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Linear displacement current solely driven by the quantum metric
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Quantum metric and Berry curvature are the real part and imaginary part of the quantum geometric tensor,
respectively. The 7-odd (7, time-reversal) nonlinear Hall effect driven by the quantum metric dipole, recently
confirmed in [Science 381, 181 (2023)] and [Nature (London) 621, 487 (2023)], established the geometric
duality to the 7T -even nonlinear Hall effect that driven by the Berry curvature dipole. Interestingly, a similar
geometric duality between the quantum metric and the Berry curvature, particularly for the linear response of
Bloch electrons, has not been established, although the 7-odd linear intrinsic anomalous Hall effect TAHE)
solely driven by the Berry curvature has been known for a long time. Herein, we develop the quantum theory
for displacement current under an AC electric field. Particularly, we show that the 7 -even component of the
linear displacement current conductivity (LDCC) is solely determined by the quantum metric, by both the
response theory and the semiclassical theory. Notably, with symmetry analysis we find that the 7 -even LDCC
can contribute a Hall current in T -invariant systems but with low symmetry, while its longitudinal component
is immune to symmetry. Furthermore, employing the model Hamiltonians, we arrive at a 1/u (u, chemical
potential) experimental observable enhancement of the displacement current owing to the divergent behavior of
quantum metric near Dirac point, similar to the IAHE at Weyl point. Our study reveals the band geometric origin
of the linear displacement current and establishes, together with the IAHE, the geometric duality for the linear
response of Bloch electrons. Additionally, our paper offers the intrinsic Hall effect in T -invariant materials,

which cannot be envisioned in DC transport in both linear and nonlinear regimes.

DOLI: 10.1103/PhysRevB.109.115121

I. INTRODUCTION

The quantum geometry [1] of Bloch electrons shows a
fundamental importance among various fascinating responses
of (topological) quantum materials [2—4] under electromag-
netic fields, as unveiled by manipulating the symmetry that
relates the responses to the band geometric quantities [5-8].
For instance, it has been well understood that the band geo-
metric quantity Berry curvature is responsible for the intrinsic
anomalous Hall effect (IAHE) observed in ferromagnetic met-
als [9], where the time-reversal (7)) symmetry is broken owing
to the IAHE conductivity tensor solely determined by the
T-odd Berry curvature [10], as illustrated in Fig. 1(b). Fur-
thermore, the Berry curvature dipole [13—16] that features the
T-even but P-odd (P, space-inversion) properties, can drive
the extrinsic nonlinear Hall effect (ENHE) in 7 -invariant but
‘P-broken systems, as illustrated in Fig. 1(d).

Apart from the well-known Berry curvature, the quan-
tum geometric tensor of Bloch electrons also contains a dual
band geometric quantity—the quantum metric [11,17,18],
which recently received much attention, but mainly in the
form of quantum metric dipole that usually appears in the
nonlinear transport of Bloch electrons [12,19-24] and fea-
tures the 7-odd and P-odd properties. Among them, the
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quantum metric dipole driven intrinsic nonlinear Hall ef-
fect INHE) [12,19,20], as illustrated in Fig. 1(c), has been
recently confirmed experimentally in antiferromagnetic topo-
logical insulator MnBi,Te, [21,22] (that breaks P and T
symmetries). However, how the quantum metric itself is man-
ifested in the linear response of Bloch electrons (as the dual
effect of the IAHE) remains elusive, in sharp contrast with the
Berry curvature.

On the other hand, we notice that the responses discussed
above, as the nonlinear variants of the Ohm’s law [25], gen-
erally feature the Fermi-surface property [12,13,19,20] and
thereby can only be expected in metallic or gapless systems.
However, in addition to the conduction current that appears in
the metallic solids, the current in Maxwell’s equations [26] in
fact contains another contribution, namely the displacement
current that appears in the insulating solids [27]. Although
the connection between the linear/nonlinear responses and the
band geometric quantities of the conducting Bloch electrons
(electrons on the Fermi surface) has been well established,
how the displacement current (even at linear regime) relates to
the band geometric quantity is unexplored. In particular, as the
cousin of the conduction current, whether or not there exists a
Hall effect for the displacement current is also unknown.

