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We propose a theoretical description of the superconducting state of under- to overdoped cup
based on the short coherence length of these materials and the associated strong pairing fluctu
The calculatedTc and the zero temperature excitation gapDs0d, as a function of hole concentrationx,
are in semiquantitative agreement with experiment. AlthoughTcyDs0d has a strong non-BCSx depen-
dence, andDsT d deviates significantly from the BCS prediction, we obtain, remarkably, quasiuniver
behavior for the superfluid densityrssTdyrss0d and the Josephson critical currentIcsT dyIcs0d as a func-
tion of TyTc. Comparison with experiment is addressed. [S0031-9007(98)07719-9]

PACS numbers: 74.20.–z, 74.25.–q, 74.62.–c, 74.72.–h
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Pseudogap phenomena in the cuprates are of inte
not only because of the associated unusual normal-s
properties, but more importantly because of the constrai
which these phenomena impose on the nature of the sup
conductivity and its associated highTc. Moreover, this
superconducting state presents an interesting challeng
theory: while the normal state is highly unconventiona
the superconducting phase exhibits some features of tra
tional BCS superconductivity along with others which ar
strikingly different.

Thus far, there is no consensus on a theory of cupr
superconductivity. Scenarios which address the pseu
gap state belowTc can be distinguished by the characte
of the excitations responsible for destroying supercondu
tivity. In the theory of Lee and Wen [1], the destructio
of the superconducting phase is associated with the ex
tation of the low-lying quasiparticles near thed-wave gap
nodes. By contrast, Emery and Kivelson [2] argue th
the destruction of the superconductivity is associated w
low frequency, long wavelength phase fluctuations with
a microscopically inhomogeneous model, based on one
mensional “stripes.”

In the present paper, we present an alternative s
nario in which, along with the quasiparticles of the usu
BCS theory, there are additionally incoherent (butnot pre-
formed) pair excitations of finite momentumq, which as-
sist in the destruction of superconductivity. This approa
is based on a self-consistent treatment of the coupli
of single particle and pair states. It represents a na
ral extension of BCS theory to the short coherence leng
(j) regime and provides a quantitative framework for a
dressing cuprate superconductivity. Here, we find a pr
nounced departure from BCS behavior in the underdop
limit which is continuously reduced with increasing hol
concentrationx. We derive a phase diagram forTc and
the zero temperature gap,Ds0d, as a function ofx, which
is in semiquantitative agreement with (the anomalous) b
havior observed in cuprate experiments, and we comp
properties of the associated superconducting state suc
the superfluid densityrs and Josephson critical currentIc.
0031-9007y98y81(21)y4708(4)$15.00
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When these are plotted asrssT dyrss0d andIcsT dyIcs0d, as
a function ofTyTc, we deduce a quite remarkable, near
universal behavior for the entire range ofx.

For simplicity, we describe the cuprate band structu
by a tight-binding, anisotropic dispersionek  2tks2 2

coskx 2 coskyd 1 2t's1 2 cosk'd 2 m, wheretk (t')
is the hopping integral for the in-plane (out-of-plane) mo
tion and t' ø tk. We emphasize that a more comple
band structure (e.g., including next-nearest neighbor ho
ping) will not affect the results presented here [3]. W
assume that the fermions interact via an effective pairi
interaction withd-wave symmetryVk,k0  2jgjwkwkk0

so thatwk  1
2

°
coskx 2 cosky

¢
. The present approach

is built on previous work [4–6] based on a particular dia
grammatic theory, first introduced by Kadanoff and Mart
[7], and subsequently extended by Patton [8]. This a
proach can be used to describe the widely discussed B
to Bose-Einstein crossover problem [9], which has be
associated with smallj. The “pairing approximation” of
Refs. [7,8] leads to

SsKd 
X
Q

tsQdG0sQ 2 Kdw2
k2qy2 , (1a)

g  f1 1 gxsQdgtsQd , (1b)

whereSsKd is the self-energy, andxsQd 
P

K GsKd 3

G0sQ 2 Kdw2
k2qy2 is the pair susceptibility. Equa-

tions (1), along with the number equationn 
2

P
K GsKd, self-consistently determine both the Green

function GsKd and the pair propagator, i.e.,T matrix
tsQd. We use a four-vector notation, e.g.,K ; sk; ivd,P

