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Radio-frequency spectroscopy of trapped Fermi gases with population imbalance
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Motivated by recent experiments, we address the behavior and evolution of radio-frequency (RF) spectra as
temperature and polarization are varied in population-imbalanced Fermi gases from above to below T.. We
discuss a series of scenarios for the experimentally observed zero-temperature pseudogap phase and show how
present and future RF experiments may help in its elucidation. We conclude that the experiments of Zwierlein
and co-workers at the lowest 7 may well reflect ground-state properties, but take issue with their claim that the
pairing gap survives up to temperatures of the order of the degeneracy temperature 7 at unitarity.
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The field of ultracold Fermi gases undergoing crossover
from BCS superfluidity to Bose-Einstein condensate (BEC)
is particularly exciting because these superﬂuids exhibit a
rather novel form of fermionic superfluidity: pairing begins
at temperature T* while condensation take place at a signifi-
cantly lower temperature 7,. Concomitantly, the normal-state
fermionic spectrum exhibits an excitation gap or
“pseudogap” [1-3]. Experiments by Zwierlein and co-
workers [4] on population-imbalanced Fermi gases, based on
combining vortex and radio-frequency (RF) spectroscopy
[5], have thereby confirmed earlier indications [1,2] that a
pairing gap is indeed visible above T.. Importantly, it is
claimed [5] that i ina highly polarized gas one finds a ground
state in which 7" # 0 while 7.=0. Throughout this paper we
refer to this state as “a zero-temperature pseudogap phase.”

It is the goal of the present paper to address these RF
spectroscopy experiments on spin-imbalanced [4,6—8] uni-
tary Fermi gases as temperature and polarization are varied
[7,9,10]. With (roughly) decreasing T, one encounters [9] a
Fermi gas, a pseudogap phase, a polarized superfluid (or
“Sarma” state), and a phase-separated state, which is the
ground state for all but possibly the highest polarizations at
unitarity [6,8]. We discuss a series of (four) scenarios for the
important zero-temperature pseudogap phase and show how
present and future RF experiments may help clarify its ori-
gin. We conclude that, at the lowest 7, the experiments of
Zwierlein et al. reflect ground-state properties but disagree
with the claim that the pairing gap survives up to the degen-
eracy temperature 7.

We adopt a theoretical approach [2,11,12] to BCS-BEC
crossover which appears to be uniquely positioned to address
RF calculations [13,14] on polarized gases. We include trap
and pseudogap effects at arbitrary 7, and we systematically
incorporate polarization effects, using our self-consistently
determined temperature vs polarization phase diagram [9]
within a BCS Leggett-like ground state. Bogoliubov—de
Gennes (BdG) schemes presume a related ground state [15]
but they apply strictly to 7=0. Ours is a more consistent
theory of pseudogap effects, because, as discussed in detail
elsewhere [16], it introduces pairing fluctuations directly into
both the gap and the number equations.

By contrast, essentially all other schemes, inspired by the
Nozieres—Schmitt-Rink approach [17], contain a problematic
inconsistency in their incorporation of noncondensed pair ef-
fects [16] because they presume that pairing fluctuations en-
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ter only into the number equation but not in the gap equation.
This is of concern for RF experiments which focus precisely
on these pseudogap effects. Moreover, one needs to accom-
modate the effects of these noncondensed pairs in the spec-
tral function, which we addressed a decade ago [18] above
T., and, importantly, below T, as well [11].

Here we use the standard one-channel grand canonical
Hamiltonian H—uN;—u,N, which describes pairing be-
tween states |1) and |2) and for definiteness take state |1) as
majority and state |2) as minority, unless indicated otherwise.
We additionally ignore the interaction between state |3) and
states |1) and |2), since mean-field energy shifts associated
with the interaction between |1) and |2) and between |1) and
|3) nearly cancel each other, as observed experimentally.
Thus state |3) is associated with a noninteracting gas. In
addition, there is a transfer matrix element 7y , from [2)to |3)
given by Hy=2 (T pcg pC2xtH.c.). For plane-wave states,
Tk,p_T(S(qL+k p)dwyy—w;). Here ¢;~0 and o, are the
momentum and energy of the RF laser field, and wy, is the
energy difference between the initial and final states. The RF
current is defined as I=(N3)=i{[H,N;]). Using standard lin-
ear response theory, one finds