In this paper, inspired by the intimate relation between the
electric polarization and the displacement current, we develop
the quantum theory for the linear displacement current under
an AC electric field based on the quantum response theory
within independent particle approximation. We show that the
linear displacement current conductivity (LDCC) comprises

©2024 American Physical Society
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FIG. 1. Guided by symmetry, the quantum geometric tensor 7 =
—i€2/2 [11] can be fully probed by four current responses, where
g and Q stand for the quantum metric and the Berry curvature,
respectively. (a) The displacement current probes the 7 -even quan-
tum metric (proposed in this paper). (b) The intrinsic anomalous
Hall effect (IAHE) probes the 7 -odd Berry curvature [9]. (c) The
intrinsic nonlinear Hall effect (INHE) probes the 7-odd quantum
metric dipole o v x g with v the velocity [12]. (d) The extrinsic
(proportional to the relaxation time t) nonlinear Hall effect (ENHE)
probes the 7 -even Berry curvature dipole oc v x €2 [13]. Note that
for the second-order nonlinear responses (c) and (d), the P symmetry
of the probed system must be broken, as regulated by the P-odd
quantum metric dipole and Berry curvature dipole.
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both the 7T-even and the 7-odd contributions. Particularly,
we reveal that the 7-even DCC is solely determined by the
quantum metric. Remarkably, by symmetry analysis, we find
that the 7-even DCC can allow a transverse component and
hence displays a displacement Hall current in T -invariant
systems but with low symmetry, while its longitudinal com-
ponent is less restricted by symmetry. As a benchmark, we
show that the obtained expressions in adiabatic limit can
also be derived by the semiclassical theory accurate up to
the second order. Furthermore, using the low-energy model
Hamiltonians, we find that the displacement current will be
significantly enhanced when the chemical potential is close to
the Dirac point where the quantum metric is divergent, similar
to the behavior of IAHE at Weyl point. Our study uncovers
the band geometric origin of the linear displacement current
and establishes, together with the IAHE, the geometric duality
for the linear response of Bloch electrons, as illustrated in
Figs. 1(a) and 1(b). In addition, our paper delivers the very
first intrinsic Hall effect in 7 -invariant systems, which cannot
appear in DC transport in both linear and nonlinear regimes,
particularly due to the 7-odd nature of the intrinsic DC linear
and nonlinear conductivities.

II. DISPLACEMENT CURRENT FROM ELECTRIC
POLARIZATION

Before presenting the quantum theory, it is instructive
to give a heuristic argument on the origin of displacement

current. In terms of Maxwell’s classical electromagnetic the-
ory, for insulating or gapped systems, the conduction current
vanishes due to the lack of free charges. However, an AC
electric field Eg(t) = Eg cos(wt ) can generate a displacement
current density Jlé) = 9,Dg, where Dg = Eg(t) + 4meoPs(t) is
the displacement field with €y and Pg the vacuum dielectric
constant and the electric polarization induced by the posi-
tional shift of bound charges [28], respectively. Interestingly,
although the (spontaneous) electric polarization of crystalline
solids has been well understood through the geometric phase
of Bloch electrons [10], the displacement current seems not to
appreciate any geometrical effects and also Hall effect, as far
as we know.

Up to the first order of electric field, we find that Pg(t) can
be expressed as [10,29-34] (h = e = 1),

Py(t) = —Z/kfn[AferAff(r)], (1

where fk =/ dk?/(2m)? with d the dimension of the sys-
tem and f, is the equilibrium Fermi distribution function.
In Eq. (1), the intraband Berry connection A? contributes
the spontaneous or zero-field electric polarization [29-31,34],
while .Af Et) = GE“E(, (t) is responsible for the field-induced
electric polarization linear in the electric field [35-37]. In
particular, G? is the Berry connection polarizability tensor
given by [19,21,22,38,39]

GP* = 2Re Z 6"'"_ 'Z )

where 12 = (u,|idg|u,) with m # n (lu,): the periodic part
of Bloch state) is the interband Berry connection and ¢, is the
energy for the nth band. We wish to mention that G#* encodes
the information of local quantum metric gf% = 2Re[rfmrmn]
Particularly, both quantities possess the same symmetry trans-
formation.

By definition, taking the time derivative of field-induced
electric polarization, we obtain a linear displacement current
with a response equation

Jg = o4, (t)Ea, ?3)

where
oL, (1) = wsin(n Y /k f.GEe )

is the LDCC. Note that Eq. (3) together with Eq. (4) displays
a formal similarity to the IAHE since they are driven by the
real part and the imaginary part of the quantum geometric
tensor, respectively, as compared in Figs. 1(a) and 1(b). In
fact, they can be derived in a unified way, as will be shown
below. Interestingly, we find that aé) may also include a
transverse component a) when the integral of G, does not
vanish. Therefore, a displacement Hall effect in 7 -invariant
systems can be expected due to TG = GF«.

We wish to remark that the intrinsic linear (charge)
Hall effect is forbidden by 7 symmetry in the DC case,
as dictated by the Onsager relation [9] or the 7T -odd
property of the response coefficient. In general, the
linear DC Hall conductivity can be decomposed as
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Oup = ol /3 + roe" [40,41], where the first term is intrinsic
but 7-odd whlle the second term is 7 -even but extrinsic due
to the presence of the relaxation time 7 [42]. However, for
displacement current, we find that the time derivative for the
field-induced electric polarization replaces the role of t in DC
case [41] and hence allows the intrinsic 7 -even linear Hall
effect for the displacement current, which cannot show up in
DC charge transport.

