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Abstract Distributed stochastic gradient descent and its
variants have been widely adopted in the training of machine
learning models, which apply multiple workers in parallel.
Among them, local-based algorithms, including Local SGD and
FedAvg, have gained much attention due to their superior
properties, such as low communication cost and privacy-
preserving. Nevertheless, when the data distribution on workers
is non-identical, local-based algorithms would encounter a
significant degradation in the convergence rate. In this paper,
we propose Variance Reduced Local SGD (VRL-SGD) to deal
with the heterogeneous data. Without extra communication
cost, VRL-SGD can reduce the gradient variance among
workers caused by the heterogeneous data, and thus it prevents
local-based algorithms from slow convergence rate. Moreover,
we present VRL-SGD-W with an effective warm-up
mechanism for the scenarios, where the data among workers
are quite diverse. Benefiting from eliminating the impact of
such heterogeneous data, we theoretically prove that VRL-SGD
achieves a linear iteration speedup with lower communication
complexity even if workers access non-identical datasets. We
conduct experiments on three machine learning tasks. The
experimental results demonstrate that VRL-SGD performs
impressively better than Local SGD for the heterogeneous data
and VRL-SGD-W is much robust under high data variance
among workers.

Keywords distributed optimization, variance reduction,
local SGD, federated learning, non-IID data

1 Introduction

For large-scale machine learning problems, stochastic gradient
descent (SGD) [1] is a fundamental tool. However, with the
expansion of data and model scale, the training of machine
learning model, especially deep learning models has become
increasingly time-consuming. To accelerate the training
process, synchronous stochastic gradient descent (S-SGD), a
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parallelized version of SGD, has been widely adopted
recently, which encourages multiple workers to optimize the
model cooperatively. At each iteration, N workers calculate
the gradients based on their local data and then communicate
the gradients with the parameter server. However, in practice
S-SGD suffers from a major drawback: the communication
cost is expensive when the number of workers is large. That
prevents S-SGD from achieving a linear time speedup, which
means the total training time is reduced by N times with N
workers. Therefore, it is crucial to overcome the communi-
cation bottleneck.

In recent years, deep learning has been successfully applied
in many fields, such as image recognition [2,3], natural
language processing [4], recommender systems [5], intelligent
education [6] and finance [7-9]. However, the training of deep
learning models has become increasingly time-consuming. To
reduce communication cost, several studies [10-14] have
managed to lower the communication frequency, which are
the so-called local-based algorithms. Among them, Local SGD
[12] (also called FedAvg [15]) is a representative local-based
algorithm, where workers conduct SGD locally and average
model with each other every k iterations as shown in Fig. 1.
Compared with S-SGD, local-based algorithms reduce the
communication rounds from O(T) to O(T /k), where T is the
total number of iterations, and hence accelerate the training
process. However, the convergence rate of local-based
algorithms has a strong dependence on the extent of non-I1ID
(not independent and identically distributed). They can only
exhibit superior performance if the data distribution on
workers is identical, which is the so-called identical case.
Nevertheless, the identical data assumption is not valid in
general, especially in federated learning [16—19], which aims
at training on heterogeneous data. When the data distribution
is non-identical, which is the so-called non-identical case, the
optimization tasks on workers will be different. Specifically,
the local model would move towards their local optima and
away from the global optima as shown in Fig. 1, hence local-
based algorithms would encounter a significant degradation in
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Fig.1 Procedure of Local SGD with N =2 workers and k = 2 local udaptes
in the non-identical case. The local models xf (green) move towards their
local optima x; (yellow) and away from the global optima x*(red)

the convergence rate or fail to converge in some cases!).
Therefore, heterogeneous data has become a fundamentally
challenging problem in machine learning. We seek to remove
the impact of heterogeneous data, which would make the
algorithms converge much faster than the vanillaLocal SGD[12].

In this paper, we propose Variance Reduced Local SGD
(VRL-SGD), a novel distributed optimization algorithm to
accelerate convergence. Benefiting from an additional
variance reduction component, VRL-SGD can reduce the the
gradient variance among workers, which helps Local SGD to
converge faster. For some practical scenarios with high data
variance, we present an effective warm-up mechanism, VRL-
SGD-W, to eliminate the impact of the high data variance
among workers. Consequently, the communication complexity

of Local SGD can be reduced from O(T%N%) to O(T%N%)z)
in the non-identical case, which is crucial for overcoming the
communication bottleneck. Therefore, VRL-SGD is more
suitable than Local SGD in practice. Contributions are
summarized as follows:

e We propose VRL-SGD, a novel distributed optimization
algorithm with better communication complexity.
Specifically, the communication complexity is reduced

from O(T%N%) to O(T%N%) in the non-identical case.
Meanwhile, VRL-SGD also achieves the same

communication complexity O(T%N %) as Local SGD in
the identical case.

e We present VRL-SGD-W, an effective warm-up mech-
anism deal with some situations, where the data among
workers are quite diverse. And the effect of warm-up
mechanism is guaranteed both theoretically and
experimentally.

e We provide a more intuitive explanation to improve the
convergence rate of local-based algorithms and
theoretical analysis for VRL-SGD. Besides, our method
does not require the extra assumptions, e.g., the gradient
variance across workers is bounded.

e We validate the effectiveness of VRL-SGD on standard
machine learning tasks. And experimental results show
that the proposed algorithm performs significantly
better than Local SGD if data distribution among
workers is different. Besides, an additional numerical
experiment validates the robustness of VRL-SGD-W
under high data variance among workers.

2 Related work

Synchronous stochastic gradient descent (S-SGD) is a
parallelized version of SGD and is theoretically proved to
achieve a linear iteration speedup with respect to the number
of workers [20,21]. Nevertheless, due to the communication
bottleneck, it is hard to achieve linear time speedup in
practice. To eliminate communication bottlenecks, many
distributed SGD-based methods are proposed, such as lossy
compression methods [22-27], which use approximations or
partial data to represent the gradients, and methods [10,12,13]
based on the lower communication frequency.