K ; T
P

iv,k, and G0sKd  siv 2 ekd21. We now
show that these equations yield a natural extension
BCS theory to include incoherent pairs responsible for t
pseudogap (labeled by pg), along with the usual qua
particles and superconducting condensate (labeled by s

We write the T matrix and self-energy belowTc as
tsQd  tscsQd 1 tpgsQd, andSsKd  SscsKd 1 SpgsKd.
The condensate contribution assumes the familiar BC
form tscsQd  2dsQdD2

scyT , whereDsc is the supercon-
ducting gap parameter (and can be chosen to be re
© 1998 The American Physical Society
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andSscsKd  D2
scw

2
kysiv 1 ekd. Inserting the preceding

forms for theT matrix into Eq. (1b), one obtains the ga
equation1 1 gxs0d  0, as well as (for any nonzeroQ)
tpgsQd  gyf1 1 gxsQdg. Note that because of the ga
equation,tpgsQd is highly peaked about the origin, with
divergence atQ  0 [10]. As a consequence, in evalua
ing the associated contribution to the self-energy, the m
contribution to theQ sum comes from this smallQ diver-
gent region so thatSpgsKd ø 2G0s2KdD2

pgw
2
k, where we

have defined the pseudogap parameter [11]

D2
pg ; 2

X
Q

tpgsQd  2
X
Q

g
1 1 gxsQd

. (2a)

Thus, both Spg and the total self-energyS can be
well approximated by a BCS-like form, i.e.,SsKd ø
D2w

2
kysiv 1 ekd, whereD ;

p
D2

sc 1 D2
pg is the mag-

nitude of the total excitation gap, with thek dependence
given by the d-wave function wk. Within the above
approximations, the gap and number equations reduce

1 1 g
X
k

1 2 2fsEkd
2Ek

w2
k  0 , (2b)

X
k

"
1 2

ek

Ek
1

2ek

Ek
fsEkd

#
 n , (2c)

where the quasiparticle energy dispersionEk  se2
k 1

D2w
2
kd1y2 contains the full excitation gapD.

The set of equations (2) can be used to determine
superconducting transition temperatureTc (whereDsc 
0), and the temperature dependence of the various
parameters. Equation (2a) contains the physics of the
excitations, or pseudogap. The remaining two Eqs. (
and (2c) are analogous to their BCS counterparts but w
a finite (as a result of nonzeroDpg) excitation gap atTc.

It should be stressed that physical quantities wh
characterize the superconducting state depend on the
and particle excitations, as well as condensate in differ
ways. The superfluid density can be written in term
of the London penetration depth asrs,absT dyrs,abs0d 
flabs0dylabsT dg2, where

l22
ab 

4pe2D2
sc

c2

X
k

wk

E2
k

"
1 2 2fsEkd

2Ek
1 f 0sEkd

#

3

"
wk

√
≠ek

≠kk

!2

2 ek
≠ek

≠k
≠wk

≠k

#
. (3)

During the calculation special attention should be paid
lattice effects [12] and to the vertex correction (associa
with the pseudogap self-energy) which enforces gauge
variance via the generalized Ward identity. This ident
ensures thatrs ~ D2

sc and it vanishes identically at an
aboveTc. The prefactorD2

sc  D2 2 D2
pg in Eq. (3) in-

dicates that pairs (in addition to quasiparticles) serve
reduce the superfluid density.