Up to now, we only present a qualitative discussion. Partic-
ularly, Eq. (4) is a hand waving derivation and the rigorous one
should be obtained with quantum mechanical calculations, as
detailed below. Additionally, we wish to remark that Eq. (4)
seems not applicable to gapless systems where the concept of
electric polarization is not well defined [40] particularly due
to the static electric screening. However, this constraint can be
relaxed in AC transport with a high frequency [43].

III. THE QUANTUM THEORY FOR
DISPLACEMENT CURRENT

In this section, we formulate the quantum theory for
displacement current under an AC electric field based
on the quantum response theory [6,44,45]. To be spe-
cific, we start from the quantum Liouville equation for
the density matrix element p,,, within independent particle
approximation [23,24,44],

.0 .
l&pmn = €mnPmn + l(pmn);k(,Ea (t)

+ Y 1 om(t) = o (O E(t),  (5)
l

where (pmn);ku = [aa - l(A% - Ag)]pmn with aa = a/akas
ry, is the interband Berry connection and E,(f) =
Eycos(wt) = 3 )", Eqe" with ) = £ is the AC electric
field. Equation (5) can be recursively solved to obtain a series
in increasing powers of the electric field [23,24,44], namely
Pon = D_psi Py s Where p"=1 is proportional to E/ .
To our purpose, with p© =, f, [44], the density matrix
oD at the first order of electric field can be easily obtained

from Eq. (5), which is

E. e~ i@i+int

0 — Z[ismnaotfm +fnm"ffm]6;—.v (6)
w] 1

P =
m — €mn + m

where f,,, = f, — fn and n — 07 is an infinitesimal quantity.
Correspondingly, the current density at the first order of the
electric field, defined as Js = Y, [, vE,pfL), is found to be

n=T ¥ [ hosiE,
—i(wy+in)t

[€nme
g E,—m¢ 7
+ Zfomrnl7lrml1 2((1)1 — ey + ”7) ( )

mn

7t(w1+m)t

Z(w +in)

where we have used v? = ie,,,rf for n # m. Note that the
first term of Eq. (7) is irrelevant to the band geometry of
Bloch electrons and corresponds to the familiar extrinsic lin-
ear Drude current in DC limit due to lim, o i/(w; + in) =
t [13]. Besides the extrinsic linear Drude current, we note

that Eq. (7) (particularly by the nonresonant contribution of

its second term) further contains the well-known intrinsic
anomalous Hall current and the overlooked linear dis-
placement current phenomenally discussed above, which is
explicitly expressed as

—iwt

1€pme
]N _ - E nm ) ]
Z Z /f rnmrmn 2(6()1 - 6mn) ( )

mn
At this stage, by writing €,,,/(®0; — €m) =1 — w1 /(0] —
€mn), we find that Jg can be divided into (see Appendix A)
N _ 4C D
Ty =Jg +g, ©

where J€ is the intrinsic AC conduction Hall current, given by

5 = Z/kfnszfaEa cos wt, (10)

where QP =23 Im[rf r% ]is the Berry curvature. In DC
limit, Eq. (10) is nothing but the intrinsic anomalous Hall
current. Furthermore, Jf? = 0,P3 stands for the intrinsic dis-
placement current, where Py is the AC polarization defined

by
fon [GP* coswt + FP* sinawt]E,.  (11)

Notably, ggﬂ and .7-',?“3 in Eq. (11) encode the information of
quantum metric and Berry curvature, respectively, given by

Ghe — Xm: wz—émane[ e § (12)
o w o
Ef — Z mzlm[rfmrmn]. (13)

Under 7 symmetry, it is easy to show that TQ""S = Q"‘ﬂ
while TF* = —F*F due to Tr%, = r%,, and therefore the
displacement current in general includes both the 7 -even and
T-odd contributions, similar to the DC shift and injection
photocurrent under light illumination [44,46]. Throughout this
paper, we focus on the T -invariant systems and hence we will
only consider the first term of Eq. (11). Furthermore, under the
adiabatic limit, we have €,,, > @ and therefore g;f“ reduces
to G given by Eq. (2). As a result, the AC polarization
Py particularly due to the first term of Eq. (11) recovers the
field-induced polarization given by the second term of Eq. (1)
and the time derivative of Pg further gives the LDCC Eq. (4)
phenomenally discussed above.

