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We study density profiles in trapped fermionic gases, near Feshbach resonances, at all 7 < T, and in the
near Bose-Einstein condensation and unitary regimes. For the latter, we characterize and quantify the
generally neglected contribution from noncondensed Cooper pairs. As a consequence of these pairs, our
profiles are rather well fit to a Thomas-Fermi (TF) functional form, and equally well fit to experimental
data. Our work lends support to the notion that TF fits can be used in an experimental context to obtain

information about the temperature.
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There is now strong, but not unambiguous, evidence that
fermionic superfluidity has been observed [1-6] in trapped
atomic gases where the strength of the pairing interaction
can be arbitrarily tuned via Feshbach resonance effects.
Experimental proof of superfluidity is not straightforward,
except in the Bose-Einstein condensation (BEC) regime
where the particle density profiles provide evidence for a
condensation via their bi-modal form [7]. Intermediate
between the BCS and BEC regimes, the measured density
profiles [8,9] in traps do not contain any obvious signatures
of superfluidity, although such features have been pre-
dicted theoretically [10,11].

The goals of this Letter are to compute the particle
density profiles at all T = T, (where T, is the superfluid
transition temperature) in the near-BEC and unitary re-
gimes in order to reconcile theory and experiment. For
the former our calculation of the contribution from non-
condensed bosons leads to important corrections to esti-
mates of the condensate fraction based on the conventional
Gaussian form. For the unitary case, these noncondensed
pairs smooth out the otherwise abrupt transition between
the condensate and the thermal background of fermionic
excitations; this explains why the measured density pro-
files appear to be so featureless [8,9].

The unitary or strongly interacting Fermi gas has been
the focus of attention by the community. Some time ago it
was found [8] that the profiles were reasonably well de-
scribed by a Thomas-Fermi (TF) functional form at zero 7,
and in recent work [12] this procedure has been extended to
finite temperatures. Below T all previous theoretical work
(which either ignored noncondensed pair states [10,11] or
used a different ground state [13]) has predicted strong
deviations from this 7-dependent TF functional form. It is
extremely important, thus, to have a better understanding
of the spatial profiles. Our work lends theoretical support to
the viewpoint [12] that TF fits (with proper calibration) can
be used in an experimental context to obtain information
about the temperature. In addition to establishing these TF
fits to theory, we compare theory and experiment directly
via one-dimensional representations of their respective
profiles. We demonstrate remarkable agreement in the
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shapes of the two profiles. One can infer from this com-
parison experimental support, albeit indirect, for the pres-
ence of a superfluid condensate.

The first generation theories [14] have focused on
a BCS-like ground state [15] which is readily generalized
to accommodate a “‘two-channel’ variant [16] in which
Feshbach bosonic (FB) degrees of freedom are present
as well. This approach has met with some initial success
in addressing collective mode experiments [17,18]
and pairing-gap spectroscopy [19]. The excitations of this
standard ground state [14,16] consist of two types:
noncondensed fermion pairs hybridized with FB and

Bogoliubov-like fermionic excitations having Ey =

(ex — m)* + A*(T), where € is the free fermion kinetic
energy. Note that the “gap parameter” A(T) is in general
different from the superconducting order parameter, A..
Recent rf experiments [5] have been analyzed [19] using
our formalism to suggest that the quasiparticles have an
energy gap or pseudogap, which is present well above 7.,
and, thus, not directly related to the order parameter.
Additional support for this ‘“pseudogap” has recently
been reported in another very different class of experi-
ments [20].

We summarize the self-consistent equations [21] in the
presence of a spherical trap, treated at the level of the local
density approximation (LDA) with trap potential V(r) =
ymw?r?. T, is defined as the highest temperature at which
the self-consistent equations are satisfied precisely at the
center. At T < T, the superfluid region extends to a finite
radius Ry.. The particles outside this radius are in a normal
state, with or without a pseudogap. Our self-consistent
equations are given in terms of the Feshbach coupling
constant g and interfermion attractive interaction U by a
gap equation

vefu & }21—2]0(@):& ()

2u —2V(r) — v |4 2E\

which is imposed only when (1) = 0. The pseudogap
contribution to AX(T) = A2(T) + AZ,(T) is given by
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Alz)g = Zzb(ﬂq - lu’pair)' (2)
q

Here b(x) is the Bose function. The various residues, Z and
Zy, are described in Ref. [14]. The quantity €} is the pair
dispersion, and . and pposon are the effective chemical
potentials of the pairs and FB.

