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Superconducting phase coherence in the presence of a pseudogap: Relation to specific heat,
tunneling, and vortex core spectroscopies
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In this paper we demonstrate how, using a natural generalization of BCS theory, superconducting phase
coherence manifests itself in phase-insensitive measurements—when there is a smooth evolution of the exci-
tation gapD from above to belowTc . In this context, we address the underdoped cuprates. Our premise is that
just as Fermi-liquid theory fails aboveTc , BCS theory fails below. The order parameterDsc is different from
the excitation gapD. Equivalently there is a~pseudo!gap in the excitation spectrum aboveTc which is also
present in the underlying normal state of the superconducting phase. A central emphasis of our paper is that the
latter gap is most directly inferred from specific heat and vortex core experiments. At the same time there are
indications that fermionic quasiparticles exist belowTc so that many features of BCS theory are clearly
present. A natural reconciliation of these observations is to modify BCS theory slightly without abandoning it
altogether. Here we review such a modification based on a BCS-like ground-state wave function. A central
parameter of our extended BCS theory isD22Dsc

2 which is a measure of the number of bosonic pair excita-
tions which have a nonzero net momentum. These bosons are present in addition to the usual fermionic
quasiparticles. Applying this theory we find that the Bose condensation of Cooper pairs, which is reflected in
Dsc , leads to sharp peaks in the spectral function onceT<Tc . These are manifested in angle-resolved
photoemission spectra as well as in specific heat jumps, which become more like the behavior in al transition
as the pseudogap develops. We end with a discussion of tunneling experiments and condensation energy
issues. The comparison between theoretical and experimental plots ofCv, tunneling, vortex core spectroscopy
measurements is good.

DOI: 10.1103/PhysRevB.63.184519 PACS number~s!: 74.20.Fg, 74.25.Bt, 74.25.Fy
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I. INTRODUCTION

In the underdoped regime of high-temperature superc
ductors it is now clear that Fermi-liquid theory fails and t
‘‘smoking gun’’ for this failure is a~pseudo!gap in the fer-
mionic excitation spectrum aboveTc . Many would argue1,2

that this failure is evidence for spin-charge separation. Ho
ever, the fact that the excitation gap evolves smoothly into
counterpart in the superconducting phase may also be in
preted as evidence for ‘‘preformed pairs.’’ In this way sup
conducting pairing correlations are responsible for the bre
down of the Fermi liquid state. This picture appears rat
natural in view of the notably short coherence lengthj in
these materials, which leads to a breakdown of the s
mean-field theory of BCS. Within this shortj scheme, one
considers that pairs form at temperatureT* and Bose con-
dense at lower temperatureTc . These are not true ‘‘pre
formed’’ or bound pairs but rather long-lived3–5 pair states.
Many have argued for this viewpoint from
experimentalists6–10 to theorists.11,12

Our contribution13–17 to this body of work has been t
show how to microscopically implement this preformed p
approach at all temperaturesT<Tc , by deriving an exten-
sion of BCS theory, based on the ground state of Legge18

We have also addressed3–5 the behavior aboveTc . In this
extended BCS approach, the fermionic excitation gapD
@which evolves smoothly from above to belowTc ~Refs. 19
0163-1829/2001/63~18!/184519~13!/$20.00 63 1845
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and 20!# and the mean-field order parameterDsc ~which is
nonvanishing belowTc) are not necessarily the same at a
nonzero temperature; this is a reflection of the distinct
betweenT* and Tc . SinceDÞDsc , we say that there are
pseudogap effects belowTc . The normal state underlying
the superconducting phase is not a Fermi liquid. The exci-
tations of the system can be viewed as a ‘‘soup’’ of fermio
and pairs of fermions~bosons!. The latter are very long lived
at and belowTc in the long-wavelength limit; their number i
associated with the differenceD22Dsc

2 .
This background sets the stage for the important quest

which we address in this paper. What are the signature
Tc , in thermodynamical quantities such as the specific h
Cv , given the smooth evolution of the excitation gap? Ho
do we understand the abrupt appearance of long-lived,
mionic ‘‘quasiparticles’’ belowTc and their implications for
the electronic spectral functionA(k,v)? If the superconduct-
ing state is not Fermi-liquid based, then how does one
trapolate the ‘‘normal state’’ belowTc in order to deduce
such thermodynamical properties as the condensation
ergy?

One of the central observations underlying this pape
the fact that there are two distinct experiments which prov
seemingly similar information about the extrapolated norm
state, i.e., that thisT<Tc state contains an excitation ga
These are scanning tunneling microscopy~STM! data in a
vortex core8,21 as well as specific heat measurements.22 Ren-
©2001 The American Physical Society19-1
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ner and co-workers8 have argued that their vortex exper
ments ‘‘show either the presence of important supercond
ing fluctuations or pre-formed pairs.’’ Loram an
co-workers22–24 have analyzed their specific heat data
show that a thermodynamically consistent picture ofCv re-
flects a gap in the (T<Tc) ‘‘normal’’-state spectrum, not
directly related to the condensate. This would, they arg
include the possibility of preformed pairs that retained th
structure belowTc , as in 4He, and whose binding energ
does not contribute to the condensation energy. Alterna
explanations for the vortex core experiments have been
vanced by Franz and Millis25 and, more recently, by Fran
and Tesanovic26 and by Lee and Wen.27

This ‘‘preformed pair’’ picture, which is essentially
mean-field-based approach, should be contrasted with
phase fluctuation picture of Emery and Kivelson28 which has
been implemented by Franz and Millis25 to address photo
emission and tunneling spectroscopies. In the present
the normal-state excitations represent a ‘‘soup’’ of fermio
and bosons, whereas in the approach of Ref. 25 the syste
thought to consist of a soup of fluctuating vortices. It
widely believed that, at least belowTc , fermionic quasipar-
ticles are present so that the phase fluctuation picture
eventually need to accommodate their contributions. Lor
et al.24 have, moreover, argued that phase fluctuations
not consistent with the behavior ofCv , which they observe

The results which we obtain in this paper show that up
entering the superconducting phase, the onset of the coh
condensate, characterized byDsc , leads to a sharpening o
the peaks in the electronic spectral function, which will
directly reflected in angle-resolved photoemission spect
copy~ARPES! studies where its effects are quite dramatic,
well as in tunneling.29 ARPES measurements support such
peak sharpening, and it has been recently claimed,30 as is
consistent with the theme of this paper, that the obser
sharpening atTc ~rather than atT* ) is difficult to understand
within strict BCS theory.