At this stage, we wish to remark that the LDCC given by
Eq. (4) features a Fermi-sea form [23,25,47], which means
that the expression for JﬁD can be used for the insulating and
also the metallic systems. Furthermore, we emphasize that
the intrinsic linear displacement current given by Eq. (3) [or
the time derivative of the first term of Eq. (11) particularly
under the adiabatic limit] is geometrically dual to Eq. (10),
which, respectively, is driven by the Berry curvature and the
quantum metric, as compared in Figs. 1(b) and 1(a). Note that
the displacement current vanishes in the DC limit (w — 0)
while Eq. (10) survives in that limit. To close this section,
we summarize that Eqs. (11) and (12) [which gives Egs. (3)
and (4) under the adiabatic limit] are the main results in
this paper, which can also be derived by the semiclassical
theory [10], see Appendix B.
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FIG. 2. (a) The band dispersion for Eq. (15) along k, direction. Here the red-vertical arrow measures the gap and the horizontal-dashed line
indicates the chemical potential u. (b) The p dependence for the longitudinal and Hall displacement current, given by Egs. (18) and (20),
respectively, by choosing the driving frequency w = 0.01 meV. Here the vertical shadow highlights the in-gap current plateau. (c) The
frequency dependence for the longitudinal and Hall displacement current when u is placed inside the gap. Here the dashed-grey line indicates
the global linear dependence on w. The k-resolved distribution for the quantum metric (d) g%, (e) g”, and (f) g° [here a term sv k.0, is added

to break the mirror symmetries of Eq. (15)].

IV. SYMMETRY CONSTRAINTS

After establishing the quantum theory for the displace-
ment current, we now discuss the symmetry constraints for
its conductivity, particularly on its 7-even component from
32 crystallographic point groups. Note that the number of
independent components of a physical tensor is determined by
Neumann’s principle [48]. Particularly, for the rank-2 LDCC
tensor, we have

Of = RppRoc0f (14)
where Rgg stands for the matrix element for the point group
operation R. Note that Eq. (14) has been implemented by

Bilbao Crystallographic Server [49]. As a consequence, by
defining the Jahn notation [V?] [50] for Ué)a, we find that Ué)ﬂ is
allowed by all 32 crystallographic point groups while aé)a with
o # B can only appears in crystallographic point groups with
low symmetry: 1, —1, 2, m, 2/m. Here we wish to remark that
the transverse components of o/% offers the very first intrinsic
Hall effect in time-reversal-invariant systems, which cannot
appear in DC transport since all the intrinsic DC transport
coefficients feature the 7 -odd nature.

V. MODEL CALCULATIONS

In this section, we illustrate our theory with model
Hamiltonians.

A. Two-dimensional massive Dirac model

In this subsection, we employ a two-band massive model to
illustrate our general proposal. The low-energy Hamiltonian
to describe the massive Dirac fermions located at momenta A
is given by [13]

H,\ = vikioy, — svykyo, + Ao, (15)

where o; is the Pauli matrix for pseudospin, s = £1, A
controls the gap magnitude, and v,/, is the Fermi velocity.
For simplicity, we ignore the tilt term sak, in Ref. [13].
The band dispersion for Eq. (15) is e+ = +h with h =

A? + v2k? + vik?, where + (—) denotes the conduction
(valence) band, as shown in Fig. 2(a). Note that Eq. (15)
possesses the mirror symmetry M, due to M,s = —s, which
indicates that the transverse LDCC vanishes by Eq. (14). For
the longitudinal LDCC, using Eq. (12) we find

v2(vZk? + p?

¥ = ulih +5) (16)
4h3(h? — w?)
v2(vZk? + B2

giy — iM. (17)
4h3(h? — w?)

It is easy to see that both G* and G that are even in k, and ky
can lead a nonvanishing longitudinal current. We emphasize
that G** and G’ encode the diagonal contribution of the quan-
tum metric, as displayed in Figs. 2(d) and 2(e), respectively.
At zero temperature, the longitudinal displacement current
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FIG. 3. (a) The band dispersion for Eq. (21) along k, direction. Here the vertical shadow highlights regime that the displacement current
dominates. In addition, the horizontal-dashed line also indicates the chemical potential. (b) The 1 dependence for the longitudinal and Hall
displacement current, given by Eq. (22), by choosing the driving frequency /iw = 10~ meV. Here the dashed-red line highlights the divergent
behavior at i = 0. (c) The frequency dependence for the longitudinal and Hall displacement current when ;« = 0.1 meV. Here the dashed-grey

line indicates the global linear dependence on w. The k-resolved distribution for the quantum metric (d) g%, (¢) g, and (f) g°.

can be directly calculated as (see Appendix C 1)

) A% 7w sin(wt)

—A, Al
RN srpr A (18)
E, E, , Twsin(wt)
e nel-A, Al

48w A

where w is the chemical potential. Note that have used A >
he and vy = v, [13]. Here the elementary charge e is restored
by dimension analysis. By Eq. (18), we find that the longitu-
dinal displacement current will quickly decrease to zero when
the chemical potential u is away from the gap, whereas a
longitudinal LDCC plateau can be obtained when p is located
inside the gap, as shown in Fig. 2(b). Note the the longitudinal
displacement current shows a global linear dependence on
the driving frequency w, as shown in Fig. 2(c) and therefore
will disappear in DC transport. For the gapped situation, one
can easily obtain the AC polarization from the displacement
current, P, /E, = P,/E, = 762/(487'[ A) cos(wt ), which shows
explicitly that AC polarization will be stronger when the gap
decreases.