1=2T Im[X,o((— @ + 3 — )],
X(lwn) = TE G3(kale)G2(k+qL’le+lwn)’ (1)
mk

where w5 is the chemical potential of |3) and w,; is the
energy splitting between |3) and |2). After Matsubara sum-
mation and using A;(K, v) =278(v—(€,+ wy3— u3)) as well as
As(k,v)=-2Im G,(k, v+i0%) to rewrite the spectral func-
tions for states |3) and |2), respectively, we have

T
(o) = 2—2 Ay K+qy, 6 — 00— )
T x

X[flex — 0= p) = fleg + w3 — u3) ], (2)

where w= w; — w3 is defined to be the RF detuning and f(x)
is the Fermi distribution function. In the above equations the
retarded response function X,.(w)=X(iw,— w+i0"), and we
have expressed the linear response kernel X in terms of
single-particle Green’s functions. We define w, and v,, as

©2008 The American Physical Society


http://dx.doi.org/10.1103/PhysRevA.77.011602

HE et al.

even and odd Matsubara frequencies, respectively, and G, is
the fully dressed Greens function for the state |2) spins. (We
use the convention i=kz=1.)

In our T-matrix formalism [11,12], G,(k, v) contains two
self-energy contributions deriving from condensed Cooper
pairs (2.) as well as from finite-momentum pairs (2,,).
Both have an important role in the spectral function [11,18].
We have %=3,,+2,, where Epg(k,v)=A,27g/(v+§k’1+i7)
and 2 (k,v)=A%/(v+§ ). Here A, is the superfluid order
parameter, and y# 0 is associated with the lifetime effects of
noncondensed pairs. The resulting spectral function [11] is

207 YT+ §)*
(T+ &P - Ep) + (P - - AL)?

As(k,v) = 3)

Here 1= € Mo &= e M, =g+ 1) /2,
h=(w;—p,)/2, and v=v—h. The quasiparticle dispersion
Ey=+\&+A%(T) where A2(T)=A?C(T)+A[2,g(T). The precise
value of vy and even its T dependence are not particularly
important, as long as it is nonzero at finite 7. As is consistent
with the standard ground-state constraints, Apg vanishes at
T=0, where all pairs are condensed. Above 7., we have Eq.
(3) with A, .=0. Because the energy level difference wy;
(=80 MHz) is large compared to other energy scales, the
state |3) is initially empty and thus f( &+ wy;—u3)=0 in Eq.
(2). Once the trap is incorporated, Egs. (2) and (3) can then
be used to compute the local current density /(r, @) and then
to obtain the total net current I (w)=[d’r I(r,w)n, with
o=1,2. Unless stated otherwise, the energy unit 7y repre-
sents the Fermi temperature for the noninteracting unpolar-
ized Fermi gas with the same total particle number.

To treat the trap, we assume a spherically symmetrical
harmonic oscillator potential V(r)=m&?*r>/2. The density,
excitation gap, and chemical potential, which vary along the
radius, can be determined using the local density approxima-
tion (LDA). The phase diagram, representing the stable re-
gimes for phase separation, the Sarma phase as well as the
normal Fermi gas phases as a function of temperature and
polarization, has been mapped out [7,10]. Since it is at the
heart of the current experiments, one must also determine [9]
where pairing occurs without superfluidity. These noncon-
densed pair effects (which are generally ignored in the litera-
ture) are also essential for arriving at physical values for T..
Important for the present purposes, the phase-separated
state is not [16] associated with pseudogap effects, unlike
the Sarma state. The same behavior is mirrored in the den-
sity profiles [16]. The Sarma phase consists of a superfluid
core followed by a correlated “mixed normal” or pseudogap
regime, followed by a Fermi gas in the outer regions of the
trap. The phase-separated state, by contrast, has an essen-
tially unpolarized superfluid core separated from a noncorre-
lated normal Fermi gas by a sharp interface.