Among them, Local SGD [12], a representative method to
lower the communication frequency, has been widely used to
train large-scale machine learning models, and its superior
performance is verified in several tasks [28-30]. In Local
SGD, each worker conducts SGD updates locally and
averages its model parameters with others periodically.
Previous studies have proven that Local SGD can achieve a
linear iteration speedup for both strongly convex [12] and
non-convex [13] problems. To fully utilize hardware
resources, a variant of Local SGD, called CoCoD-SGD [14],
is proposed with decoupling computation and communication.
Furthermore, Yu et al. [31] provided a clear linear speedup
analysis for Local SGD with momentum. However, the rate of
convergence for the above algorithms has a poor dependence
on the extent of non-IID, which leads to a slow convergence
rate for the non-identical case and limits the further reduction
of communication cost. Haddadpour et al. [32] verified that
the utility of redundant data can lead to lower communication
complexity and accelerate training. The redundant data can
help reduce the data variance among workers, thus it prevents
the slow convergence rate. Nevertheless, this method may be
constrained in some cases. For instance, it could not be
applied in federated learning [16,17] as data cannot be
exchanged between workers for privacy-preserving. Some
recent studies [33,34] analyzed the convergence of local-based
algorithms on heterogeneous data.

Although there are many studies proposed to reduce the
variance in SGD, e.g., SVRG [35], EMGD [36], SAGA [37],
and SARAH [38], they could not directly deal with the
gradient variance among workers in distributed optimization.
In recent years, several studies [39—41] have been proposed to
eliminate the gradient variance among workers in the
decentralized setting. Among them, a novel decentralized

D Under certain settings, Local SGD would get a new model £% = 10 after one period, which means that Local SGD gets stuck in £Y and can not converge to

the global optima x*. A specific case is provided in Appendix A.

13 13 13
2 The upper bound of k in Local SGD is O(T 4 /[N#). By setting k = O(T 4 /[N%), we can observe that the communication complexity O(T2N2) =

O(T/kz) of VRL-SGD is less than that O(T 1 N%) =QO(T [k) of Local SGD.
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algorithm, EXTRA [39], provides an ergodic convergence rate
for convex problems and a linear convergence rate for
strongly convex problems. The D2 [41] algorithm further
applies variance reduction on non-convex stochastic decentra-
lized optimization problems.

To accelerate the training process, we incorporate the
variance reduction technique into Local-SGD, which reduce
the gradient variance among workers, and hence avoid the
extra assumptions, e.g., the bounded variance among workers,
in the theoretical analysis. For a better comparison with
related algorithms in terms of communication complexity and
assumptions, we summarize the results in Table 1. It presents
that our algorithm achieves better communication complexity
compared with the existing algorithms in the non-identical
case and does not need extra assumptions.

In a concurrent work, SCAFFOLD [42] is proposed to adopt
two learning rates and to communicate an extra variable for
variance reduction. However, our algorithm does not require
an extra variable, and hence has less communication cost per
round. Moreover, we present a warm-up mechanism to
remove the impact of high data variance among workers on
the convergence rate.

3 Preliminary
In this section, we introduce the problem definition, notations
and assumptions used in this paper.

3.1 Problem definition

We focus on data-parallel distributed training, where N
workers collaboratively train a machine learning model, and
each worker may have its data with different distributions,
which is the non-identical case. We use D; denote the local
data distribution in the ith worker. Specifically, we consider
the following finite-sum optimization:

. RN
ig]lR%f(x) = 5 ;ﬁ(X), (D

where fi(x) := Eg~p,[fi(x,&)] is the local loss function of the
ith worker.

3.2 Notations
First of all, we summarize the key notations as follows.

® || - || denotes the £» norm of a vector.

e | denotes that the expectation is taken with respect to all
random indexes sampled to calculate stochastic
gradients in all iterations.

e x! denotes the local model of the ith worker at the rth
iteration.
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e i’ denotes the average of local models over all N
workers, and that is &' = ﬁ Zfi L X

e Vfi(xl,£)) is a stochastic gradient of the ith worker at the
tth iteration.

e ¢’ represents the iteration of the last communication, and

. t
thatis ¢’ = [%Jk
e 1" represents the iteration of the penultimate communica-
. . t
tion, and that is ¢ = (l%J - l)k.

3.3 Assumptions
Throughout this paper, we make the following assumptions,
which are commonly adopted in the theoretical analysis of
distributed algorithms [12,31].
Assumption 1
(1) Lipschitz gradient: All local functions f; have [-
Lipschitz gradients

IV £(x) = VAN < Lilx—yll, Vi, Vx,y € RY.

(2) Bounded variance within each worker: There exists a
constant o~ such that

Ee-p, IV fi(x,€) = V/i(0IF < 02, Yxe R Vi.

(3) Dependence of random variables: £ are independent
random variables, where

te€f{0,1,...,T—1}andi€{l1,2,...,N}.

Please note that previous local-based studies assume that the
gradient variance among workers is bounded, or even depend
on a stronger assumption, e.g., an upper bound for gradients or
identical data distribution on workers, while ours do not
require these assumptions.

4 Algorithm

In this section, we first introduce the proposed algorithm and a
warm-up mechanism. Then we give an intuitive explanation
from the perspective of variance reduction.

4.1 Variance reduced local SGD
We propose VRL-SGD, a variant of Local SGD. VRL-SGD
allows locally updating in each worker to reduce the
communication cost. But there are a few more steps in VRL-
SGD to eliminate the gradient variance among workers. And
in VRL-SGD, a worker
1. Communicates with others to get the average of all local
models £’ = A%Zfil Xl
2. Calculates AE', which denotes the average deviation of
gradient between the local gradients and the global

Table 1 Comparisons of the communication complexity for different algorithms. The second column and the third column show communication complexity
for identical and non-identical datasets respectively. Here, we regard the following assumptions as extra assumptions: (1) an upper bound for gradients; (2) the

bounded gradient variance among workers

Reference Identical data Non-identical data Extra assumptions
SGD [20] T T NO
PR-SGD [13] o(N%T%) O(N%T%) M
CoCoD [14] ON3TY) owirh @
VRL-SGD ON3TY) OWN3T?) NO
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gradients in the previous period. And it is defined as
s 7 l A
A = Al + E(Xt - xb), 2)

where k is the communication period and 7y is the learning
rate.
3. Updates local model k times with a stochastic approxi-
mation gradient v! in the form of

r+1 _ t

x -y 3)
The essential part v} is formed by
vi= Vi, E) - Al )

The complete procedure of VRL-SGD is summarized in
Algorithm 1. VRL-SGD allows each worker to maintain its
local model x! and get the average of all local models every k
steps. And VRL-SGD only communicates the local model x]
for averaging.