To acquire a nonzero displacement Hall current, we break
the mirror symmetry M, of Eq. (15) by introducing an ad-
ditional term svyk.o,, which may be physically realized by
strain effects [51], and then we have

v; (vikeky — A?)
4(v2k2 + v2(ky + ky)? + A?)

where we have adopted the adiabatic limit. Equation (19)
encodes the off-diagonal information of the quantum metric,
as shown in Fig. 2(f). In a similar way, the displacement Hall

Gy =+

. (19)

current at zero temperature is found to be (see Appendix C 2)

) A2 sin(wt)

— —A, A,

D e 12 P uél ]
- = . (20)

E, , wsin(wt) c[-A.A]

127 A H b

which shows the same behavior with the longitudinal dis-
placement current, as compared in Figs. 2(b) and 2(c). Note
that the magnitude of the linear displacement current is deter-
mined by the dimensionless factor ~hw/A, which indicates
that this effect will be significantly enhanced when the gap
A — 0 when the driving frequency w is fixed, as shown
below.

B. Two-dimensional spin-orbit-coupled electron gas

Next we evaluate the displacement current with a gap-
less model. Particularly, we consider the low-energy effective
Hamiltonian for two-dimensional spin-orbit-coupled electron
gas with crystallographic point group 2, which is constructed
by adding Rashba and Dresselhaus spin-orbit coupling and is
written as [52-54]

H =Fy+ )‘-R(kyo—x - kxo'y) + Ap(kuoy — kyay)a (2D
where Eg=k*/2m  with k> =k} +k;. The band
dispersions for Eq. (21) are given by er =FEy=+

\/(ADky + Agky)? + (Apky + Agky)? with £ the valance band
and conduction band, respectively, as shown in Fig. 3(a).
Focusing on the band crossing regime [as highlighted by the
vertical shadow in Fig. 3(a)], which in fact corresponds to the
massless Dirac Hamiltonian, the linear displacement current
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under adiabatic limit at zero temperature can be evaluated
(see Appendix C 3),

&2
f - |h | CuwEpsin(wt) a,b e {x,y}, (22)
where Cy, = —ARAD/[SN(A2 — A,%)] and Cx =C,, = ()» +
22)/[167 (13 — A3)]. Note that Eq. (22) shows a |,u| I depen-
dence and does not show a conductivity plateau due to the lack
of a finite gap, as shown Fig. 3(b). Due to this divergent behav-
ior, an enhanced displacement current can be achieved with
a relatively low driving frequency compared to the gapped
situation, as shown in Fig. 3(c). In addition, in Figs. 3(d)-3(f),
the corresponding k-resolved distribution for the diagonal and
off-diagonal components of the quantum metric are shown,
which are responsible for the divergent behavior of the linear
displacement current, in a similar way to the divergent TAHE
in the point-node Weyl point.

VI. SUMMARY

In summary, we formulate the quantum theory for displace-
ment current under an AC electric field. We show that the
T-even LDCC is solely determined by the quantum metric.
In terms of symmetry analysis, we find that the longitudinal
component of the LDCC is immune to symmetry meanwhile
its Hall component can be expected even in 7 -invariant sys-
tems but with low symmetry, such as the strained transition
metal dichalcogenides (TMDCs) monolayers, the strained sur-
face of topological crystalline insulators, and the insulating
two-dimensional chiral twisting graphene or TMDCs [55-59].
Furthermore, our model calculations demonstrate that an en-
hanced displacement current can be achieved in the massless
Dirac point, such as in two-dimensional graphene monolayer,
where the quantum metric shows a divergent behavior like the
Berry curvature in the Weyl point.

To the experiment aspect, we note that a (0.1-10) GHz
AC electric field may be applied to generate an observable
displacement current signal based on our model calculations.
We wish to mention that such a high-frequency AC electric
field [60] has been used to generate the nonlinear Hall signal
driven by the Berry curvature dipole. Furthermore, the lock-in
technique operated at GHz regime [7] may be employed to
detect the generated longitudinal and transverse AC currents.
In addition, the linear dependence on chemical potential u
particularly near gap closing point highlights the gate tunabil-
ity in experiments [61].

