklike region in magnetically doped TIs
[35]. Empirically, codoping is an effective way to improve
the inhomogeneous ferromagnetic order. For example, the
QAHE observation temperature was proposed to be highly
improved by codoping Sb2Te3 with p-type vanadium and
n-type iodine dopants [36]. In a follow-up experiment, the
observation temperature was indeed enhanced in Cr- and V-
codoped (Bi, Sb)2Te3 thin films. At an optimal Cr/V ratio,
the QAHE temperature can reach up to 300 mK, an order
of magnitude higher than that for single doping, and the Hall
hysteresis loop is more squarelike, indicating a reduced mag-
netic inhomogeneity in Cr- and V-codoped (Bi, Sb)2Te3 thin
films [37]. Although inhomogeneous ferromagnetism can be
improved by using the codoping method in both magnetically
doped TIs [37] and DMSs [38,39], it is still unclear whether
the origin of magnetic inhomogeneity in magnetically doped
TIs is the same as that in DMSs (both theoretical and ex-
perimental studies have confirmed that the phase separation
always exists due to a strong attractive interaction between
the magnetic dopants [39]).

In this Rapid Communication, we present a system-
atic investigation of the physical origin of magnetic
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FIG. 1. (a) A 2 × 2 × 1 supercell of Bi2Se3 or Sb2Te3. (b) A
2 × 2 × 1 supercell of bulk (Bi, Sb)2Te3. To model the inhomo-
geneously distributed Bi and Sb atoms in a (Bi, Sb)2Te3 system,
Bi0/1/2 sites are simultaneously substituted by three Bi atoms in the
host Sb2Te3 system. To model the homogeneously distributed Bi and
Sb atoms in a (Bi, Sb)2Te3 system, Bi0/3/4 sites are simultaneously
substituted. When calculating the Cr or V formation energy, the
substituted sites of Cr or V include Bi1, Sb1, Sb2, and Sb3.

inhomogeneity in magnetically doped TIs, by taking examples
of three representative host materials, i.e., Bi2Se3, Sb2Te3,
and (Bi, Sb)2Te3. It is found that the magnetic inhomogeneity
originates from the inhomogeneous mixing of Bi and Sb
elements in a (Bi, Sb)2Te3 system, rather than magnetic-
atom-induced disorder. This is completely different from the
origin of magnetic inhomogeneity in DMSs. Moreover, the
formation energies of Cr- and V-doped elements suggest that
it is much easier to substitute Bi sites in Bi and Sb in-
homogeneously mixed (Bi, Sb)2Te3. These findings together
reveal the origin of the magnetic inhomogeneity in Cr- and V-
doped (Bi, Sb)2Te3, and shed light on increasing the QAHE
observation temperature in magnetically doped TIs.

Methods and systems. Our first-principles calculations were
performed by using the projected augmented-wave method
[40] implemented in the Vienna ab initio simulation pack-
age (VASP) [41]. The generalized gradient approximation
(GGA) of Perdew-Burke-Ernzerhof type was used to treat the
exchange-correlation interaction [42]. For the bulk system, a
2 × 2 × 1 supercell of a topological insulator is adopted to
calculate the mixing energies and bulk band structures [see
Fig. 1(a)]. A �-centered 3 × 3 × 1 k mesh was adopted for
the structural optimization and the mixing energy calculation,
while a 7 × 7 × 2 k mesh was used for the total energy and
band structure calculations. The kinetic energy cutoff was
set to be 400 eV. For thin-film calculations, seven quintuple
layers, including 56 Se/Sb atoms and 84 Se/Te atoms, were
used. A vacuum space of 30 Å was used to avoid spurious
interactions. Here, k-mesh points of 3 × 3 × 1 and 7 × 7 × 1
were used for the structure relation and total energy estima-
tion, respectively. The kinetic energy cutoff was set to be
350 eV for the thin-film calculation. All atoms were allowed
to relax until the Hellmann-Feynman force on each atom was
less than 0.01 eV/Å, and spin-orbit coupling is considered in
all calculations. The GGA+U method [43] was used to treat