Indeed, BCS theory can and should be generalized, an
its more general form, this peak sharpening in conjunct
with the temperature dependence of the excitation gap is
responsible for a specific heat jump. The latter is, thus, q
generally, associated with the onset of off-diagonal lon
range order. When this general picture is applied to the
prates we find that in the overdoped regime, this jump~in
Cv) can be quantified in terms of the temperature dep
dence of the excitation gapD @as in the traditional BCS case
see Eq.~18! below#. This is in contrast to the underdope
regime, where the order parameter and excitation gap
distinct and where the excitation gap is smooth acrossTc .
Here the jump~associated only withDsc! becomes smalle
towards underdoping, where the pseudogap is more pro
nent. Moreover, the shape of theCv versusT curve is more
like the l transition of Bose-Einstein condensation~BEC!.
All of these features seem to be consistent w
experiment.24,6

An important second theme of this paper is an analysi
the extrapolated normal state belowTc . We argue here tha
the superconductivity is non-Fermi-liquid based and that
has important implications for condensation energy e
18451
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mates. Moreover, the non-Fermi-liquid characteristics of
extrapolated normal state~which underlies the superconduc
ing phase! should help provide constraints on the lon
standing controversy2 of Fermi-liquid breakdown in the nor
mal state. Indeed, spin-charge separation scenarios27,26might
be distinguishable from alternatives such as the present
or that of Ref.25 by studiesbelow Tc . This provides a major
impetus for the present work.

II. THEORETICAL FRAMEWORK

Our work begins with the ground-state wave function
BCS as generalized by Leggett,18

C05Pk~uk1vkck↑
† c2k↓

† !u0&, ~1!

which describes the continuous evolution between a B
system, having weak couplingg and largej, towards a BEC
system with largeg and smallj. Here uk ,vk , which are
defined as in BCS theory, are self-consistently determine
conjunction with the number constraint.The central approxi-
mation of this paper is the choice of this ground-state wa
function. The essence of our previous contributions13,16,17has
been a characterization of the excitations ofC0 and their
experimental signatures~for all T<Tc). New thermodynami-
cal effects stemming from bosonic degrees of freedom m
necessarily enter, as one crosses out of the BCS regime
wards Bose-Einstein condensation.

As in BCS theory, we presume that there exists so
attractive interaction between fermions of unspecified ori
which is written asVk,k85gwkwk8 , whereg,0; here,wk
51 and (coskx2cosky) for s- and d-wave pairing, respec-
tively. The fermions are assumed to have dispersion,ek
52t i(22coskx2cosky)12t'(12cosk')2m, measured with
respect to the fermionic chemical potentialm. Heret i andt'
are the in-plane and out-of-plane hopping integrals, resp
tively. In a quasi-two-dimensional~quasi-2D! system, t'
!t i . For brevity, we use a four-momentum notationK
[(k,iv), (K[T(k,v , etc., and suppresswk until the final
equations.

We now make a number of important observations ab
BCS theory. BCS theory involves a special form for the p
susceptibility x(Q)5(KG(K)G0(Q2K), where the
Green’s functionG satisfies G215G0

211S, with S(K)
52Dsc

2 G0(2K). In this notation, the gap equation is

11gx~0!50, T<Tc . ~2!

As was first observed by Kadanoff and Martin,31 this BCS
gap equation can be rederived by truncating the equation
motion so that only the one-~G! and two-particle (T ) propa-
gators appeared. HereG depends onS which in turn depends
on T. In generalT has two additive contributions,13 from the
condensate~sc! and the noncondensed~pg! pairs. Similarly
the associated self-energy31

S~K !5(
Q

T ~Q!G0~Q2K ! ~3!
9-2
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SUPERCONDUCTING PHASE COHERENCE IN THE . . . PHYSICAL REVIEW B 63 184519
can be decomposed intoSpg(K)1Ssc(K). The two contri-
butions in S come, respectively, from the condensa
Tsc(Q)52Dsc

2 d(Q)/T, and from the QÞ0 pairs, with
Tpg(Q)5g/@11gx(Q)#.

More generally, at largerg, the above equations hold bu
we now include feedback into Eq.~2! from the finite-
momentum pairs, via Spg(K)5(QTpg(Q)G0(Q2K)
'G0(2K)(QTpg(Q)[2Dpg

2 G0(2K), which defines a
pseudogap parameterDpg . This self-energy and the assoc
atedT matrix can be diagrammatically represented by F
1.32 This last approximation is valid only because@through
Eq. ~2!# Tpg diverges asQ→0. A more complete discussio
of the validity of this approximation, based on numeric
studies, is given in Ref. 4. This body of work addresses
behavior whenTc is approached from above. Only atTc can
this approximation be made with any confidence, since o
erwise theT matrix is not sufficiently peaked at small fre
quencies and wave vectors; this is equivalent to the statem
that the temperature-dependent coherence length is not
ficiently long. Similar observations have been made e
where in the literature.33 However, at all temperatures~at
and! below Tc , the gap equation or, alternatively, the gen
alized Thouless criterion of Eq.~2! helps to establish this
important approximation. For the purposes of computing
gap parameters as a function of temperature (D andDsc), as
well asTc , we may use the approximation thatSpg(K) has
a BCS-like form, as does, then, the total self-energyS(K)
52D2G0(2K), where

D25Dsc
2 1Dpg

2 . ~4!

For the physically relevant regime of moderateg, we have
found, after detailed numerical calculations,15,16thatTpg may
be approximated as

T pg
21~q,V!5a0~V2Vq1mpair1 iGq!, ~5!

where the pair dispersionVq5q2/2M pair and the effective
pair chemical potentialmpair50 for T<Tc . The effective
pair massM pair and the coefficienta0 are determined via a
Taylor expansion17 of T pg

21 . Moreover,Gq→0, asq→0. As
a consequence we have

Dpg
2 52(

Q
Tpg~Q!5

1

a0
(
qÞ0

b~Vq!. ~6!