In a related fashion, we addressc-axis Josephson tunnel
ing between two identical highTc superconductors. This
p

p
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situation is relevant to both break junction experimen
[13] and to intrinsic Josephson tunneling [14] as well. A
expression for the Josephson critical current [15] can
derived under the presumption that the tunneling matr
elementjTk,pj2  jT0j

2dkkpk
1 jT1j

2, where only the first
(coherent) term contributes for ad-wave order parameter,

Ic  2ejT0j
2D2

sc

X
k,p

dkkpk

wkwp

EkEp

3

"
1 2 fsEkd 2 fsEpd

Ek 1 Ep
1

fsEkd 2 fsEpd
Ek 2 Ep

#
.

(4)

Equation (4), like Eq. (3), differs from the usual BCS form
(as well as that assumed by Lee and Wen [1,16]) in th
the prefactorD2

sc is no longer the total excitation gapD2.
The remainder of this paper is directed towards unde

standing three experimental characteristics of the cuprat
(i) the phase diagram, (ii) the superfluid density, an
(iii) the Josephson critical current.

(i) In order to generate physically realistic values of th
various energy scales, we make two assumptions: (1) W
takeg as doping independent (which is not unreasonab
in the absence of any more detailed information abo
the pairing mechanism) and (2) incorporate the effect
the Mott transition at half filling, by introducing anx de-
pendence into the in-plane hopping matrix elementstk, as
would be expected in the limit of strong on-site Coulom
interactions in a Hubbard model [17]. Thus the hoppin
matrix element is renormalized astksxd ø t0s1 2 nd 
t0x, where t0 is the matrix element in the absence o
Coulomb effects. Thisx dependent energy scale is consis
tent with the requirement that the plasma frequency va
ish at x  0. These assumptions leave us with one fre
parameter2gy4t0, for which we assign the value 0.045
to optimize the overall fit of the phase diagram to exper
ment. We taket'ytk ø 0.01 [18], andt0 ø 0.6 eV, which
is reasonably consistent with experimentally based es
mates [19].

The results forTc, obtained from Eqs. (2), as a func-
tion of x are plotted in Fig. 1. Also indicated is the cor-
responding zero temperature excitation gapDs0d as well
as the pseudogapDpg at Tc. These three quantities pro-
vide us, for use in subsequent calculations, with ener
scales which are in reasonable agreement with the d
of Ref. [13], shown in the inset. The temperature de
pendences of the energy gaps in Fig. 1 are shown as
lower inset of Fig. 2, for a slightly underdoped case wit
x  0.125. The relative size ofDpgsTcd, compared to
Ds0d, increases with decreasingx. In the highly overdoped
limit this ratio approaches zero, and the BCS limit is re
covered. This inset illustrates the general behavior as
function ofTyTc: the excitation gapD is, generally, finite
at Tc, the superconducting gapDsc is established at and
belowTc, while the pseudogapDpg decreases to zero asT
is reduced fromTc to 0. This last observation is consis-
tent with general expectations forD2

pg ø kjDj2l 2 jDscj
2

4709
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FIG. 1. Phase diagram showingDs0d and Tc as well as
DpgsTcd. The inset shows experimental results from Ref. [13

[11]. It should be noted that the above result,Dpg vanishes
at T  0, is applicable to situations whereTc is finite. It
does not apply forx , xc ø 0.025, where there is no su-
perconducting phase transition at any finiteT . In this low
x regime, the system is always in the normal state, a
Eq. (2b) cannot be satisfied; nevertheless, Eq. (2a), wh
parametrizes the normal state self-energy [4], implies th
there are pairing fluctuation effects associated with fin
Dpg down toT  01.

It is important to stress that our subsequent results
the superfluid density and Josephson current need no
viewed as contingent on the detailedx dependence used
to derive the phase diagram. One can approach the ca
lations of these quantities by takingTcsxd and the various
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FIG. 2. Temperature dependence of theab-plane inverse
squared penetration depth. Main figure: from bottom to t
are plotted for x  0.25 (BCS limit, dot-dashed line), 0.2
(long-dashed), 0.155 (dotted), 0.125 (dashed), and 0.05 (s
line). Lower inset: energy gaps as a function ofTyTc for
x  0.125. Upper inset: (A) the slope given by the lowT

expansion assumingDscsT d  Ds0d; (B) the ratio D2
scsT d

D2s0d y T
Tc

at
TyTc  0.2; and (A 1 B) the sum.
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gap parameters (shown in the inset) as phenomenolog
inputs, within the context of the present formalism.