Algorithm 1 Variance reduced local SGD (VRL-SGD)

1: Input: Initialize x)=x°E€R?, A9= 0 ER’, Vi and ¢ = 0. Set learning
rate y > 0 and communication period & > 0.
while 7 < 7"do
Worker 7, does:
4: Communicate with other workers to get the

average of all local models: X' = ]%Z;zl X;

5. A=A+ kyL(fc' -x).
6 Update local model X! = x'.
(5 fort=rtor+k—1do
8 Calculate a stochastic gradient
VST, &)
9: vi = Vfixi, &) — Al
10: Each worker updates its local model:
X=X v
11: end for
12: t=t+k

13:  end while

To achieve a linear iteration speedup, Local SGD requires
1
that the communication period k is less than O(T 14). Notice

that a better communication period bound O(T2) can be

attained in the identical case according to the previous studies
[14,31]. Nevertheless, VRL-SGD can attain the better
1

communication period bound O(T 2) in both the identical case
and the non-identical case.

4.2 VRL-SGD with warm-up

Note that VRL-SGD is equivalent to Local SGD in the first
period if A; is initialized to 0. To remove the impact of non-
IID, we propose an effective warm-up mechanism. We set the
first communication period k£ to 1 in VRL-SGD, which is
VRL-SGD with a warm-up (VRL-SGD-W). Essentially, this
is equivalent to conducting one S-SGD update and initialize

Ai = Vi, — — ]JV:l Vﬁ(x?.,f?). Therefore, the conver-

gence result is not related to the extent of non-IID. This is
guaranteed both theoretically and experimentally. Warm-up
mechanism is effective for the scenarios, where the data

among workers are quite diverse.

4.3 Variance reduction interpretation

Now we illustrate why VRL-SGD can improve the conver-
gence rate compared with Local SGD. VRL-SGD uses an
inexact variance reduction technique to reduce the variance
among workers. To better understand the intuition of VRL-
SGD, let us see the update of A; in Eq. (2). By summing up all
A; from 0 to t" and using the fact that AO 0, we have

LE]

A = % Z (25— k).

s=0

®)

Then summing up the equality above over all workers, e.g.,

i=1,2,...,N, we can obtain the following equality
N | & L]
v ~ks ks
ZA, _kyZZ(xk i )
i=1 i=1 s=0
| £l N Lzl
= —|N)> - ks=o0. 6
ky s:Ox ;;x’ ( )

It shows that the expectation of A;’ over all workers euqals

zero. Thus we can obtain the new update formula with respect

to &':

i

- yl (VA -
ll
N

= ¥y Y VL.

(7
N

It can be noticed that the update of &' in Eq. (7) is in the form
of the generalized stochastic gradient descent. In addition, we
can obtain a new representation of A;’:

-1 -1

A =AY +—[£tﬁ—yz Zv - 4y IT]
. " T=t"
s

‘r:t/’ j=1

-1
+y > (VAT - Aﬁ”)]

T=t"

> (-

-1

= Z[Vﬁ(x,, >——ZVfJ<x & >]

=t

®)

Substituting Eq. (8) into Eq. (4), we have
t’—l
V=V - o Z VG

T t’
-1 N

Vi 2 2 VITED.

T 1" j=1

©)

The representation of v! in Eq. (9) can be regarded as the form
of the generalized variance reduction, which is similar to
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SVRG [35] and SAGA [37]. To observe that the variance
among workers is reduced, we assume that the gradient
variance within each worker is zero, which means that we
calculate V fi(xlf) in line 8 of Algorithm 1. When all local
model x{,xT and the average model %' converge to the
minimum x*, it holds that

/-1 N

DIV
=1

-1 N

D VG

T  j=1

Vi =V fi(xd) - — Z Vf,(xT)+

T "

- Vﬁ(x)——ZVﬁ<x>+

/-1 N
—ZZVf,(x )= Vf(x) =0,
=t j=1
Therefore, vi can converge to zero when the variance within
each worker is zero, which helps VRL-SGD converge faster.
Note that the local gradient in all workers should be close to 0
while local model x! converge to the optima x*. In addition,
the gradient V fi(x,&!) in Local SGD is biased and it cannot
converge to zero, which prevents the local model x] from
converging to the optima x*. Therefore it is hard to converge
for Local SGD. That is why VRL-SGD performs better than
Local SGD in the non-identical case, where the gradient
variance among workers is not zero. We provide a specific bad
case of Local SGD in Appendix and conduct numerical
experiments in Section 6 to support our viewpoint.

(10)

4.4 Comparison with previous studies
In this subsection, we compare our proposed method VRL-
SGD with related algorithms.

- Comparison with S-SGD [20,21]

e In S-SGD, N workers communicate the model (or
gradients) with the parameter server at each iteration,
which indicates the local model x is always consistent
with the global model &'. The update formula of %’ in S-
SGD can be written as & = &1 -y 3N Vfi(&,&).

® When k = 1. The local model x! has the same update
formula as that (Eq.(7)) in & if we set k = 1. Therefore,
VRL-SGD with k = 1 is equivalent to S-SGD.

e When k>1. VRL-SGD reduces the number of
communication rounds by k times compared with S-
SGD.

-Comparison with Local SGD [12]

e When A; =0. VRL-SGD degenerates to Local SGD if
we set A; to 0 in line 5 of Algorithm 1 all the time.

e Under the non-IID setting In Local SGD, the local
gradient Vf;(x7,&7) will be biased and hence the local
model x! would go away from the global model %',
which causes significant degradation in the convergence
rate. vi approximates the global gradient using variance
reduction as stated in Eq.(9), which accelerates Local
SGD. Therefore, VRL-SGD is superior to Local SGD in
non-identical case.c>Local SGD in non-identical case.