We now rewrite Eq.~2!, along with the fermion numbe
constraint, as

11g(
k

122 f ~Ek!

2Ek
wk

250, ~7!

FIG. 1. Diagrammatic representation of the self-energyS andT
matrix T, as shown in Eq.~3!. The thin and thick lines denote bar
and full Green’s functions, respectively.
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Here f (x) and b(x) are the Fermi and Bose functions an
Ek5Aek

21D2wk
2 is the quasiparticle dispersion.

Before leaving this section, it is useful to recapitula
some key points of the above analysis.~i! The pair suscepti-
bility x(Q) which we use throughout involves one bare a
one dressed Green’s function. This ‘‘GG0’’ scheme owes its
origin to BCS theory, where this form forx leads to the BCS
gap equation, rewritten as Eq.~2!. Since we require that the
present approach yield BCS theory at weakg, it is natural to
introduce this form for our more general purposes.32 ~ii ! Said
alternatively, we can see that in weak coupling and atQ
50, the integrand inx is proportional to the usual Gor’kov
F function which is fundamental to BCS theory. Here t
coefficient of proportionality isDsc5D. ~iii ! It should be
evident that, at stronger coupling, where these two ene
gap parameters become distinct, it is not appropriate to
troduce this anomalous form for the Green’s function, sin
it is not clear whether in any given instance one should
the excitation gapD or the order parameterDsc . By the
same token, on general grounds, belowTc it is not sensible
to use anomalous Green’s functions in the pair susceptib
or in the self-energy. Rather their effects are accommoda
via the introduction of the pair susceptibility in the ‘‘GG0’’
form. In the present approach it is the singular term in thT
matrix, Tsc ~rather than the Gor’kovF function!, which in-
troduces the anomalous self-energy (Ssc) into the formalism.

Finally, it should be stressed that Eqs.~6!–~8! represent
the central equations of our theory belowTc . They are con-
sistent with BCS theory at smallg and with the ground state
C0 at all g; in both cases the right hand side of Eq.~6! is
zero. The simplest physical interpretation of the present
coupling scheme is that it goes beyond the standard B
mean-field treatment of single particles~which also acquire a
self-energy from finiteq pairs!, but it treats the pairs at a
self-consistent mean-field level.

III. SPECTRAL FUNCTIONS, DENSITIES OF STATES,
AND SPECIFIC HEAT

Experimentally, it has been established from specific h
measurements in the cuprates that there is a step discon
ity or a maximum atTc , depending on the doping level.23,24

It is clear that one cannot explain these experiments us
the standard picture of BCS theory, in which the specific h
jump at Tc results from the opening of the excitation ga
We now address these experiments. In Sec. II, we used
approximate form for the pseudogap self-energySpg @see the
derivation of Eq.~4!#, in order to simplify the calculations
Under this approximation,Spg has a BCS-like character, s
that the spectral function is given by twod functions at
6Ek . These approximations were justified in the context
the applications considered thus far.13–17

However, in order to study quantities which rely on d
tails of the density of states, we will, in the remainder of th
paper, relax this simplifying approximation and allow fo
lifetime effects in Spg . This more realistic form forSpg
9-3
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FIG. 2. Behavior of the coher-
ent contribution to the spectra
function at variousT, for wave
vectors away from the nodes.
-
n
e

e

ar
d
ab
ts

ns

o
-
th

g

a

y-

e
ng

be

al
ke

ated

set

re:
ve

he

the
wn

and
pec-
ted
s

te
incorporates a finite broadeningg due to the incoherent na
ture of the finite center-of-mass momentum pair excitatio
In this way we distinguish this contribution from that of th
condensate. To make numerical calculations tractable,4,5 we
do not solve for the broadeningg and excitation gapD self-
consistently. This would involve an iterative solution of th
complex set of three coupled equations forG andT; rather
we take D below Tc from Eqs. ~6!–~8!, and use our
estimates4,5 of T* to determine where pseudogap effects
essentially negligible. More importantly, we treat the broa
ening as a phenomenological parameter, with one adjust
coefficient, chosen to optimize fits to tunneling experimen
Our results, throughout this paper, are not particularly se
tive to the detailed form ofg ~which will depend on doping
concentrationx andT),34 but it is essential thatg be nonzero
and appreciable when compared withT. In this same spirit,
we takeTc and the chemical potentialm from our leading
order calculations~with g50).

We turn now to the spectral functionA(k,v). It follows
from our microscopic scheme that slightly above4,5 Tc and
for all T<Tc ,13 the self-energy associated with theqÞ0
pairs and that from the condensate orq50 pairs are given,
respectively, by

Spg~k,v!5
Dk,pg

2

v1ek1 ig
2 iS0~k,v! ~9!

and

Ssc~k,v!5
Dk,sc

2

v1ek
, ~10!

where Dk,pg5Dpgwk and Dk,sc5Dscwk . Here we have
added toSpg an additional pieceS0 which is not accounted
for by our ~particle-particle! ladder diagrams. This leads t
an ‘‘incoherent’’ background contribution which we will ad
dress later in the context of the cuprates. For the rest of
discussion in the next two sections we setS050 and,
thereby, focus only on the superconducting and pseudo
terms.

The spectral function can readily be computed fromS
5Ssc1Spg , as

A~k,v!522 ImG~k,v1 i0!, ~11!
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which satisfies the sum rule*2`
` (dv/2p)A(k,v)51. We

thus obtain a relatively simple expression forA(k,v) which
applies below and aboveTc , respectively,

A~k,v!5
2Dk,pg

2 g~v1ek!2

~v1ek!2~v22Ek
2!21g2~v22ek

22Dk,sc
2 !2

,

~12a!

A~k,v!5
2Dk

2g

~v22Ek
2!21g2~v2ek!2

. ~12b!

From Eq.~12b!, we see that the spectral function contains
zero atv52ek belowTc , whereas it has no zero aboveTc .
This difference is responsible for the different thermod
namical behavior acrossTc .