Last but not least, our paper reveals the band geometric
origin of the linear displacement current and in turn, offers a
desirable tool to detect the quantum metric of Bloch electrons
in quantum materials. Importantly, our paper together with the
IAHE establishes the geometric duality for the linear response
of Bloch electrons. In addition, the transverse displacement
current also provides the very first Hall effect in 7 -invariant
materials, which is forbidden by 7" symmetry in DC transport.
Beyond these, the linear displacement current in point-node
Weyl semimetals (which also appreciates the 1/ divergent
behavior) may be employed to realize the low-energy high-
speed photodetection particularly in terahertz regime [62-64],
which will be explored in the future.
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APPENDIX A: THE DETAILED DERIVATIONS
FOR EQS. (10)-(13)

In this Appendix, we show the detailed derivation for
Egs. (10)—(13) given in the main text. Particularly, by writing

€nm -1 w1
W] — €mp W1 — €mn

(AD)

we find that J g’ given by Eq. (8) in the main text can be divided
into

Ip =5 + g, (A2)
where
= Z Z /fnm’”nmrmnE je~ient
nm w)=
= Z/fnmrnmrmnE icos(wt)
= Z/kfnﬂf”Ea cos wt (A3)

as given by Eq. (10) in the main text. Here the last term
is obtained by interchanging the dummy index and Q¢

iy b mn re rf ) is the Berry curvature. Furthermore
for the remaining term of Jy 5, We have
—ia)] e*l’w][
IE=3N funtbr Eam——— = 8,P5(1),  (A4)
B nm’ npm" mn _ (el ACPA)
o 2(601 6mn)
where
e*l‘(u][
Pg = P r Ey———
B = %;fnm nm" mn 2(6()1 _ emn)

Zf E [ eiwt + e—lw; }
= nmrnmrmn
2(—w — €n) 2(w — €mn)

nm

Z Fonr em,l cos(wt) — iw sin(wt)
nm nm mn wz _ 62

=) / FulGP* cos wt + FP¥ sin wt]E,, (A5)
n k

as given by Eq. (11) in the main text. Note that the last term of
Eq. (AS5) is also obtained by interchanging dummy index and
ggﬁ and ]—',‘Z‘ﬂ, respectively, is defined as

Gmﬂ
Gi* =D Rl .

mn

ff&zzwz €2

m mn

(A6)

20Im[r? r* 1,

nm- mn

(A7)

as given by Eqgs. (12) and (13) in the main text.
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APPENDIX B: THE SEMICLASSICAL FORMULATION FOR DISPLACEMENT CURRENT

In this Appendix, we show that the displacement current can also be derived with the semiclassical theory accurate up to
the second order of the electric field. In particular, under a time-dependent but slowly perturbed electric field, the semiclassical
equation of motions for Bloch electrons up to the second order of electric field are given by [10,19,34,65,66]

F=0r—kxQ—Q, k=—-EQ), (B1)

where vy, = V€ is the band velocity that considers the field-induced correction, Q =V, x Ais the Berry curvature that also
considers the field-induced correction, and Q,‘jt = 3, A" — 3, A% is the Berry curvature defined in the (k,t) parameter space,
where A" = (i1]id,|i) with |ii) the time-dependent Bloch state, and A% = A% 4+ A*F stands for the Berry connection up to the
first order of electric field. By solving Eq. (B1), we find

= +E@) x @ — Q. (B2)

Correspondingly, the intrinsic current density, defined as J = j}{ f1, is given by

J=ff[5k+E(l)XQ—th]- (B3)
k

Furthermore, by restoring the band summation and focusing on the linear intrinsic current response, from the last two terms of
Eq. (B3) we obtain

I =¥ [ ieEw + Glra g0l (B4)

which corresponds to the conduction current induced by Berry curvature and the displacement current induced by quantum
metric, respectively, as given by Eq. (10) and the adiabatic contribution of Eq. (12) [that is Eq. (4)] in quantum theory,
respectively. Note that the first term v of Eq. (B3) cannot contribute a linear current due to €, =€ — 1 /2Ea(t)GﬁﬂE5 [40].
In addition, for the last term of Eq. (B3), we have used A,"‘;E = Gf“Ea (t) for 8,.[13 and ignored 9,.A’, since A!, = (i,|i9; |i,)
with |&,) = |u,) + ), An (E - ryun/€mn)|un) cannot lead a contribution linear in the electric field. Finally, we wish to remark
that the semiclassical formulation is also valid for gapless systems since the concept of electric polarization is not used in the
derivation. In fact, the static screening for metal in AC transport is not well defined [43].

APPENDIX C: THE CALCULATION DETAILS FOR EQS. (18), (20), AND (22)

In this Appendix, we present the calculation details for Egs. (18), (20), and (22), given in the main text.