-Comparison with SCAFFOLD [42]

e SCAFFOLD also uses the idea of variance reduction to
prevent local-based algorithms from slow convergence
rate, which is quite similar to VRL-SGD. However,
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they use an extra variable to track local gradients and
communicate it for variance reduction, which is not
efficient in practice. VRL-SGD can reduce the gradient
variance among workers using predictive gradient
deviation A;, where A; can be recovered without com-
munication.

e Communication cost per round SCAFFOLD commu-
nicates an extra variable for variance reduction. There-
fore, the communication cost of SCAFFOLD is at least
twice as much as that of VRL-SGD per round.

e Warm-up We also present an effective warm-up mech-
anism that helps to eliminate the impact of variance
among workers. VRL-SGD-W is more robust under
high data variance among workers. The effectiveness is
guaranteed both theoretically and experimentally.

5 Theoretical analysis

In this section, we provide a theoretical analysis of VRL-SGD.
We bound the expected squared gradient norm of the average
model, which is the commonly used metric to prove the
convergence rate for non-convex problems [20,31,41].

Theorem 1 Under Assumption 1, if the learning rate and the

L . . 1
communication period both satisfy that y < 3L and k <

1
6yL’
we have the following inequality for VRL-SGD in Algorithm 1:

Ty 2N
93y?L*C
+ 11k + +

where C is defined as

k-1 N
Ci= 1o 2 D IVAE -V (1)
=0 i=1

Note that C is a constant related to the extent of non-IID.
We can regard C as the gradient variance among workers in
the first period. By setting a suitable learning rate y, we have
the following corollary.

Corollary 1 Under Assumption 1, when the learning rate is set

N
as y= i, and the communication period is set as
oNT
T
k= min{ U\/:,i}, we have the following convergence
6LN2 VN
result for Algorithm 1:
(P < 3¢ &% - +L) C
ZEiIVf( ) At ML S
T VNT 4VNT

where C i 1s deﬁned in Theorem 1.

The detailed proof of Corollary 1 is given in Appendix.
Note that the constant C will be 0 when k = 1 according to
Eq. (11). It is consistent with the fact that when k=1 VRL-
SGD is equivalent to S-SGD, where the convergence of S-
SGD is not related to the variance among workers.

Corollary 2 VRL-SGD-W If we set the first communication
period k to 1 in Corollary 1, which is VRL-SGD with a warm-
up mechanism, we get
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T-1 A0\ _ 2
lZE”Vﬂfcz) 3e(fE)-f+L) o
T L VNT 4VNT

In the setting above, the constant in Corollary 1 will become
o2. Therefore, the convergence result of VRL-SGD-W is not
related to the extent of non-IID. The detailed proof is given in
Appendix. We also conduct additional experiments in Section
6 to verify this conclusion. Next, we establish the linear

iteration speedup and show the communication complexity of
VRL-SGD.

e

Remark 1 Linear speedup For non-convex optimization, if
there are N workers training a model collaboratively,
according to Corollary 1, VRL-SGD converges at the rate
O(1/ VNT), which is consistent with S-SGD and Local SGD.

1

To achieve the e-optimal solutuioin, O(F) iterations are
€

needed. Thus, VRL-SGD has a linear iteration speedup with

respect to the number of workers.

Remark 2 Communication complexity By Corollary 1, to
achieve the convergence rate O(1/ VNT), we can set the
1 3

communication period k as O(T2 /N?2). Consequently, VRL-
13

SGD reduce communication complexity to O(T2N2). How-
ever, for the non-identical case, previous local-based algor-

3 3
ithms only reduce communication complexity to O(T¥N#).

6 Experiments

In this section, we will validate the effectiveness of VRL-SGD
in two cases, the non-identical case and the identical case.
Then we evaluate our algorithm with different communication
periods. In the end, we conduct additional experiments to
analyze the effect of warm-up.

6.1 Experimental settings

6.1.1 Experimental environment

We implement algorithms with Pytorch 1.1 [43]. And we use a
machine with 8 Nvidia Geforce GTX 1080Ti GPUs, 2
Xeon(R) E5-2620 cores and 256 GB RAM Memory. Each
GPU is regarded as one worker in experiments.

6.1.2 Baselines

We compare our proposed algorithm VRL-SGD with Local
SGD [12], SCAFFOLD [42], EASGD [44] and S-SGD [20].
For SCAFFOLD, we use Option II in all experiments, which
is consistent with their experiment setting.

6.1.3 Data partitioning

To validate the effectiveness of VRL-SGD in various scen-
arios, we consider two cases: the non-identical case and the
identical case. Under the non-identical case, each worker can

only access a subset of data. For example, when five workers
are used to train a model on the dataset of 10 classes, each
worker can only access to two classes of data. In the identical
case, we allow each worker to access all data.

6.1.4 Datasets and models

We consider three typical tasks with the most popular
methods: (1) LeNet [45] on MNIST [46]; (2) TextCNN [47]
on DBPedia [48]; (3) transfer learning on tiny ImageNet,
which is a subset of the ImageNet dataset [49]. When training
TextCNN on DBPedia, we retain the first 50 words and use a
GloVe [50] pre-trained model to extract 50 features for word
representation. In transfer learning, we use an Inception V3
[51] pre-trained model as the feature extractor to extract 2,048
features for each image. Then we train a multilayer perceptron
with one fully-connected hidden layer of 1,024 nodes, 200
output nodes, and relu activation. All datasets are summarized
in Table2. A lot of deep learning models use batch
normalization [52], which assumes that the mini-batches are
sampled from the same distribution. Applying batch
normalization to the non-identical case may lead to some other
issues, which is beyond the scope of this paper.

6.1.5 Parameter setting

For all tasks, we set the weight decay as 107*. We initialize
parameters of all models by performing 2 epoch SGD
iterations. Other hyper-parameters can be found in Table 2.

6.1.6 Evaluation metrics

In this paper, we mainly focus on the convergence rate of
different algorithms. Local SGD has a more superior training
speed performance than S-SGD, which has been empirically
observed in various machine learning tasks [28,29]. Besides,
VRL-SGD has only a minor change over Local SGD. So
VRL-SGD and Local SGD have the same training time in one
epoch and both of them have a faster training speed compared
with S-SGD. Note that local-based algorithms would have the
same communication complexity under the same period k.
Therefore, we will compare the convergence rate (the training
loss with regard to epochs) of different algorithms. To verify
the superiority of VRL-SGD in communication complexity,
we will also compare the training loss and test accuracy of
different algorithms with regard to the communication size.

6.2 Overall performance on the non-identical case
This paper seeks to address the problem of poor convergence
for Local SGD when the variance among workers is high.
Therefore, we focus on comparing the convergence rate of all
algorithms in the non-identical case, where the data variance
among workers is maximized.