In Fig. 2, we plot the spectral function forek50 ~on the
Fermi surface! at different temperatures from slightly abov
Tc @Fig. 2~a!# to temperatures within the superconducti
phase@Fig. 2~f!#. This figure is typical of situations in which
there is a well-established pseudogap. The figure can
viewed as representative of boths- andd-wave order param-
eter symmetries. Hence the value of the wave vectork̂ is not
particularly relevant, provided it is away from the nod
points in thed-wave case. For illustrative purposes, we ta
k̂ at the antinodes, withg(T)5Dpg(Tc) andDpg(Tc)50.05
~in units of 4t i). In this way we ignore anyT dependence in
g and, thus, single out the long-range order effects associ
with Dsc .

These figures give the first clear indications of the on
of ‘‘quasiparticle’’ coherence. Moreover, panel~a! helps to
emphasize an important component of our physical pictu
the superconductor is not in a Fermi-liquid state just abo
Tc , as can be seen by the non-Fermi-liquid form for t
spectral function. Just belowTc , the dramatic dip at 0.99Tc
is a consequence of Bose condensation ofq50 pairs. Here, a
very small condensate contribution nevertheless leads to
depletion of the spectral weight at the Fermi level, as sho
in Fig. 2~b!. As the temperature continues to decrease
the superconducting gap increases, the two peaks in the s
tral function become increasingly well separated, as plot
in Figs. 2~c!–2~f!. Even at the relatively high temperature
corresponding toT/Tc;0.7, the spectral peaks are qui
9-4
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FIG. 3. Effects of supercon-
ducting long-range order on th
behavior of the density of states a
a function of temperature in a
pseudogappeds-wave supercon-
ductor withn50.5. Here we take
the parameters to be the same
those used in Fig. 2. AtT/Tc

;0.7, as shown in~f!, the density
of states is close to that of stric
BCS theory.
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sharp—only slightly broadened relative to their BCS cou
terparts~where the spectral function is composed of twod
functions!.

It should be stressed that lifetime effects viag do not lead
to significant peak broadening. This follows from the fa
that the imaginary part of the pseudogap self-energy at
peak locationEk is given by~for ek50)

g85g
Dk,pg

2

~Ek1ueku!21g2
5g

Dk,pg
2

Dk
21g2

. ~13!

Since Eq.~6! indicates thatDpg vanishes asT→0, the effec-
tive peak width, determined byg8, decreases with decreasin
T. It can be seen that belowTc , the spectral function in Eq
~12b!, is very different from that obtained using a simp
broadened BCS form; there is no true gap for the latter
contrast to the present case.

These spectral functions can be used to derive the den
of states~per spin! as

N~v!5(
k

A~k,v!. ~14!

Moreover, it is expected that peak sharpening effects
cussed above for the spectral function are also reflecte
the density of states. For simplicity, we first consider t
case ofs-wave pairing. In Figs. 3~a!–3~f!, the density of
states is plotted for a quasi-2Ds-wave superconductor
where the various energy gaps are taken to be the same
Fig. 2. Because of contributions from states withekÞ0, the
narrow dips in Figs. 2~b! and 2~c! do not show up here
However, as is evident, the density of states within the
region decreases quickly, as the superconducting conden
develops.

The rapid decrease of the density of states with decrea
T, in the vicinity of Tc , will be reflected in the behavior o
the specific heatCv and, thereby, leads to the thermodynam
cal signature of the phase transition.Cv may be obtained
from Cv5dE/dT, where the energyE is calculated via35

E52T(
k,n

1

2
~ ivn1ek

01m!G~k,ivn!

5(
k
E

2`

` dv

2p
~v1ek12m!A~k,v! f ~v!, ~15!
18451
-

t
e

n

ity

s-
in

s in

p
ate

ng

-

whereek
05ek1m is the dispersion measured from the botto

of the band. It follows that

E5E
2`

` dv

2p
@~v1m!N~v!1K~v!# f ~v!, ~16!

where we have definedK(v)[(kek
0A(k,v), which can be

regarded as the contribution associated with the kinetic
ergy of the system. In this way, we obtain

Cv5E
2`

` dv

2p H ]m

]T
N~v! f ~v!2@~v1m!N~v!

1K~v!#
v

T
f 8~v!1F ~v1m!

]N~v!

]T
1

]K~v!

]T G f ~v!J .

~17!

The first two terms on the right hand side lead to a ‘‘norm
metal-like’’ contribution toCv /T which is proportional to
N(v) at low T. However, the third term arises becauseN(v)
depends onT. In this case, Cv /T no longer reflects the den
sity of states.It is this term that will give rise to the specifi
heat discontinuity atTc .

In Fig. 4 we plot the temperature dependence ofCv in
both ~a! the weak-coupling BCS case and~b! the moderate-
coupling pseudogap case withs-wave pairing. We choose
for definiteness, the broadeningg(T)5T for the second of
these calculations. We also indicate in the insets the res
tive temperature-dependent excitation gaps, which have b
assumed13,16 in producing the figure.

In both cases shown in Fig. 4, the specific heat ju
arises from a discontinuity indN(v)/dT,36 associated
with the onset of superconducting order. However, for
BCS case, this derivative can be associated with a disco
nuity in the derivative of the excitation gap, via

DCv
BCS52N~0!

dD2

dT
. ~18!

By contrast, in the pseudogap case, the gapD and its deriva-
tive dD/dT are presumed to be continuous acrossTc as
shown in the inset to Fig. 4~b! and in Fig. 5 below, so tha
Eq. ~18! does not hold. Moreover, in this case, above b
nearTc , the temperature dependence in the density of st
is still important due to the presence of an excitation g
9-5
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QIJIN CHEN, K. LEVIN, AND IOAN KOSZTIN PHYSICAL REVIEW B 63 184519
aboveTc . The latter leads to a decrease indN(v)/dT which
is then reflected37 in a decrease inCv , slightly aboveTc . At
higherT, well away fromTc , wheredN(v)/dT tends gradu-
ally to zero,Cv is then controlled, as in a more typical ‘‘nor
mal metal,’’ byN(v). We see, then, that the approach to t
‘‘normal metal’’ value is sharp for the BCS case, but becau
of the nonzero pseudogap, it is more gradual for case~b!. An
important consequence of these effects, is that the shap

FIG. 4. Comparison of the temperature dependence of the
cific heat in the~a! weak-coupling BCS case and~b! moderate-
coupling pseudogap case. Shown here are quasi-2Ds-wave results,
at n50.5, 2g/4t i50.5 and 0.6, respectively. TheT dependence of
the gap is shown as insets.