To begin, it is useful to present the prototypical behavior
for the RF spectra. Quite generally we find that in the phase-
separated state (low T) there is a single pairing peak, whereas
in the pseudogap phase (higher T) there are two peaks, and
the Sarma phase (intermediate 7) may have either one or
two, depending on 7" and &. Finally, at high 7, we have only
an atomic peak, located precisely at the atomic level separa-
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FIG. 1. (Color online) RF spectra for polarized gases in a har-
monic trap at unitarity and polarization 5§=0.5, for T/Tp=(a) 0.4,
(b) 0.25, and (c) 0.15. The insets in (b) and (c) are, respectively, the
pairing peak position and the energy gap A(7) at the trap center as
a function of 7/ T<FI) (in units of the majority Fermi energy E;,])), for
6=0.1 (black), 0.5 (red), and 0.8 (green lines), as labeled. The cor-
responding 7./ Tr=0.28 (black), 0.25 (red), and 0.19 (green lines),
respectively, and the estimated T* can also be read off from the
insets where the gap vanishes. For illustrative purposes, we choose
y=0.05EF.

tion w,3=0. For a range of lower 7, the atomic peak persists,
deriving from the effectively noninteracting Fermi gas con-
tribution at the trap edge; the pairing peak arises from the
superfluid or pseudogap region in the trap center.

Figure 1 presents numerical results for the minority
RF spectra at unitarity and at moderate polarizations
6=(N;=N|)/N=0.5. The temperature gradually increases
from bottom to top. We consider lower temperatures (by a
factor of about 2) to arrive at results which are comparable to
those in [5]. The two insets show the pairing peak position
and trap center gap as a function of 7/ T(Fl ) In these two
insets, we follow the experiments of Zwierlein and co-
workers and use the majority-component Fermi energy Efvl)
as a unit of energy for both temperature and gap. The black,
red, and green curves correspond to three polarizations
0=0.1, 0.5, and 0.8, respectively. One can see that the higher
polarization is associated with a smaller peak position and
energy gap. We see that the magnitudes of the pairing gap are
rather comparable to their experimental counterparts. As in
the experiment, the pairing gap increases with decreasing
temperature. The energy scale at which it smoothly vanishes
can be read off in the insets, which yield T". There is no
sharp feature at T, so experimentally it cannot be precisely
defined. Nevertheless, we see that there is a clear separation
between the peak location curves for the three polarizations.
By contrast the experimental data for all measured polariza-
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FIG. 2. (Color online) Low-temperature (7=0.01) RF spectra at
different polarizations (as labeled) for a unitary (left) and noninter-
acting Fermi gas. When 6% 0, the solid (black) and dashed (red)
curves show the result when state |2) is the minority and majority,
respectively.

tions lie on the same (approximately) universal curve, with
substantially higher 7" (by a factor of 2 or so).

We now turn to a first scenario for elucidating the exotic
nonsuperfluid phase at high polarizations [5] by considering
the possibility [19] that this state is a Fermi gas or liquid.
The loss of superfluidity would be due to a destabilization
(arising from more benign Hartree-like corrections not in-
cluded here) in the competing normal Fermi gas phase. This
scenario is not compatible with a zero-temperature
pseudogap phase (since the presence of an excitation gap for
fermions means that it is not in a Fermi gas or Fermi liquid
state). Nevertheless, this scenario would give rise to a single,
nearly symmetric RF peak at low temperatures and high po-
larizations, similar to that observed experimentally, albeit as-
sociated with an atomic rather than a pairing peak.

Figure 2 plots the RF spectra at very low temperatures
T=0.01T in the unitary (left) and the noninteracting limit
(right panels), assuming state |2) is the majority (red dashed)
and minority (black solid lines), respectively. The top two
panels correspond to high polarizations 6=0.7 and 0.8. The
bottom panel presents a comparison with an unpolarized gas.
This low-temperature phase corresponds to superfluidity in
all cases in the left column, since that is what is found in our
calculations [9,16]. The two high polarizations correspond to
phase separation. In the noninteracting gas case (right col-
umn), the results are very simple. We find, as expected, only
atomic peaks in the majority and minority curves. They are
located at precisely the same position—at the zero of our
frequency scale. Comparing the two curves in Figs. 2(a) and
2(b) with those in Figs. 2(d) and 2(e), one sees that with
future majority spectra there is a simple way to rule out this
particular Fermi gas scenario. At low 7 the majority curves
in Figs. 2(a) and 2(b) (unlike the minority) have atomic
peaks as well as pairing peaks. The larger atomic peaks of

RAPID COMMUNICATIONS

PHYSICAL REVIEW A 77, 011602(R) (2008)

(a)

(=]

- ()

[\
T

RF Spectra (arb. units)

(=

(©)

T/T,=0.15 ]

4 1 1 1 1 1 1 1
-1 -0.5 0 0.5 1

RF detuning (Ey)

FIG. 3. RF spectra at unitarity when |2) is the minority with
polarization 6=0.95, for different temperatures 7/Tz=(a) 0.17, (b)
0.16, and (c) 0.15. Here we take y=0.05E.

the majority plots are associated with the fact that the major-
ity has a much larger noninteracting gas tail in its particle
density profile. By contrast for the minority curves on the
left, all fermions are paired at these low 7 and we see only a
single pairing peak.