FIG. 2. Mixing energies as a function of doping concentration
for Cr- and V-doped (a), (b) Bi2Se3, (c), (d) Sb2Te3, and (e), (f)
(Bi, Sb)2Te3. Here, Cr and V atoms are used to substitute the Bi and
Sb sites. Systems with intrinsic defects are displayed in red and blue
lines, e.g., Cr-BS-SeBi denotes the antisite defect with a Bi site being
substituted by a Se atom, whereas Cr-BS-SeVac denotes a vacancy at
the Se site.

the Coulomb interaction of 3d transition metals, i.e., Cr and
V, with U = 3.0 eV and J = 0.87 eV.

The distribution behavior of magnetic atoms in TIs can be
estimated from the mixing energy of magnetic atoms, which
has been successfully adopted to study the inhomogeneity
of DMSs [44,45]. The mixing energy of a two-component
material A1−xBx can be written as

�E = Etot (A1−xBx ) − (1 − x)Etot (A) − xEtot (B),

where Etot (A1−xBx ), Etot (A), Etot (B) are respectively the total
energies of homogeneously doped, undoped, and completely
doped systems, with x representing the doping concentration.
�E > 0 indicates that the system prefers to be in an inhomo-
geneous state, while �E < 0 indicates a homogeneous state.
As displayed in Fig. S1 (see Supplemental Material [46]),
we have confirmed the calculation method by repeating a
previous finding of a Mn-doped GaAs DMS system [44].

As shown in Fig. 1(b), we choose Bi1, Sb1, Sb2, and Sb3 as
the doping sites of V/Cr atoms. The formation energy of V/Cr
substitution at the Bi/Sb site in (Bi, Sb)2Te3 can be evaluated
by using the following expression [47],

�EF(V/Cr) = Etot (V/Cr) − Etot((Bi, Sb)2Te3) −
∑

i

niμi,

where Etot (V/Cr) and Etot((Bi, Sb)2Te3) denote the total ener-
gies of V- and Cr-doped TIs, and (Bi, Sb)2Te3, respectively. ni

is the number of atoms added or removed from (Bi, Sb)2Te3.
For V/Cr, ni > 0, while for Bi/Sb, ni < 0. μ is the chemical
potential of element.

Homogeneous distribution of magnetic dopants. We first
explore the distribution characteristics of Cr and V dopants in
Bi2Se3, Sb2Te3, and (Bi, Sb)2Te3 by calculating the mixing
energy �E . From Fig. 2, one can find that, for all systems, as
the doping concentration increases from 0.0 to 1.0, the mixing
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energy first decreases from 0.0 to the minimum, then increases
to 0.0, showing a concave curve. Moreover, the negative �E
in the whole range of doping concentration indicates that the
Cr and V dopants favor the homogeneous distribution. When
further considering the intrinsic vacancy or antisite defect,
e.g., SeBi denotes the antisite defect with a Bi site being
substituted by a Se atom, whereas SeVac represents a vacancy
at Se site, as displayed in Figs. 2 and S2, one can find that the
variation of mixing energy is similar to that of the pristine
materials, indicating that the intrinsic defects have a negli-
gible influence on the behavior of the homogeneous dopant
distribution. Note that in a Cr-doped (Bi, Sb)2Te3 system [see
Fig. 2(e)], the mixing energies with intrinsic antisite defects
are much higher than that of pristine system but still negative,
whereas those in a V-doped (Bi, Sb)2Te3 system are slightly
higher than that of pristine material [see Fig. 2(f)], implying
that the V element is easier to realize homogeneous doping
in (Bi, Sb)2Te3 with intrinsic defects, which is in agreement
with the experimental finding [30].