FIG. 5. Temperature dependence of the excitation gaps for v
ous doping concentrations used for calculations in Fig. 7. H
D0,opt is the zero-T gap at optimal dopingx'0.15.
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the anomaly inCv @shown in Fig. 4~b!# is more characteristic
of a l-like transition, although there is a precise step fun
tion discontinuity just atTc .

IV. APPLICATION TO THE CUPRATES

The results obtained in Sec. III are generally valid f
both s- andd-wave cases, and can be readily applied to
d-wave cuprates. In this section we test the physical pict
and the results obtained above by studying the tunne
spectra and the specific heat behavior in the cuprates
function of doping and of temperature. As in earli
work,16,17 we introduce a hole concentration dependence
the electronic energy scales by imposing the Mott constr
that the in-plane hopping integralt i(x)5t0x, so that the
plasma frequency vanishes asx→0. As a result, the effective
coupling strength2g/t i(x) increases as the Mott insulato
phase is approached. Here we assume~for simplicity! g(x)
5g and fit the one free parameterg/t0 to the phase
diagram.16

In order to compare with tunneling spectra, we introdu
a slightly more realistic band structure which includes
next-nearest-neighbor hopping term22t8(12coskx cosky)
in the band dispersionek , with t8/t i'0.4. This parameter
choice gives rise to the holelike Fermi surface shape see
ARPES measurements for underdoped and optimally do
cuprates,38,39 and places the van Hove singularity in a mo
correct position within the band.

Finally, we turn to the phenomenological parameterg as
well as to D. We presume thatg changes from above to
below Tc and in this wayD ~which is directly coupled tog
via the set of coupled equations forG and T ) will have
some, albeit small, structure in its temperature dependenc
Tc , as seems to be the case experimentally. Our choice
the excitation gaps is shown in Fig. 5, and appears com
ible with Figs. 8 and 9 in Ref. 22. As is consistent wi
scattering rate measurements in the literature,40,41 we take
g}T3 below Tc and linear inT aboveTc .42 For the doping
dependence, we assume thatg varies inversely withD. This
reflects the fact that when the gap is large, the availa
quasiparticle scattering decreases. With these reasonabl
sumptions, along with the continuity ofg at Tc , we obtain a
simple form

g5H aT3/TcD ~T,Tc!,

aTTc /D ~T.Tc!.
~19!

Here, the coefficienta<1. This corresponds to our singl
adjustable parameter.

A. Tunneling spectra

Tunneling experiments were among the first to prov
information about the excitation gap—which measureme
seem to be consistent with ARPES data.9 For a given density
of statesN(v), the quasiparticle tunneling current across
superconducting-insulator-normal~SIN! junction can be
readily calculated,43

e-

ri-
e
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I SIN52eN0T0
2E

2`

` dv

2p
N~v!@ f ~v2eV!2 f ~v!#, ~20!

where we have assumed a constant density of states,N0, for
the normal metal, and presumed that the tunneling ma
elementT0 is isotropic. In reality, there may be some dire
tional tunneling which will tend to accentuate the gap fe
tures, but we do not complicate our discussion here w
these effects. At lowT, one obtains

S dI

dVD
SIN

'
e2N0T0

2

p
N~eV! ~21!

so that the tunneling spectra and the density of states
equivalent, up to a multiplicative constant coefficient. AtT
comparable toTc , however, the tunneling spectra reflect
more thermally broadened density of states.

In Fig. 6~a!, we plot the SIN tunneling spectra, calculat
for optimal doping (x'0.15) at temperatures varying from
above to belowTc . The van Hove singularity introduces
broad maximum in the spectra at high temperatures, as
for the top curve in Fig. 6~a!. We see here that~even for this
optimal sample!, as observed experimentally,9 the density of
states contains~pseudo!gaplike features which lead to tw
peaks. This is visible for temperatures well aboveTc . A
similar plot is presented in Fig. 6~b!, which shows at fixed
low T50.2Tc how the spectrum evolves as a function ofx.
Both these plots appear in reasonable agreement with wh
observed experimentally by Renner and co-workers44 and by
Miyakawaet al.45 for Bi2Sr2CaCu2O81d ~Bi2212!.

B. Specific heat

There is a substantial amount of experimental data on
specific heat in the cuprates,24,6 although systematic studie
come primarily from one experimental group.24 We compare
our numerical results with these data by plotting our cal
lations for Cv /T in Figs. 7~a!–7~f!, from over- to under-
doped systems. As shown in these plots, the behavior oCv
is BCS-like in the overdoped regime. As the system pas
from optimal doping towards underdoping, the behavior
more representative of al-like anomaly, as found in Fig
4~b! for the s-wave case. All these trends seem to be qu
tatively consistent with experimental data.23,24 In the under-
doped regime at highT, we find a maximum inCv /T, near a
temperatureT* , which may be associated with the onset
the pseudogap state@see, e.g., Fig. 8~c!#. Finally, in contrast
to Fig. 4, at lowT, thed-wave nodes lead to a larger quas
particle specific heat, than for thes-wave case.

The experimentally observedl-like anomaly ofCv at Tc
has been interpreted previously as evidence for a Bose
densation description.6 Here, in contrast, we see that with
our generalized mean-field theory, this anomaly natura
arises from the temperature dependence of the fermionic
citation gap which has some structure at, but persists ab
Tc , as shown in Fig. 5. Thus, this is a property of superc
ductors which have a well-established pseudogap. That
experimental data~which, except at extremely reduced ho
concentrations! show a reasonably sharp (l-like! structure at
18451
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Tc seems to reinforce the general theme of this work—t
corrections to BCS theory may be reasonably accounted
by an improved mean-field theory, rather than by, say,
cluding order parameter fluctuation effects.