Figure 2 shows the training loss with regard to epochs on
the three tasks: image classification, text classification and

Table 2 Parameters used in experiments and a summary of datasets. N denotes the number of workers, b denotes batch size on each worker, y is the learning
rate, k is the communication period, n represents the number of data samples and m represents the number of data categories

Model N b Y k Dataset n m

LeNet 8 32 0.005 20 MNIST 60,000 10
TextCNN 8 64 0.01 50 DBPedia 560,000 14
Transfer Learning 8 32 0.025 20 Tiny ImageNet 100,000 200
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transfer learning. The results are indicative of the strength of
VRL-SGD in the non-identical case. Local SGD converges
slowly compared with S-SGD when the communication
period k is relatively large, while VRL-SGD enjoys the same
convergence rate as that of S-SGD. This is consistent with
theoretical ~analysis that VRL-SGD has a better
communication period bound compared to Local SGD. Under

the non-IID setting, Local SGD requires k< O(T4/N 4)

However, benefiting from variance reduction, VRIL—S(3}D can

attain a better communication period bound O(T'2 /N?2) than
Local SGD as shown in Corollary 1. Therefore, under the
same communication period, VRL-SGD can achieve a linear
iteration speedup and converges much faster than Local SGD.
To maintain the same convergence rate, Local SGD needs to
set a smaller communication period, which will result in
higher communication cost. EASGD converges the worst
under the same communication period in the non-identical
case.

Although both VRL-SGD and SCAFFOLD converge as fast
as S-SGD, VRL-SGD is more simpler and has lower commu-
nication cost per round. Therefore, VRL-SGD can obtain
lower training loss and higher test accuracy under the same
communication size as showed in Figs. 4 and 5.

6.3 Overall Performance on the Identical Case

In addition to the above extreme case, we also validate the
effectiveness of VRL-SGD in the identical case. As shown in
Fig. 3, all algorithms have a similar convergence rate. All
local-based algorithms converge as fast as S-SGD when the
data distribution on workers is identical.
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6.4 Analysis of the communication Period &
In this subsection, we evaluate our algorithm with different
communication period k.

As shown in Fig. 6, VRL-SGD converges as fast as S-SGD,
while Local SGD, converge slowly even if we set the period &
to half of it in Fig. 2. The results show that k& in Local SGD
should be smaller, such as k=2 or k 5 in transfer learning,

TZ 117,1874
which is in line with — 3= —38 ~ 3.9. However, we can
N# 84
1 1
T2  117,1872 .
set k to — = ———— ~ 15in VRL-SGD. We also compare
N2 82

the convergence of different algorithms with a larger &, and
observe that the convergence of VRL-SGD will be affected
with k, but VRL-SGD is still faster than Local SGD, which is
consistent with our theoretical analysis.

6.5 Effectiveness of VRL-SGD-W
In this subsection, we evaluate the effect of warm-up on
different variances among workers.

To verify that the convergence of VRL-SGD with warm-up
(VRL-SGD-W) is not related to the extent of non-IID, we
compare the convergence rate of algorithms in different
variance. Therefore, we consider the following optimization

min f(x) := %( fil)+ H(x) = 3x% +6b%, (12)

where fi(x) := (x+2b)? and f3(x) := 2(x - b)? denote the local
loss function of the first and the second worker. In such a
setting, the variance among workers is large with a large b.
Figure 7 shows the gap with regard to iteration on different
k and b. We can see that Local SGD converges slowly
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Fig. 2 Epoch loss for the non-identical case. VRL-SGD and SCAFFOLD converge as fast as S-SGD, and Local SGD, EASGD converge slowly
or even cannot converge. (a) LeNet, MNIST; (b) TextCNN, DBPedia; (c) Transfer Learning, Tiny ImageNet
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Fig. 3 Epoch loss for the identical case. All of the algorithms have a similar convergence rate. (a) LeNet, MNIST; (b) TextCNN, DBPedia;

(c) Transfer Learning, Tiny ImageNet
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Fig.5 Test accuracy in terms of communication size. VRL-SGD outperform other algorithms in terms of communication size. (a) LeNet,
MNIST; (b) TextCNN, DBPedia; (c) Transfer Learning, Tiny ImageNet

@ 4] = VRL-SGD(=10) | (®) 0.6 — VRL-SGD(=25) || © “e VRL-SGD(k=10)
Local SGD(#=10) - Local SGD(*=25) Local SGD(k=10)
. —~—S-SGD G — S-SGD L 1.5 —— S-SGD
g & 04l g
g g 2 1.0
g € 03 £
5 5 g
a = 02 =059
0.11 0.0
0 25 50 75 100 0 25 50 75 100 0 100 200 300
Epoch Epoch Epoch
@ 4. = VRL-SGD(=20) | (© 06] —~ VRL-SGD(=50) || P e VRL-SGD(4=20)
| Local SGD(4=20) 051 Local SGD(4=50) Local SGD(4=20)
. g > §-SGD Y > S-SGD L 151 » S-SGD
on on o0
=] [=] (=]
£ g g
5 g g
e = &

. . i ! 1 o0l . . .
0 25 50 75 100 0 100 200 300
Epoch Epoch
® 0415 = VRL-SGD(=40) | ™ T VRL-SGD(=40) || @ 06 = VRL-SGD(k=100)
\ Local SGD(k=40) Local SGD(k=40) 0s) Local SGD(k=100)
" x > S.SGD L, 157 —S-SGD .0 > S-SGD
g g 2
Z 2 10 £
E E E
g g g
= = 054 =
0.0, . . .
0 100 200 300
Epoch Epoch Epoch

Fig. 6 Epoch loss for the non-identical case with different communication period k. (a) LeNet, MNIST; (b) TextCNN, DBPedia;
(c) Transfer Learning, Tiny ImageNet; (d) LeNet, MNIST; (e) TextCNN, DBPedia; (f) Transfer Learning, Tiny ImageNet; (g) LeNet, MNIST;
(h) Transfer Learning, Tiny ImageNet; (i) TextCNN, DBPedia
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compared with VRL-SGD-W and VRL-SGD when the commu-
nication period k is relatively large. And the convergence of
VRL-SGD is related to » while VRL-SGD-W is not sensitive
to b. The experimental results verify our conclusion that VRL-
SGD has a better convergence rate compared with Local SGD
in the non-identical case, and the convergence of VRL-SGD is
not related to the extent of non-IID. Consequently, warm-up is
an effective and crucial mechanism for the heterogeneous
data, which has been a fundamentally challenging problem in
federated learning.