Thus, our above results confirm that, different from the
diluted magnetic semiconductors, the Cr and V dopants in
Bi2Se3, Sb2Te3, and (Bi, Sb)2Te3 topological insulators ex-
hibit a homogeneous distribution feature, even in the pres-
ence of crystalline defects. As found in the study of DMS
that the difference in mixing energies between magnetically
doped GaN and GaAs is related to their different band gaps
[45,48,49], the qualitative difference of the dopant distribu-
tion between TIs and DMSs can be attributed to the large
difference between band gaps of the two systems, i.e., the
band gaps of the aforementioned three TIs are generally about
0.2−0.3 eV, whereas those of typical DMS (e.g., GaAs or
GaN) are about 1.5−3.5 eV.

The origin of magnetic inhomogeneity. The experimental
observation of magnetic inhomogeneity in doped (Bi, Sb)2Te3

is usually attributed to magnetic dopants [31–34]. However,
our calculations of Cr- and V-doped (Bi, Sb)2Te3 clearly show
that the dopants favor a homogeneous distribution, even in the
presence of crystalline defects. To unveil the contradiction,
one has to focus on the host (Bi, Sb)2Te3 system. In experi-
ments, to realize bulk insulating TIs, the mixing strategy of
Bi2Te3 and Sb2Te3 is adopted due to their opposite charge
defects. In reality, the alloying of Bi and Sb should definitely
exist in (Bi, Sb)2Te3. But the distribution behavior of Bi and
Sb in experiment is still unclear. Below, we focused on the
mixing energy of Bi in Sb2Te3.

As displayed in the Fig. 3(a), the mixing energies of Bi
in Sb2Te3 are provided and the effects of Cr and V doping
on the mixing energy are also considered. To our surprise,
the mixing energies of Bi in Sb2Te3 are always positive
in the whole range of concentration and exhibit a convex
concentration dependence. This is completely opposite to
those in Cr- or V-doped TI systems, but similar to those in
DMSs. Furthermore, the additional Cr or V doping cannot
obviously affect the Bi distribution in Sb2Te3. In addition,
we calculated the bulk and film band structures of homoge-
neous and inhomogeneous (Bi, Sb)2Te3 systems, and found
a negligible difference between the two systems, indicating
that the inhomogeneous distribution of Bi in (Bi, Sb)2Te3

cannot be well identified by the angle-resolved photoemission
spectroscopy measurement.

FIG. 3. (a) Mixing energy as a function of dopant concentration
for Bi-doped Sb2Te3. The influence of V/Cr on mixing energy is also
considered as displayed in the orange/blue line. (b) and (c) Formation
energies of Cr and V in inhomogeneous (Bi, Sb)2Te3. The substituted
sites of Cr and V contain Bi1, Sb1, Sb2, and Sb3.

Our results confirm that the mixing of Bi and Sb is
inhomogeneous in (Bi, Sb)2Te3 systems. It is noteworthy
that, for another three-dimensional (3D) TI (Bi1−xSbx alloy),
macroscopic inhomogeneities have been observed in a related
experiment [50]. A more related experimental observation of
inhomogeneity is from the optoelectronic characterization of
(Bi, Sb)2Te3 [51]. They reported that more inhomogeneous
transport properties can be obtained in (Bi, Sb)2Te3 than in
Bi2Te3. This in turn proves the possible existence of inhomo-
geneous mixing of Bi and Sb in (Bi, Sb)2Te3.

Let us now move to the substitution behavior of Cr or V
dopants in such an inhomogeneous (Bi, Sb)2Te3 host material.
As displayed in Fig. 1(b), to represent the inhomogeneous
mixing, Bi0,1,2 sites are simultaneously substituted by three
Bi atoms in Sb2Te3. The formation energy of Cr- and V-doped
(Bi, Sb)2Te3 as a function of chemical potential μTe is studied
to explore the most stable substitutional sites [see Figs. 3(b)
and 3(c)]. One can observe that the formation energy of the
Cr or V dopant in the Bi substitutional site is always lower
than that in the Sb substitutional sites, indicating that Cr and
V prefer Bi sites. In addition, the formation energy of the V
dopant in the Bi site is much closer to those in Sb2,3 sites as
displayed in Fig. 3(c), implying that the V dopant might also

241407-3



QI, LIU, CHANG, GAO, HAN, AND QIAO PHYSICAL REVIEW B 101, 241407(R) (2020)

TABLE I. Magnetic properties between two doped Cr or V mag-
netic elements at homogeneous and inhomogeneous (Bi, Sb)2Te3

systems. In our consideration, Bi0 and Bi3 are simultaneously sub-
stituted by magnetic dopants for the homogeneous case, whereas Bi0

and Bi1 sites for the inhomogeneous case.