V. LOW- T EXTRAPOLATION OF THE PSEUDOGAPPED
NORMAL STATE

A. Non-Fermi-liquid-based superconductivity

The character of the extrapolated (T<Tc) ‘‘normal state’’
is at the core of many topical issues in high-Tc superconduc-
tivity. Understanding this state may shed light on the nat

FIG. 6. ~a! Temperature and~b! doping dependence of tunnelin
spectra across an SIN junction. Shown in~a! are thedI/dV charac-
teristics calculated for optimal doping at various temperatures fr
above to belowTc . Shown in~b! are tunneling spectra at lowT ~at
0.2Tc! for variousx. The units fordI/dV aree2N0T0

2/4t i , wheret i
is evaluated at optimal doping. For clarity, the curves in~a! and~b!
are vertically offset by 1.5 and 10, respectively.
9-7
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FIG. 7. Temperature depen
dence of the specific heat for var
ous doping concentrations, calcu
lated witha51/4 in Eq.~19!.
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of Fermi-liquid breakdown aboveTc . Moreover, the thermo-
dynamics of this extrapolated phase provides a basis for
timates of the condensation energy. This is deduced24 by
integrating the difference between the entropy of the sup
conducting state and that of the extrapolated normal s
with respect toT. This extrapolated normal state also appe
as a component of the free energy functional of conventio
Landau-Ginzburg theory. Indeed, considerable attention
been paid recently to condensation energy in the contex
determining the pairing ‘‘mechanism’’ in high-temperatu
superconductors.46–48 In this regard what is needed is th
difference between the various ‘‘normal’’- an
superconducting-state polarizabilities~e.g., magnetic and
electric! which are thought to be responsible for the pairin
It is important to stress thatthe ‘‘normal state’’ used in com-
puting the polarizabilities should contain an excitation g
which is compatible with that found in the experimental da
analysis24 with which the microscopically deduced conde
sation energy is compared.
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We have emphasized that within our physical pictu
there is an underlying~pseudo!gap in the normal state below
Tc . A similar picture was independently deduced pheno
enologically from specific heat and magnetic susceptibi
measurements by Loram and co-workers22 who arrived at
equations like those of Sec. II@Eqs. ~4! and ~7!#. However,
they did not impose a self-consistent condition onDpg as in
Eq. ~6!. Rather the quantityDpg ~which they call Eg) is
assumed to beT independent.

To expand on these issues we plot in Fig. 8 the calcula
Cv /T and entropyS for ~a! and ~b! the BCS case, as com
pared with the counterparts obtained for the pseudogap
perconductor in~c! and ~d!. The dotted lines represent th
Fermi liquid, i.e., linear extrapolation~FL!. Figures 8~a! and
8~b! reaffirm that this Fermi-liquid extrapolation is sensib
for the BCS case—Cv /T is a constant, andS is a straight line
going through the origin. Panel~b! is useful in another re-
spect: it shows how the entropy behaves as phase coher
is established. In general, the phase-coherent state h
lower entropy than the extrapolated normal state.
the
on-
FIG. 8. Comparison of the extrapolated normal state belowTc in ~a!,~b! BCS and~c!,~d! pseudogap superconductors. Shown are
extrapolations forCv /T and the entropyS in the upper and lower panels, respectively. Here ‘‘SC,’’ ‘‘PG,’’ and ‘‘FL’’ denote superc
ducting state, extrapolated normal state with a pseudogap, and Fermi-liquid-based extrapolation, respectively. The shaded areas in~c! and~d!
determine the condensation energy.
9-8
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FIG. 9. Extrapolated normal-
state ~PG! and superconducting
state ~SC! contributions to SIN
tunneling and thermodynamic
~left!, as well as comparison with
experiments~right! on tunneling
for Bi2212 from Renneret al.
~Ref. 8! and on specific heat for
Y0.8Ca0.2Ba2Cu3O72d from Lo-
ram et al. ~Ref. 24!. The theoreti-
cal SIN curve is calculated forT
5Tc/2, while the experimental
curves are measured outsid
~dashed line! and inside ~solid
line! a vortex core.
at
d
he
qu
e

e

at
b

he
-

,
ic

al
m

ne
t
a

ed
ed
of
t

,

s
the
ted

ure
the
ore
en-

mal
the

-
n-

k

be-

d’’
ely
of a
ger,
e.

ag-

or-
e-
tum
In the underdoped regime, Loram and co-workers24 have
stressed that entropy measurements lead one to infer th
excitation gap occursabove Tc. We analyze our calculate
form of the entropy in a similar fashion. In contrast to t
BCS case, for a pseudogap superconductor, the Fermi-li
extrapolation ofS is unphysical, approaching a negativ
value at lowT, as shown by the dotted line in Fig. 8~d!. Here
the solid and dotted lines separate around the temperaturT*
which we find to be around 1.5Tc . In order to obtain a ther-
modynamically consistent picture, then, the normal st
must deviate from the FL line and this is accomplished
turning on an excitation gap atT<T* .

The dashed lines in Figs. 8~c! and 8~d! show a more rea-
sonable extrapolated normal state~labeled PG! which is
equivalent to the solid line forT>Tc and distinct forT
,Tc . This extrapolation is taken to be consistent with t
conservation of entropy,S5*0

TCv /T dT, i.e., the shaded ar
eas in~c! and ~d!. This construction for theT<Tc normal
state is similar to the procedure followed experimentally24

and, in effect, removes phase-coherent contributions wh
enter viaDsc . This construction is by no means unique;
that is required is that the entropy of the extrapolated nor
and of the superconducting states be equal atT5Tc . As
shown in the figure, we chose, for simplicity, a straight li
extrapolation forCv /T. Moreover, this choice is consisten
with our expectation that there would be, in the ‘‘norm
state,’’ a finite intercept forCv /T.

Just as a gap is present aboveTc , the underlying normal
phase belowTc ~labeled PG! is to be distinguished from the
FL extrapolation; it also contains an excitation gap. Inde
this is consistent with what has been claim
experimentally:24 a thermodynamically consistent picture
Cv reflects a gap in the T<Tc normal-state spectrum, no
directly related to the condensate. While Figs. 8~c! and 8~d!
are similar to what is in the data in underdoped cuprates
our analysis the ‘‘normal’’ stateCv /T and S are linear and
18451
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quadratic inT, respectively. Slightly different power law
have been assumed experimentally. A rough estimate of
condensation energy can be obtained from the integra
area between the solid line~for the superconducting state!
and the dashed line~for the extrapolated normal state! in Fig.
8~d!. It should also be noted that a more meaningful meas
of the condensation energy is obtained by computing
magnetic-field-dependent Gibbs free energy. This is m
complicated to implement both theoretically and experim
tally.