We introduce units /i = 1, fermion mass m = % Fermi
momentum k=1, and Fermi energy Er =hw(3N)"/? =
1. In the figures below, we express length in units of the
Thomas-Fermi radius Ryg =+/2Er/(mw?) =23N)""?/kg;
the density n(r) and total particle number N = [ drn(r)
are normalized by k3 and (kpRyg)?, respectively. The local
density can be written as

2
n(r) = 2”2 + Z_bgb(ﬂq - /u“boson)
+2> il = fEI]+ e f(EDL - )
k

where n) = g?AZ /{[v — 2u + 2V(r)]U + g%} is the mo-
lecular Bose condensate which is only present for r = R.
The chemical potential fpqir = Kposon 18 identically zero in
the superfluid region r < R, and must be solved for self-
consistently at larger radii. Our calculations proceed by
solving numerically the self-consistent equations.

‘We now decompose the density profiles into components
associated with the condensate, the noncondensed pairs
and the fermions. This raises a central issue of this
Letter. What is the most suitable definition of the conden-
sate ratio in a fermionic superfluid? Indeed, in strict BCS
theory there are two alternatives [22], one based on the
superfluid density and the other based on associating the
condensate with the perturbation of the superfluid state
relative to the underlying free Fermi gas. In BCS theory
with this second definition, the zero temperature conden-
sate fraction is of order T./Ep, far from the value 100%,
which one obtains from the superfluid density. Physically,
this second definition reflects the fraction of the original
Fermi liquid states which are modified substantially by
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FIG. 1 (color online). Density profile and its decomposition in
the near-BEC limit (1/kpa = 3.0) at T/T, = 0.5. Shown are the
actual plots on the left for the total n(r), the noncondensed pairs
Npqir» and the condensate ng. The right panel shows how these
two (indicated by the shaded areas from top to bottom) add
together to give n(r).

pairing. We explore both of these here, since they are
expected to enter in different physical contexts. In the
BEC regime (where fermions are absent) there is no dis-
tinction between the two decompositions, and thus the
condensate fraction is uniquely defined.

In the present approach to the BCS-BEC crossover
picture it is relatively straightforward to deduce [14] the
(local) superfluid density, n, = n,(r). For the one-channel
model we find [14] a simple result for n;, as well as for the
fermionic quasiparticle (ngp) and pair contributions (7,i;)
to the difference n — ny:

A2
ng = A—XZC"?CS(A) (4a)
A2
Npair = ﬁn?CS(A) = n?CS(A) — Ny, (4b)
nop = n — nS(4), (4c)
where nBCS is the usual superfluid density for a gas of

fermions within BCS theory, except that here the full
excitation gap A appears instead of the order parameter.
In the one-channel case the order parameter A, is equal to
the Cooper condensate contribution (which we call A).
For the broad Feshbach resonances of “°K and °Li, these
one-channel results are appropriate for the unitary and
BCS regimes of the two-channel case. In the BEC regime
(u < 0), the contribution of the fermionic quasiparticles
becomes negligible. Therefore, Egs. (4) reduce to

AZ A2
ng = A—Szcn Npgir = A—ngn. 5

Interestingly, this result is also valid for the two-channel
problem in the BEC regime.

Formally, we can address the second decomposition of
the density profiles by writing the particle density in terms
of the single particle Green’s function G(K) = Gy(K) +
Go(K)2(K)G(K), where G, represents free fermions and
K = (iw,, k) is the four momentum. The second term is
then further split into the condensed ( = ﬂfc) and non-
condensed ( « Agg) components. Summing over the
Matsubara frequencies w,, and adding the FB contribution,
one obtains

fi, = 2ZA%, (6a)
ﬁpair = ZZb(Qq - /'Lpair) = ZZA%g’ (6b)
q#0
e, =23 fle — p + V(r), (6¢)
k

which correspond to condensate density, finite momentum
pair/boson density, and free fermion density, respectively.