Cr doping V doping

Properties Homo Inhomo Homo Inhomo

EFM−AFM (meV) −9.56 −54.37 −15.77 −73.33
Magnetic moment (μB) 3.08 3.06 2.66 2.59
Curie temperature (K) 18.49 105.15 30.50 141.82

substitute in Sb sites except Bi sites in experiments. Thus, one
can conclude that the Cr dopant prefers Bi sites, while the V
dopant prefers both Bi and Sb sites, which might be related to
the experimental finding that ferromagnetic homogeneity in
Cr-doped (Bi, Sb)2Te3 can be enhanced by V codoping [37].
In the experiment of V- and Cr-codoped (Bi, Sb)2Te3, Ou et al.
also performed a transport study of the codoped (Bi, Sb)2Te3

with various Cr/V ratios and found that the optimized sample
(Cr:V=16:84) has the most mean-field-like behavior, and
V-doped samples are more mean-field-like than those of Cr
dominantly doped ones, which agrees with the data from full
width at half maximum (FWHM)/Hc and indicates that the
samples with QAHE at higher temperatures also have reduced
ferromagnetic inhomogeneity [37]. In Fig. S3, we also provide
the relationship between the Cr/V ratio and mixing energy
in codoped (Bi, Sb)2Te3. For ease of comparison, the data of
Cr or V single doping are also included. We can conclude
that ferromagnetic homogeneity in V single doping and V and
Cr codoping is better than that with Cr single doping, which
is in qualitative agreement with the experimental finding.
Based on our calculations, the ferromagnetic homogeneity in
V single doping is identical to those in V- and Cr-codoped
(Bi, Sb)2Te3 (Cr:V=2:1 or 1:3) at low codoping concentra-
tions. It is also possible that the ferromagnetic homogeneity
in codoped (Bi, Sb)2Te3 with a proper Cr/V ratio is superior
to that of V single doping, as observed in an optimized sample
(Cr:V=16:84) in experiments.

Magnetic property and electronic structures of
inhomogeneous (Bi, Sb)2Te3. Our above results show that
the inhomogeneous mixing of Bi and Sb is the origin of
the inhomogeneous phase in experimental (Bi, Sb)2Te3

systems. In the following, we will discuss the influence of the
inhomogeneous distribution of Bi on the magnetic property
of (Bi, Sb)2Te3. First, we consider the magnetic couplings of
inhomogeneous Cr and V doping in (Bi, Sb)2Te3 systems. For
comparison, as listed in Table I, we calculate the magnetic
coupling of homogeneous Cr- and V-doped (Bi, Sb)2Te3.
The magnetic coupling between the two doped magnetic
elements at a given separation is evaluated by calculating the
total energy difference between the ferromagnetic (FM) and
the antiferromagnetic (AFM) configurations. From Table I,
we can find that the magnetic couplings of inhomogeneous
Cr and V doping in (Bi, Sb)2Te3 systems are FM coupling.
Compared with those of homogeneous Cr and V doping
in (Bi, Sb)2Te3 systems, magnetic couplings are stronger

FIG. 4. (a), (b) Bulk band structures of (a) homogeneous and
(b) inhomogeneous (Bi, Sb)2Te3 systems. (c), (d) Bulk band struc-
tures of (a) homogeneous and (b) inhomogeneous Bi and Sb mixing
in Cr-doped (Bi, Sb)2Te3 systems. (e), (f) Bulk band structures of
(e) homogeneous and (f) inhomogeneous Bi and Sb mixing in V-
doped (Bi, Sb)2Te3 systems. The characters of the bands obtained by
projecting the Kohn-Sham states onto the local orbitals of a single
atom for the Cr/V element are also provided.