(ii) The superfluid density (normalized to itsT  0
value), given by Eq. (3), is plotted in Fig. 2 as a functio
of TyTc for several representative values ofx, ranging
from the highly overdoped to highly underdoped regime
These plots clearly indicate a “quasiuniversal” behav
with respect tox: rssT dyrss0d vs TyTc depends only
slightly on x. Moreover, the shape of these curve
follows closely that of the weak-coupling BCS theor
The, albeit, small variation withx is systematic, with the
lowest value ofx corresponding to the top curve. Rece
experiments provide some preliminary evidence for th
universal behavior [20,21]. However, a firm confirmatio
requires further experiments on a wider range of ho
concentrations, from extreme under- to overdoped samp
[22]. This universal behavior appears surprising at fi
sight [1,16] because of the strongx dependence in the
ratio TcyDs0d (see Fig. 1). It should be noted that un
versality would not persist if rssTdyrss0d were plotted
in terms ofTyDs0d. The nontrivial origin of this effect
has a simple explanation within the present theory.
low to intermediate temperatures, it follows from Eq. (
that l

2
abs0dyl

2
absT d  fD2

scsT dyD2s0dg s1 2 ATyTc 1

O fsTyTcd2gd ø 1 2 fA 1 BsT dg sTyTcd, where terms
of order sTyTcd2 and higher have been neglected. He
A  32

p
2 ln 2fe2l

2
abs0dyc2gtkfTcyDs0dg represents the

standard contribution to the linearT dependence ofrssT d.
The new termBsT d  sTcyT dD2

pgsT dyD2s0d derives from
the pseudogap contribution and has a weaker than lin
T dependence (as can be inferred from the lower in
of Fig. 3) [23]. For the purposes of illustration, thes
two terms are plotted in the upper inset of Fig. 2
TyTc  0.2. Note that the effective (negative) “slope
A 1 B is relativelyx independent over the physical rang
of hole concentrations. Physically, the termsA andB are
associated with two compensating contributions, aris
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from the quasiparticle and pair excitations, respectivel
so that quasiuniversal behavior results at lowT . It can be
shown that the same compensating effect obtains all t
way toTc, as is exhibited in Fig. 2. Thus, the destructio
of the superconducting state comes predominantly fro
pair excitations at lowx, and quasiparticle excitations a
high x.

(iii) Finally, as plotted in Fig. 3, we obtain from Eq. (4),
similarly, unexpected quasiuniversal behavior for the no
malizedc-axis Josephson critical current for the same wid
range ofx as in Fig. 2. This behavior is in contrast to the
strongly x dependent quasiparticle tunneling characteri
tics which can be inferred from the temperature depende
excitation gap plotted in the upper inset of Fig. 3. Th
origin of this universality is essentially the same as th
for rs, deriving from two compensating contributions. A
this time, there do not appear to be detailed studies ofIcsT d
as a function ofx, although future measurements will, ul-
timately, be able to determine this quantity. In these fu
ture experiments the quasiparticle tunneling characterist
should be simultaneously measured, along withIcsT d, so
that direct comparison can be made to the excitation ga
in this way, the predictions indicated in Fig. 3 and its up
per inset can be tested. Indications, thus far [13,24], a
that this tunneling excitation gap coincides rather well wit
values obtained from photoemission data (see Fig. 1).

In summary, in this paper we have proposed a scena
for the superconducting state of the cuprates. This st
evolves continuously with hole dopingx, exhibiting un-
usual features at lowx (associated with a large excitation
gap atTc) and manifesting the more conventional feature
of BCS theory at highx. In this scenario the pseudogap
state is associated with pair excitations, which act in co
cert with the usual quasiparticles. Despite the fact th
the underdoped cuprates exhibit features inconsistent w
BCS theory [TcyDs0d is strongly x dependent andD is
finite at and aboveTc] we deduce an interesting quasi
universality of the normalizedrs and Ic as a function of
TyTc. In these plots the over- and underdoped system
essentially appear indistinguishable. Current experime
lend support to this universality inrs, although a wider
range of hole concentrations will need to be addresse
along with future systematic measurements ofIc.
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