B. Comparison with vortex core andCv measurements

The presence of a pseudogap in the underlying nor
state of the superconducting phase is also consistent with
observations by Renner and co-workers8 based on STM mea
surements within a vortex core. While one might be co
cerned about magnetic field,H, effects in interpreting these
data, it should be noted thatH appears to have a rather wea
effect49 on pseudogap phenomena, as measured byT* and
D(H). ~In more overdoped samples the field dependence
comes more apparent50.! By contrastTc is more sensitive to
H.

Indeed, this weak dependence onH is often invoked in
the literature as strong evidence against the ‘‘preforme
pair scenario. In the usual BCS case, pairs form precis
when phase coherence sets in. However, in the case
pseudogap superconductor where the coupling is stron
pairs form aboveTc without an underlying phase coherenc
It is clear that a magnetic field lowersTc by destroying phase
coherence. However, ‘‘preformed’’ pairs will surviveH,
leaving the excitation gap in tact. Stated alternatively, a m
netic field ~just like magnetic impurities! breaks time rever-
sal symmetry, and therefore makes it energetically unfav
able to form Cooper pairs which are comprised of tim
reversed single-particle states. In contrast, finite-momen
9-9
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pair excitations, which are responsible for the pseudoga
our approach, are not formed in time-reversed states, an
such, they are not as susceptible to external magnetic fi
or to magnetic impurities. A more microscopic theory of t
characteristic temperaturesT* (H) andTc(H) at smallH will
be presented in a forthcoming paper. The field insensitiv
of the former can be traced to the small size of the cohere
length.51

In Fig. 9, we plot our results for the SIN tunneling cha
acteristics,dI/dV, and the computed entropy and speci
heat in a pseudogap superconductor, and compare
experiment.24,8,52 To obtain the extrapolated normal sta
~called PG! in dI/dV, we set the superconducting order p
rameterDsc to zero, but maintain the total excitation gap
be same as in a phase coherent, superconducting state—
nonzeroDsc ~called SC!. This procedure presumes that wh
the condensate is absent, the pseudogapDpg must correspond
to the full excitation gap. Thus it should reflect the pa
which would otherwise be condensed. The characteristic
havior of dI/dV measured in an SIN configuration is pr
sented as a comparison between theory~left! and experiment
~right! in the upper panels of Fig. 9. Here the experimen
curves are taken from Ref. 8, measured for underdo
Bi2212 inside~PG! and outside~SC! a vortex core, respec
tively. The non-Fermi-liquid nature of the extrapolated no
mal state can be clearly seen. In a similar fashion, we sh
the comparisons for the extrapolated entropy and spe
heat between our theory and experiments of Ref. 24
Y0.8Ca0.2Ba2Cu3O72d . Here g5Cv /T. The agreement be
tween the theoretically computed curves and experiment
deduced curves provides reasonable support for the pre
theoretical picture.

C. Discussion

In this section we revisit some of the issues raised in
paper and in experiments onCv , tunneling, vortex core, and
related spectroscopies. In contrast to what has been pres
up until now, here we are more qualitative and, in so
instances, more speculative.

Intrinsic tunnelingexperiments:53 Considerable attention
has been directed towards intrinsic tunneling experiments~in
stacked layers!, not only because they yield different resu
from STM ~Refs. 44 and 21! and from point contact/brea
junction45 experiments, but also because they sometimes
veal an unexpected sharp feature~or second peak indI/dV!
presumably associated with superconductivity. This peak
curs in addition to a broader excitation gap feature~which is
more like that found in single-junction experiments! and it
vanishes forT>Tc . There is, as yet, no complete conve
gence between different intrinsic Josephson junction~IJJ!
tunneling experiments. On overdoped samples Suz
and co-workers54 have found anomalously sharp and lar
amplitude ~second! peaks whose presence correlates w
long-range order, while, by contrast, Latyshev a
co-workers55 find only a single maximum indI/dV below
Tc , which rather smoothly evolves into the normal sta
peak. However, for underdoped samples, Krasnov
co-workers53 report two maxima belowTc , with a much less
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pronounced sharp feature than in Ref. 54~although the latter
appears to be descended from the more anomalous fea
reported earlier by Suzukiet al.!. Earlier work56 by some of
these same authors reporteddI/dV characteristics in
HgBr2-intercalated Bi2212 samples. In advantage, the Jo
heating, which was considered to be a problem in exp
ments on IJJ at high bias current,54 can therefore be signifi-
cantly suppressed. These latter observations were mor
line with those found by other groups45,8 in single-junction
experiments. In contrast to their more recent work,53 in these
intercalated samples the peak-dip-hump features were cle
visible at characteristic energies in the ratio 2:3:4.

There is in all these experiments the possibility that
so-called superconducting peak is an artifact of self-hea
or other nonequilibrium effects, which would be prese
when there is a nonzero critical current. Its absence in sin
junction experiments would, otherwise, be difficult to e
plain. These latter experiments correlate well with ARPE
Moreover, they also correlate with inferences fromCv and
other bulk data.57,9 We have no simple explanation for th
sharp feature in tunneling. Within our approach there is
single excitation gapD above as well as belowTc . Although
the critical current16 I c reflects the order parameterDsc ,
which vanishes atTc , this order parameter contribution i
not expected to show up in quasiparticle tunneling as a s
ond gap feature. Of these IJJ experiments, the data w
seem not incompatible with our picture are those of Yurge
et al.56 and, possibly, Latyshevet al.;55 the latter authors,
nevertheless, find much sharper maxima indI/dV than we
would have.