in inhomogeneous Cr- and V-doped (Bi, Sb)2Te3 systems.
Thus, the estimated Curie temperatures of Cr- and V-doped
inhomogeneous (Bi, Sb)2Te3 are also higher than those of
homogeneous (Bi, Sb)2Te3 systems. The fundamental reasons
are that doped magnetic elements in inhomogeneous systems
have smaller distances than those in homogeneous systems.
As shown in Fig. 1(b), in order to simulate the inhomogeneous
and homogeneous doping of magnetic elements, two extreme
cases were designed. One is that doped magnetic elements
substitute the Bi atoms in the same atomic layer for the inho-
mogeneous case, and the other is that magnetic substitution
happens in different quintuple layers (QLs) for the homoge-
neous (Bi, Sb)2Te3. Hence, magnetic doping and related mag-
netic properties in experimental (Bi, Sb)2Te3 systems should
be within the range of our simulated two extreme cases.

Next, we investigate the influence of inhomogeneous mix-
ing of Bi and Sb on the band structures of Cr- and V-doped
(Bi, Sb)2Te3 systems. As displayed in Figs. 4(a) and 4(b), the
band structures, especially for band gaps, of homogeneous
and inhomogeneous mixed (Bi, Sb)2Te3 show a negligible dif-
ference. After Cr and V doping, from Figs. 4(c)–4(f), we can
find that the band gaps of homogeneous and inhomogeneous
systems obviously decrease, originating from the Cr contribu-
tion to the conduction band minimum [Figs. 4(c) and 4(d)] or
the V contribution to the valence band maximum [Figs. 4(e)
and 4(f)]. In addition, we can also find that the bulk band
gap of homogeneously mixed (Bi, Sb)2Te3 with Cr doping
is about 67 meV, but it decreases to 27 meV in the inhomo-
geneously mixed case. Similarly, as displayed in Figs. 4(e)
and 4(f), V-doping results give respectively 43 and 10 meV of
bulk band gaps for the homogeneously and inhomogeneously
mixed systems. As shown in Figs. 4 and S4, the gap decrease
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of the inhomogeneous system in comparison to the homoge-
neous system is not directly related to the doped Cr or V ele-
ment, but arises mainly from the Bi contribution to the valence
band maximum [Figs. S4(a) and S4(g)]. All these findings
show that the inhomogeneous mixing of Bi and Sb results
in obvious decreases of the bulk band gaps of (Bi, Sb)2Te3

systems, whereas the homogeneous mixing of Bi and Sb is
beneficial to the formation of high-temperature QAHE.

Based on the above findings, it strongly suggests that the
homogeneous mixing of Bi and Sb in (Bi, Sb)2Te3 systems
is crucial in realizing high-temperature QAHE. An effective
way to experimentally reduce the magnetic inhomogeneity in
(Bi, Sb)2Te3 is to reduce the inhomogeneous mixing of Bi
and Sb elements during the process of material fabrication.
If the obstacle can be solved, a higher QAHE observation
temperature will be expected. Our analysis also indicates that
V doping in a homogeneously mixed (Bi, Sb)2Te3 system will
be a good candidate for high-temperature QAHE.

Summary. Our systematic studies demonstrate that the
intrinsic origin of inhomogeneous ferromagnetism is the in-
homogeneous mixing of Bi and Sb in (Bi, Sb)2Te3, but not
the doped magnetic-impurity-induced disorder. Moreover, the
formation energies of Cr and V show that they prefer to substi-
tute Bi sites in inhomogeneously mixed (Bi, Sb)2Te3 systems.
Our findings will shed light on the experimental enhancement
of the QAHE observation temperature in magnetically doped
topological insulators.
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