7 Conclusion

In this paper, we proposed a novel distributed algorithm VRL-
SGD for accelerating the training of machine learning models.
VRL-SGD incorporated the variance reduction technique into
Local SGD (FedAvg) to fix the issues of poor convergence for
heterogeneous data. Therefore, VRL-SGD further accelerated
Local SGD and reduced communication complexity.
Compared to SCAFFOLD, VRL-SGD was much simpler and
did not require any extra communication for variance

reduction. Besides, we presented VRL-SGD-W, an effective
warm-up mechanism to remove the impact of the large
variance among workers. For non-convex functions, we
theoretically proved that VRL-SGD can achieve a linear
iteratlion3 speedup with lower communication complexity

O(T2N?) compared to Local SGD. Moreover, our method did
not require the extra assumption, e.g., the gradient variance
across workers is bounded. Experimental results demonstrated
VRL-SGD was significantly better than traditional Local SGD
for the non-identical case and VRL-SGD-W was much robust
under high data variance among workers.
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Appendixes

Appendix A:
A bad case of Local SGD
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Consider the such optimization
. 1
min f(x) := =(fi(x) + fo(x)) = 3x% + 6D,
xeR 2

where fi(x) := (x+2b)? and f>(x) := 2(x —b)? denote the local
loss function of the first and the second worker. Set learning

(AT)

rate y= 3 communication period k=2, and initialize

0_ 20 _

b
X =5=-z In such a setting, Local SGD would get a new

model %% = %0 after one period, which means that Local SGD
can not converge to the global optima x* =0. The detailed
steps are as follows:

For the first worker,

t=1xl = -y
= 20-2y(2+2p)
b 2( b
= —=-Z[-Z+2p|=-2b,
2 3( 2" )
t=2,x7 = x] —yVfi(x})

= x} —2y(xi +2b)

3. 2(3 11
= _Zp-—Z|-Zh+2b|=——b.
5b 3( S+ b) b

For the second worker,

t=1,x = 22— yV5E
= £0-4y(x°-b)
b 4( b 3
= ‘5‘5(‘5"’) b
1=2,x3 = xy—yVfi(x})
= x)—dy(x)—Db)
3 4/(3 5
= =b—=|zb-b|==b.
2" 3 (2 ) 6
By averaging local models x% and x%, we can get
¥+x: p
2 _ 71 2 _ _ a0 . N
F=—7—r=—5=% However, the global optima x* of
f(x) = 3x% + 6b? is obviously 0, which means that Local SGD

. b .
gets stuck in £° = —= and can not converge in such case. Even

if y is set small enough, Local SGD could also meet above
problems.

Appendix B: Linear iteration speed up

In this section, we conduct some experiments to verify that
VRL-SGD achieves the linear iteration speedup. Figure Al
shows the iteration speedup of VRL-SGD with regard to the
training loss for three models, by varying the number of
workers N. The speedup is over a single worker iteration for
reaching the target loss. For all tasks, we set the target loss as
0.1 and the learning rate can be found in Table 2. The
experimental results show that with the increase of the number
of workers, VRL-SGD can achieve the linear iteration
speedup.

Appendix C: Proof of auxiliary lemma
Lemma 1 z are independent random variables, where
€{1,2,...,m}. If their variance is bounded E|iz; - E[z]I* <

16 1
/ﬂ
84 N
Iy
=
o
B
&
- 4
=1
=
8
2 1 g
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»— TextCNN (k=25)
11 Transfer Learning (k=10)
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The number of workers

Fig. A1 The iteration speedup of VRL-SGD by varying the number of
workers N

o2, then we have

m 2

E ZCiZi

i=1

m

<||>] Bzl

i=1

(A2)

2 m
+ Z o’
pas)

Proof

m 2

E Z CiZi
i=1
m

e —E[z,»])+ic,-E[z,-1

i=1 i=1
_Z Bz~ > eBlz)
i= 1

+ 2E<Z ¢i (zi—Elz], Z ¢iElzi])

=E

m 2

2
Zl]”

+ Z 2E(c;(zi = E[ZJ) CJ(ZJ

0<i<j<m

[Zj])>

m 2

=12 ciBlz]

i=1
m

<|[D Bz

i=1

m
+ > Bl —Elzi])?

(A3)

Setting ¢; = 1 fori = 1,...,m, then we have

2 2

m

ZE[Zi]

i=1

< +mo?. (A4)

Appendix D: Proof of partially accumulated local gradients

In this section, we present Lemma 2, Lemma 4 and Lemma 3
to bound the partially accumulated local gradients in the sth
communication stage.

It is defined as, for ¢ < k| using Option 1,

vi = Vf(x, €D,
for t < ki using Option 2,

(AS)
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1 N
V= VACLED + 5 D VAGLED -VAGLE).  (A6)
j=1

for t > kq,

a1 o o
V=V D |y VAT ) -VAGT D).
e ' =t" j=1
(AT)
where k; denotes the s-th communication stage, t' = t” + k1.
In the first communication stage, Option [ is equivalent to
Local SGD, and Option 2 (Warm-up) is consistent with

ks—1=1.

Lemma 2 Under Assumption 1,
inequality for ¢ > k

—ZEHZ VI

we have the following

i= =t
N t—1 =1 -1
o 2 72
Rits Z ks D Bl = &7 + Z D EIE -5
i=1 7=t =t 7'=t"
21 3k2
== ) B - I +6ksZI|Vf(ch)I|2+ o,
k.&‘—l ) ’ ks—l
7=t 7=t
where ¢’ <r<t +kg, ' =t +ks_1and ky_1 <k;.