Quantum critical points: Both theorists58 and
experimentalists41,24 have recently turned their attention t
quantum critical phase transitions. Moreover, these phen
ena are assumed to be related to pseudogap effects. In
Loram and co-workers24 presume thatDpg ~which, in their
approach, is taken to be temperature independent! is propor-
tional to T* . Then at some critical doping concentrationx
'0.19), Dpg appears to vanish and they infer thatT* →0.
By contrast, we find thatDpg is more closely associated wit
(T* 2Tc), which does not lead to a zero-temperature ph
transition, even whenDpg vanishes.

At low x, on the other hand, there may be something m
dramatic like a first-order or quantum critical phase tran
tion going on — at the superconductor-insulator bounda
Here the excitation gap is maximum on the one side of
boundary and yet the superconducting order parameter
appears on the other.~In the present picture this disappea
ance was found to arise from the localization ofd-wave
pairs15.! At low x, this superconductor-insulator transitio
also appears in the presence of a magnetic field59 when the
field is large enough to drive the system into the norm
phase. It also appears with impurity pair breaking.60 All three
of these experiments may be interpreted as suggesting
the fermionic excitation gapD survives in the presence o
pair breaking~by large fields or impurities! or low hole
concentrations—thereby leading to an insulating fermio
excitation spectrum. Some confirmation of this conjectu
comes from NMR experiments49 which seem to imply thatD
does not vary withH, once the pseudogap is well esta
9-10
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lished. And the STM measurements,8 in general, as well as
inside a vortex core seem consistent with the observation
D is only weaklyH dependent. One cannot, of course, igno
Mott insulating effects at this superconductor-insula
boundary as well. However, whatever physical mechanism
dominant, the fact that the superconductor-insulator tra
tion is a robust feature associated with the disappearanc
superconductivity, whether by pair breaking or by dopin
needs to be addressed.

Incoherent contributions to the spectral function in ph
toemission: Recent photoemission experiments61,30 indicate
that the relative weight of the coherent contribution to t
spectral function decreases rapidly with decreasingx. Ignor-
ing the incoherent termS0 in the self-energy~as we
have here! will necessarily affect any quantitative inferenc
about the systematicx dependence of the spectral functio
and, thereby, ofCv or the related condensation energy. Th
term can only be put in by hand in the present approach
arises here from diagrams other than the particle-part
terms which give rise to the superconductivity a
pseudogap. Moreover, the measured systematicx depen-
dence of the coherent spectral weight, which has been
ferred from photoemission,61,30 is likely to be consistent with
the inferences based on thermodynamics24 for the x depen-
dence of the entropyS and related condensation energ
However, when the contribution fromS0 is sizable, relative
to the coherent terms, one cannot include it~by hand! with-
out self-consistently also re-solving for the chemical pot
tial m and, hence, also forD and Tc , etc. This extensive
numerical program would take us too far afield to implem
here.

In addition, thisS0 contribution is needed to arrive at th
well-known62 dip-hump features of photoemission. Whe
this term is artificially added, we are able to obtain this lat
structure which will scale with the excitation gapD. Indeed,
a dependence onD is plausible since we presume thatS0 is
associated with various~electron-hole! polarizabilities,
which in the superconducting and pseudogap states re
the nonvanishing excitation gap. It is, however, essential~to
obtain dip-hump features! that the imaginary part ofS0 turn
on rather abruptly at frequencies somewhere betweenD and
2D. Indeed, the step function model introduced in Ref.
seems to accomplish this quite well, but we know of
simple microscopic mechanism which yields this rapid f
quency onset.

VI. CONCLUSIONS

This paper has raised some issues which have a numb
important ramifications. We suggest that specific heat
vortex core experiments have provided strong evidence
the normal state underlying the superconducting phase is
a Fermi liquid. Thus BCS theory cannot be applied to
underdoped cuprates, without some modification. Since
have, as yet, very little alternative to BCS, it is natural first
try to extend it slightly. We believe the simplest and mo
benign modification is to adopt the Leggett extension of
ground-state wave function, Eq.~1! ~which is applicable to
weak and strong couplingg), and extend his scheme to finit
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T. Within this approach we were able in the past to perfo
a number of concrete calculations,13–17 and, in the presen
paper, explore the behavior somewhat above and belowTc

of the specific heatCv and quasiparticle tunneling characte
istics dI/dV. This present study led us naturally to analy
the nature of superconducting phase coherence in the p
ence of a pseudogap.

Our study ofCv anddI/dV is based on a Green’s func
tion decoupling scheme chosen to be consistent with Eq.~1!.
The spectral functions which enter these two physical qu
tities depend, in turn, on the self-energy which is the sum
Eqs. ~9! and ~10!, where throughout we have ignored th
incoherent termS0, which enters through diagrams oth
than those responsible for the superconducting
pseudogaps. It should be noted that this form forS is differ-
ent from that introduced phenomenologically by Franz a
Millis 25 and by Norman and Ding.63 One of these groups,25

in particular, emphasized the effects of the temperatu
dependent scattering rate. Here, by contrast, we empha
the effects of long-range phase coherence which sets i
Tc .

Because of the breakdown of BCS theory, in a superc
ductor with a pseudogap, the standard simplifications, s
as Landau-Ginzburg expansions and Bogoliubov–de Gen
approaches,26 are not expected to hold, at least without som
modifications. For the BCS case, the expansion in terms
small order parameter which is identical to the excitation g
at Tc is possible. However, when the order parameter and
excitation gap are distinct as in the pseudogap case, the
no straightforward way to expand the free energy in terms
a small order parameter and to reflect the existence o
well-established excitation gap simultaneously.

It should be emphasized, finally, that, in the non-BC
superconductor, there is an important distinction betweenTc

and the zero-temperature excitation gapD(0). In thestrong-
coupling, but still fermionic, regime, as the pseudogap
creases,Tc is suppressed.4,5,15 This observation allows us to
respond to the widely repeated criticism of this ‘‘preformed
pair approach: namely, that49 ‘‘the gap is not closely tied to
the onset of superconductivity’’—as inferred from, say, t
lack of magnetic field dependence in the former. Here
claim that in contrast to BCS theory, the excitation gapD is
expected to be robust with respect to standard pair brea
perturbations~such as magnetic fields and impurity scatte
ing!, while the order parameterDsc is not. As emphasized
throughout this paper, the distinction between these
quantities is an essential component of the ‘‘preformed’’ p
approach.
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