1. Eq. (18)
For Dirac Hamiltonian Eq. (15), the frequency-dependent integrand for the nonvanishing displacement current conductivity
is reproduced as

v)% (vfk)2 + Az) vyz(vfk)% + Az)

0 4 , Yy - Cl1
G B3 (4h% — w?) G B3 (4h% — w?) b
where h? = vZk? + vf,k? + B2. When the chemical potential 1 € [—A, A, at zero temperature we find that
dkdk, v2(v2k? + A2
=—-E wsm(a)t)/g” =—F wsm(wt)f/ i 3£2y ) )
T (022 4 022 4 A2)[w? — 4(v2k2 4 v2k2 4 A?)]
E 10y k2 + A2
_ C()Sln(w )U // dk dk 3/2) — - (Cz)
4rv, (k2 4+ k2 + A2)" 02 — 4(k2 + k2 + A?)]
where we have set k, = v,k, and lzy = vyk,. Let (ky, 12},) = k(cos#, sin @), we find
j _ Ecwsin(wt)vy /*OO /'2” EdEde k%sin?6 + A?
4r2v, (k2 + A2P2[w? — 4(k2 + A2)]
E.wsin(wt), [T - B2+ 2A2
_Exwsin(@rjv, / Rdf— oA (C3)
Ao, 0 (k2 + A2)2[w? — 4(k2 + A2)]
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Furthermore, let u?2 = k% + AZ, we have kdk = udu and find

- _ Exosin(wt)v, /+°° u* + A2 it — _ Exwsin(on)vy /J“’o 1 du+ A2 /*"O 1 i
47'[ Uy A M3 ((,()2 — 41,{2) 47-[ vy A 6()2 _ 41/!2 A I/lz((,()z . 4”2)

A’E.w sin(wt)vy /+°° 1 1 n 1 n 1 n 2 1 N 1 J
= - — u
4mv, A 20A2\w—2u  w+2u 0’ P \wo+2u  o-—2u
A2E sin(wt)v,| 1 (1. 2u+0 \™ 1/ 1\™ 2 /1. 2u+wo\™
= | 5 (5 Inl | +—{— +—| 51n] |
4mv, 2A%2\2 2u—w J w uj A w?*\ 2 2u—w ),

A2E, sin(wt)v, [ 1 1 1 2A 4+ w
et i S R B : C4
4mv, |:a)A (4A2 + a)2> 22 "o i| ()

Following a similar way, we have

A’E, sin(wt)v, [ 1 1 1 2A 4w
gp = Lhsmelvy) 1 (2 )y . cs
Y 4 v, |:a)A <4A2 + a)2> n‘ZA—a)H ©)

In addition, when the chemical potential y penetrates the lower band, we find

D E,wsin(wt)v, [T k> +2A? o
Je= - - kdk, (C6)
A vy Virmar (R + A2 [o? — A2 + AD)]
D _ Eyosin(wt)y, [+ k* 4+ 2A? i €

y

. - kd
4 vy Jirmar (k% + A2 [w? — 4(k* + A?)]

which can be similarly calculated as

(C8)

X

D _A2Exsin(a)t)vx|: 1 ( 1 +i> ln‘ZWH_wH,

47 vy o|ul Hul?  @? 2pl —w
P = _A2Ey sin(wt)v, [ 1 _ 1 n L In 2lul + . (9)
! 47T vy o|pl dul>  o? 2Hul —o

This is true when the Fermi level penetrates the upper band, where we need to sum over the bands. By assuming that A > 7w,
we find

1+ /2101 _ 3 AL S

n'l—w/ZIAI = @/|Al @ BIAF + 0@ /14D, (C10)
14 w2
‘—w/ L 1] + 0 /31l + 0@’ 1), 1)
1 —/2|pl

therefore we finally obtain

e ThoE, sin(wt vy &2 ThwE, sin(wt v,

) € _A5 A ) —A, A
o | T Ay, wel=a, Al o |1 dsra, pel=a.al 1
Y| @ ThoAE, sin(wr)v, T | € Tho AZE, sin(wt v,
- 3 ) 123 ¢ [_Aa A] = 3 ) 1% ¢ [_Av A]
h 487 || v, h 481 || vy

which gives the Eq. (18) by taking v, = v, in the main text, where e and / are restored by dimension analysis.