Proof By the definition of v! in Eq. (A7), we have

& e 2
i=1 =t
| -1 -1 -1
ZNZE D VIGLE Z VAT LE
=t T= t"r/ 1’
-1 -1 N
PR
=t v'=t" j=1
NZE ZVﬁ(x,,§)+ Z ZNk VG )
=t T'=t" ]:#l
(N (-
W=D e &
=t Nk fl XZ é:l )
t—1 -1
l i Z[Vﬁ(x’)+ Z[ ZVf,u )
N — =t t
v
p)
t—1 -1 N "2
2 (t=1) »
+ZO’ + Z Z N2k2
7=t =t j#i s—1
I_l ,
5 -0y
2
=t Nzks—l
N 2
1 3k
<=>T S o2 A8
N; 2t e (A8)

where the first inequality comes from Lemma 1 and the
second inequality follows from ¢t—¢ < kg, ky—1 < k;. We next
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bound 7> as

T,

-1 /-1 N 2

Z Z (v fi(xD+V fj(x§') - Vfi(xiT'))

=t 7'=t" j=1
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1 7-1 2

Z E
I / [/I
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J

=1
+6k, y E[[vran|f.

7=t
where the first two inequalities follow from Cauchy’s
inequality, and the last inequality follows from the Lipschitz
gradient assumption. According to Eq. (A9), we have

_ZTZ
i=

(A9)

N -1 -1 -1
Z( ZE”X 2 Zk -5
=1 =t ‘ =t v'=t"
Zk% -1 » 5 P
+k—_];E 7= xT ]+6kS;]E||Vf(xT)H .

(A10)
Substituting Eq. (A10) into Eq. (A8), we obtain Lemma 2.

Lemma 3 Under Assumption 1, we have the following
inequality for ¢ < k using Option 1,

1 N
N 2P

-1 2

.
2"

T= t’
32
<2 ZEnx &2+ 3"2 IVFGOIP + ko
" 1;1 ‘lrzf 7=t
+ 25 2 2 vAE - vl (A1)
=1 7=t
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Proof By the definition of v! in Eq. (A5), we have

LTS 2
— > E v
ol
1 N -1 2
ZNZE ZVf,-(xiT,fiT)
i=1 =t
1 N t—1 2
<NZE ZVf,-(x{) +ko?
i=1 =t
k N t-1
<NZ E||VAGD| +ko?
i=1 =t'
k N -1
=NZ E[|Vfi(x]) = V(5 + V()

I
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<33 (BIvAen -Vl
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where the first inequality comes from Lemma 1, the second
and third inequalities follow from Cauchy’s inequality, and
the last inequality follows from the Lipschitz gradient
assumption. Rerrangeing the inequality, we obtain Lemma 3.

Lemma 4 Under Assumption ], we have the following
inequality for # < k using Option 2:

—ZEIIZ o5

6 72 N Ttt,l
Z k) Bl - "||2+2kZE|| - &)1

=t 7=t

+ 6kz IV FGOIP + 3k202.

=t

(A13)

Proof According to Lemma 2, we can derive Lemma 4 by
setting kg_1 = 1.

Appendix E: Proof of VRL-SGD without Warm-up

In this section, we give the proof of VRL-SGD. First, we

introduce Lemma 5, which bounds the difference between the

local model x! and the average model &'.

Lemma 5 Under Lemma 2 and Lemma 3, when the learning
L . . 1

rate y and the communication period k satisfy that y < 3L and

6kyL < 1, we have the following inequality

7
L

™M=

1

¥ Enxﬁ - #I?

1l
(=)

1l
—_

ZVﬁ(x)

<12k2y? Z IV FGHIP +96k*y* L2 ZE
=0

22ky T
Mt Al

+6k3y%C,
(Al14)
where C :=

— kLN VA - V|

Proof According to the updating scheme in Algorithms 1, x!
can be represented as

=1
xngcf'—yzv;. (A15)
7=t
By the definition of &', we can represent it as
=i -2 ZZ (A16)

i=1 1=t
Substituting Eq. (A15) and Eq. (A16) into the left side of
Eq. (A14), we have

A= 72 L& yt—lNTz
=—3N'E A “N'g||L :
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<y D E Zwl (A17)
i=1  lle=r

According to the result in Lemma 2 and Lemma 3, for 7 > k,
we have



Xianfeng LIANG et al.  Accelerating local SGD for non-I1ID data using variance reduction 13
N , 2
1 R 5 T-17-1 |1 N
v DBl -l T = E|> L3
3 N
i=1 t=k v'=t" s=1/ i=1
y , 2
6’)/2L2 t—1 R -1 - - 2 T-11-1 t—1 '
Z kY B - &P +2) Z B|IS - 57| = LN SR Y VAL
=t =t v'=t" t=k v'=t" s=1/ i=1
-1 -1 2.2 2 T-11¢-1 -1 N
R , R 2k*y=o (T —k)
+2k ) BIE - ] ||2]+6ky22||Vf(xT)||2+3kyzo'2, < YT+ > E Z,Z Vﬁ(x)
=t =t t=k v'=t" s=1" i=1
(A18) T—1 ,_
2 -1 t-1
T-k
and for 7 < k, we have < # Z ZE ZVf(xs)
t=k T'=t" s=1’ i=1
1 U2 AT —k) 5 oo
NG < T Yy Z ZVﬁ(x)
3k72L2 = 2 ap? - SR
< D Bl - &I+ 3ky Zan(x )l +UY Y E —vap
i=1 =0 =0 N =1
N -1
ky*o? + y ViR -VfE™ Al19 2.2 2 32T1
ot + = ) > |IVAGD - VG . (a19) < 222 2T + 4Ky ZE ZVf(x’) (A21)
i=1 t=t'

Summing up Eq. (A18) and Eq. (A19) from¢t=0to 7 -1, we
obtain
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where the second and the third inequalities can be obtained by
using a simple counting argument and C is defined as

| . 2
= — Y SN IVAGH - VAE|
Next, we bound 7.

where the first inequality comes from Lemma 1.
Substituting Eq. (A21) into Eq. (A20) and rerrangeing the
inequality, we obtain
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where the last equality holds because 36k*y*L? < 1.
Dividing (1-36k?>y?L*) on both sides

1 —18k%y?12?

<6k%y? Z VAP +
t=0

T-1

+48KHy L2 Z E (A22)

and using

1
> 3 complete the proof.