When comparing with existing experiments, it should be
noted that if the single peak in the zero-temperature
pseudogap phase were an atomic peak as in the calculations
of Ref. [19], there would be a shift in its position (relative to
that computed here) though probably not large enough to
match the experimental presumed pairing peak. In summary,
this figure shows that the combined measurement of both
majority and minority curves can serve to establish whether a
single peak is coming from paired atoms or noninteracting
atoms. In this way it can address the scenario [20] which
associates the nonsuperfluid state at high polarizations with a
Fermi gas phase.

In Fig. 3, we turn to another possible scenario for the
mysterious phase in which there is pairing without superflu-
idity [5]: namely, that it is associated with a finite-
temperature and normal-pseudogap state which arises in the
Sarma portion of the phase diagram [9]. Here we consider
higher polarization, 6=0.95, which allows us to access a nor-
mal but paired phase at relatively low 7. The figure shows
the RF spectra for this system at intermediate 7, varying
from T=0.15T to 0.17Ty as we go from the bottom to the
top panels. Importantly, we see from the figure that a two-
peaked structure is clearly visible at the lowest T of this
intermediate temperature scale, 0.157. It will be even better
resolved at somewhat lower polarizations, as studied experi-
mentally. The two peaks start to merge into a single atomic
peak at higher 7, around 0.177. The observation of two
peaks in this figure at intermediate temperatures, in contrast
with experiment, suggests that the experiments [4,5] were
conducted at sufficiently low 7.

A third possible scenario for the observed zero-
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temperature pseudogap phase follows from BdG-based cal-
culations [15] which suggest that the ground state is, indeed,
a superfluid, but with a (hard to detect) Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) ordering [21]. We have conducted a
finite-temperature study (importantly including noncon-
densed pairs) of the simplest such state [22] which suggests
that this oscillatory order parameter phase rapidly becomes
unstable with increasing temperature. Because it is not suffi-
ciently robust, we argue that the FFLO phase is not likely to
be a candidate for the exotic ground state. Indeed, experi-
ments from both Partridge et al. and Shin et al. seem to
support phase separation [6,8] as found in LDA-based theo-
ries. We stress that the phase separation which we find [9,16]
is not associated with pairing without condensation and that
our theoretical phase diagram is closer to that of Ref. [6].
Moreover, at high polarization (where the zero-temperature
pseudogap state is purported to exist) we find a very small
self-consistently determined pairing gap as seen in Fig. 3 at
low T. In a related fashion, we find quite generally that, for
polarized gases, 7,=0 phases arise from the breakdown of
pairing.

Since at T=0 bosons (or presumably Cooper pairs) tend to
either condense or become insulating, this leads to a fourth
scenario for a 7,=0 with T"#0 phase, in which there is a
frustration of pair mobility and associated localization of
pairs. We have found this phase in other theoretical contexts
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[23], and it also appears to exist in high-T, superconductors
[2]. Within the present theoretical framework, however,
based on the BCS Leggett-like ground state, we find that
high polarization breaks pairs apart and thus destroys T" at
the same time as it destroys 7.

In summary, we have examined four different scenarios
for the purported zero-temperature pseudogap phase: that the
state is in reality (i) a (nonpaired) Fermi gas, (ii) a finite-
temperature pseudogap phase, (iii) an exotic FFLO super-
fluid, and (iv) a bosonic insulating phase with localized pairs.
We have not yet found support for scenarios (ii) and (iii) and
conclude that future RF experiments are needed to rule out
(i) by providing majority spectra which can confirm the pres-
ence of a pairing peak, as contrasted with an atomic peak.
Hopefully, such measurements will also reduce the unexpect-
edly high values assigned to T = Tr in order to be consistent
with other experimental [3] and theoretical estimates. The
bosonic insulating state of (iv) seems to be ruled out because
we find that polarization effects simultaneously diminish
both 7" and T..
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