2. Eq. (20)

By introducing an additional term sv,k,o, into Eq. (15) (that breaks mirror symmetry M,), the off-diagonal integrand under
the adiabatic limit is given by

p— vy (vikeky — A?) vZ(vZk?sinf cos 6 — A?) C13)
:E = :F = q: 9
4(v§k§ + vyz(kx + ky)? + A2)5/2 4[031{2(0052 0+ 1+2sinfcosH) + A2]5/2
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where we have assumed v, = v, and used the polar coordinate,

k = k(cos @, sinf). When the chemical potential u is inside the

v (vZk* sinf cos 6 — A?)

gap, we find
J. 1 oo p2mw
wE, sin ot - Wfo /0 4[v2k2

vZ(vik?sin 6 cos 6 — A?)

kdkdo
(cos* 6 + 1 +2sinf cos ) + A?]

1 00 2w
= _2/ / S/dezde. (C14)
87 Jo Jo  4[v2k*(cos?0 + 1 +2sinf cosf) + A2]
Let u = v2k*(cos® 6 + 1 + 2sinf cos §) + A2, we find
— A2 d
2= — : LAk = ~ ‘L . (C15)
v2(cos” 6 4+ 1 4 2sin6 cosB) v2(cos” 6 4+ 1 4 2sin6 cos )
Therefore, we have
b 1 oo 2 v?sin @ cos O(u — A?) oo vZA2
oy =153 VI - o 2dud@ — Y - S 2dud9
32 A Jo  v¥(cos”6 + 1+ 2sinb cos)>u/ a2 Jo vZ(cos” 6 + 1+ 2sin6 cos O)u/
= ! (C16)
127 A
where we have used
v du = —2 vl du = 2 C17
RV R -y (€17
and
2 : 2
0 cosb 1
/ S UL o = -, / . : do = 2. (C18)
o (cos*0 41+ 2sinfcosh)? o (cos“0+ 1+ 2sinfcosf)
In a similar way, when the chemical potential i penetrates the bands, we find
AZ
D
G C19
T TP (1

Equation (C16) together with Eq. (C19) gives the Eq. (20) in the main text.

3. Eq. (22)

Within the adiabatic limit, gi” reduces to the Berry connecti

G = &

() —23)’2

on polarizability tensor G%, which for Eq. (21) are given by

Gy =+

X _

7 (C20)
4’[(}“Dky + )\ka)z + ()\Dkx + )‘«Rky)2]
22 — a2)%2
(15 — 2%) K 3 (C21)
4[(Apky + Agko)? + (Apky + Arky)?]
22— 22)kk,
(1 = A) ek, (C22)

T =

4[(pky + Arks

)+ (ks + 2rky )]

We first focus on the Hall component. Particularly, when the chemical potential i penetrates the lower band, at zero temperature

we find
E, sin(wt Ot — e )W — 22V kik,
12 = b sinton) [ O — ey = 22 [ o0 Ik e )
; 2m) A[(pky + Agk)* + (ks + Arky)?]
Let
X = )‘Dky + )\,ka, y= )\Dkx + )\Rk s (C24~)
we find
k. — ARx — )‘Dy _ ka — )"Ry
Yook -ay 0 T =
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Therefore
(3 —23)'K2

(A% — 23 keky =

= Azx? + A5y? — 2AgApXY,

(Mg +Ah)xy — ApAp(x* +¥%), e

(32 — 23)°K2 = A5 + A%y* — 2hghpy, (C25)

=+/x2 2. (C26)

where we have dropped the E term in €1 by focusing on the linear dispersion regime. Correspondingly, the Jacobi determinant

is given by
A A
+ : 2 2 2 2 2 2
_ ‘ x>y A )‘D R~ )‘D )“R — )‘D 1 (C27)
= |—| = )\' )L = > = VI
a(x,y) +— D . . R . ()‘12e _ )%) Ap — A
Ap = Ak b~ *k
Substituting Eqgs. (C24)—(C27) into Eq. (C23) we obtain
ArApWE, sm(a)t) / / _ hrhpwEy sin(er) 2
Jp= T Ou+vVx2+y)————-——dxdy=———"—— O(u + dpdb
v 1672 (12 — (n y ) 2)3/2 y 1672 (12— 22) (1 p) 3pdp
ArADWE, t 1 e* ho
- —Lsm(w) dp = — = “2Cp By sin(wt), (C28)

8t (33 —22) Jou P TR

as given by Eq. (22) in the main text, where C,, = AgAp/[87 ()L% — X,z))] and we have restored the e and 7 by dimension analysis.
Note that we obtain the same result when the chemical potential x penetrates the upper band, which can be derived as follows:

ARApWE, sin(wt * 1 ArApWE, sin(wt 1 hw
JP = _M — M —dp = e —=CyEy sin(ot). (C29)
8n(rz—23) Jo » 8r(rx—23) Jo o A
In a similar way, the longitudinal linear displacement current can be evaluated as
D e ho
J, = 7 " |CWE o sin(wt), (C30)

as also given by Eq. (22) in the main text, where C,, = ()»2 + 22 /16 (Az — A,zj)]
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