Theorem 1 Under Assumption 1, if the learning rate and the

1
— andk

we have the following inequality for $\textrm{VRL SGD}gln
Algorithm 1:

communication period both satisfy that y <

T 1 20 * 2
e SUCE =9 | 3yLo
- E|IV NP
Z IV/EIP <=5 ==+ =35
k3 2L2
+ k2022 + %,

where C :=

LSV IV AGH -V

Proof Since ﬁ(-),i =1,2,...,N are L-smooth,
verify that f(-) is L-smooth. We have

it is easy to
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f(&re1)
<fE)+(VFE),
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z )+

=f(fc’)—7<Vf(fc’),NZVﬁ(x§,§§)>
i=1

2

” at+l 1

1N
Zv

i=1

=f(&) —7<Vf (&),

(A23)

2 1 N
|| 2 VD

By applying expectation with respect to all the random
variables at step ¢ and conditional on the past (denote by E;.),
we have

By f(Z+1)
1 N
<F(E) - ’y<Vf(fC’), v Z Vﬁ<x§>>
. 2
+lEt| ZVf,(X,,f)

1 N
<f(fc’)—7<Vf(fc v DV >>
1=1

2
va)

=f(&) -~ {Iin( )|

‘ ZVﬁ(x)

] 2

ZVﬁ(x’)

1
~vrE -5 Z Vi)
i=1

L 2 2
+ e
2N
4 2 Y RN ’
<@ =S|IV - S0~ 5 Z] Vi)
N 2
yL2 a2 Lyo
+Wz —x|"+ TR (A24)

where the second inequality comes from Lemma 1, the last
inequality follow from Cauchy’s inequality and Lipschitz
gradient assumption, respectively.

Rearranging this inequality and summing up both sides from
t=0to T -1, we have

T-1
Y EIVAEOI
=0

1 & ?
— > Vfi(xh
W

T-1
<SGo-f-ta-1y) ) E
t=0

N T- 2 2

y o Ty'Lo
— x| + . A25
N 21]2; I =+ = (A25)
Substituting Lemma 5 into Eq. (A25) and denoting

we obtain

UV IV AGH - V|

1
C=—
N

T-1

2> BV sEIP
t=0

[

Tyz 0_2 T-1
<f@o)=f"+ o a6y L7 ) IVFEIP
=0

T-1 N 2
1
—%(1 ~Ly-96k*LH ) E NZVf,-(xf)
=0 i=1
1ky*c? 2T
+%+3k3 312¢
T-
o\ (12
<fo) -+ Z(;uvm I
11ky3 o2 L2T
s At 3“ +3K3y°12C, (A26)

96
where the last equality holds because 96k*y*L* + Ly < ﬁ—i-

1_2
<1 6k>y3[* < —= < =
7S37 T3 <tand 36 "6

Rearranging this inequality and dividing both sides by
complete the proof.

Corollary 1 Under Assumption 1, when the learning rate is set

VN
as y=——, and the communication period is set as
o \NT
T T
k =min O——\/;,i , we have the following convergence
6LN2 VN

result for Algorithm 1:

ZEHW@H

where C lS def ned in Theorem 1.

3a(f(fc°)— f*+L)+ C
VNT 4VNT’

oNT T

3° N

6LN: VN
1

Nkz} v < 3L and k%y?’L? =

N
Proof Since y = \/_T and k= min{

o
36N>L?k?
O'
Then we can have the result in Theorem 1 and get

=

- ZEan( P

Ao _ Lo2 3,272
<3(f(x) f)+370' +11ky20'2L2+9k7 C'
Ty 2N T
N 36N3L2k? T
\/_,T> 5 ,k<£and kK*y2L* <
o \NT o VN

}, we have

1

r> —— <
max{ 36N 36

Combing y =

T we have

N 11kNL?
Hkyo?L? = 1k g
o

<
VT 6N3 Lk

20L
VNT®
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3yLo? 3oL
2N 2VNT’
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Ty VNT
3,212 2.2712
>y~ L-C < 9kyLC< C
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We can get the final result Te+T7
k=1 1-1
_ ot A0I12
1S a2 30(fE - +L)  C =Ts + E|& -
—ZE”Vf(x)i < + ; 1=0 =0
T VNT 4VNT 5
k=1 t-1 =1 N
i Y
which completes the proof. =T + Z Z E Z N Z v
=0 7=0 |ls= i=1
Appendix F: Proof of VRL-SGD with warm-up ' ;—1 t_l‘ ’ z—1l 5
Lemma 6 Under Assumption 1, when the lea}’ning rate y and “Te+ )’_22 E Z V0, E)
the communication period k satisfy that y < 3L and 6kyL <1 =0 7=0 |lIs=7 i=1
2
we have the following inequality for Algorithm 1: U322 el Y
<Te+ =27+ 3 SEI LN N VG
T-1 N —d L || N £ £
t=0 =0 s=T i=1

1 N
v 2 0 Bl = 2P
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t=0 t=0

22ky*oT
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(A27)

where C” is defined as C’" = 0.
Proof According to Lemma 2 and Lemma 4, we can get a

similar result like Eq. (A20).
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k=1 t-1
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T-117-1 k=1 t-1
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T;
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Next, we bound T + 1.

+3ky?o? (A28)

W22 52(T — k=
P A USRI RYERY 3
N =0

ZVﬁ<x>
ZVf(x)

where the first 1nequa11ty comes from Lemma 1. The rest
proofs are the same as Lemma 5.

o202 + 413y Z E (A29)

Corollary 2 Warm-up If we set the first communication
period k to 1 in Corollary 1, which is VRL-SGD with a warm-
up (VRL-SGD-W), we get

1= 2 30(fE)—fr+L) o2
“NE|lvie* < .
T; [vrel < VNT  4vNT

Proof Note that Lemma 5 and Lemma 6 have the same results
except the constants C and C’. Therefore, Theorem 1 and
Corollary 1 are also true, which proves the convergence of
VRL-SGD with warm-up. And we can get

1 T-1
(12
T z(;Ean(x I
1=

20y _ px L 2 3 2L2 ’
<3(]‘(16) ) 3vle +11ky20'2L2+9k7 C’
Ty 2N T (A30)
r_ 2 ; _ VN 36N3L2k2 T
where C’ = 0>.mCombing y = oy T> 57 k< W and

2y2L2 < 36’
we can get the final result similar to Corollary 1:
T-1
1 3o (f(&)) - f*+ L 2
T VNT 4VNT

which completes the proof.
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