We characterize the crossover regime by the parameter
1/kra where a is the interatomic s-wave scattering length.
A typical density profile for the near-BEC limit with
1/kpa = 3.0 is shown in Fig. 1 for T/T. = 0.5. This plot
is in the physically accessible near-BEC regime where the
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bosons are still primarily Cooper pairs, as distinguished
from Feshbach bosons. Based on experiments [3,4] and
related theory [17,18] this is not yet in the deep BEC where
the collective modes are expected to exhibit the character-
istics of true bosons [23]. Thus one expects the ground state
wave function to be applicable here. The left panel corre-
sponds to actual plots of the condensed (green curve) and
noncondensed pair contributions (red) while the shaded
regions on the right represent from top to bottom the
condensed (green) and noncondensed bosons (red), respec-
tively. For this BEC plot, there are no fermions.
Importantly, the contribution from the noncondensed bo-
sons is essentially constant in r until R, reflecting the fact
that they have a gapless excitation spectrum (fp,r = 0).
However, once w,; is nonzero at the trap edge the number
of noncondensed bosons (2,;;) drops rapidly.

Figure 1 is consistent with the experimentally observed
profile shapes [9], but it can be contrasted with other
theoretical results in the literature which predict nonmono-
tonic features [13]. Because all direct interactions are via
fermions, the character of the BEC profile is different from
that of true interacting bosons. These differences also
appear in the context of collective mode experiments
[17,18,23]. As for true bosons [7,24], the constraint that
the bosons are gapless in the superfluid region is important
for determining their density distribution. A clear bi-modal
feature or “kink” at R, is present and provides evidence
for the existence of a condensate. It should be noted that
the inferred fraction of the condensate may be significantly
smaller than found here—if a Gaussian form is assumed
throughout the trap (as is the experimental convention) for
estimating the contribution from noncondensed pairs.

In the upper and lower panels of Fig. 2 we plot the
density distributions in the unitary limit, 1/kza = 0, as a
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FIG. 2 (color online). Density profiles and their decomposi-
tions for the unitary case (1/kza = 0) at T = 0.75T,. The upper
and lower panels correspond to Egs. (6) and Eqgs. (4), respec-
tively. On the left are shown the actual plots for the total, the
noncondensed pairs, condensate, and fermion density. Shown on
the right is how the last three, as indicated by the shaded areas
from top to bottom of each panel, add up to the local density

n(r).

function of radius r at T/T,. = 0.75, and show their differ-
ent decompositions following Egs. (6) and Egs. (4), re-
spectively. The superfluid-based decomposition (lower
panels) appears to be more relevant to thermodynamics
[12] and recent rf experiments [5,19] since it incorporates
the excitation gap of the fermions. The decomposition in
the upper panels, based on free fermions, was studied in
detail in Ref. [13], for a somewhat different ground state.

The shaded regions on the right of each figure corre-
spond (from top to bottom) to density profiles of non-
condensed pairs, condensate, and fermionic quasi-
particles. In both decompositions the noncondensed pairs
play a significant role. It can be seen from the plots on the
left of Fig. 2 that the noncondensed pairs show a relatively
flat density distribution for r = R, just as in the near-BEC
limit of Fig. 1. This behavior similarly arises from the
vanishing of i ,,;(r) in the superfluid region.

One can see that the condensate has substantially more
weight for the n,-based decomposition [Eq. (4), Fig. 2,
lower panels]. Conversely the excited fermions for this
case are significantly less important, since they experience
a large gap in their excitation spectrum. The contribution of
these fermions is concentrated at the trap edge. Indeed, for
this case, the fermions and noncondensed bosons generally
appear in different regions of the trap. The latter are
associated with the regions where the gap is largest (and
the fermions are quasibound into ‘“bosonic’-like states),
and the former are found where the gap is smallest.

In Fig. 3 we compare theory and experiment for the
unitary case. The experimental data were estimated to
correspond to roughly this same temperature (7/Tp =
0.19) based on the analysis of Ref. [12]. The profiles shown
are well within the superfluid phase (7. = 0.37 at unitar-
ity). This figure presents Thomas-Fermi fits [12] to the
experimental [Fig. 3(a)] and theoretical [Fig. 3(b)] profiles
as well as their comparison [Fig. 3(c)] for a chosen Rt =
100 wm, which makes it possible to overlay the experi-
mental data (circles) and theoretical curve (line). Finally
Fig. 3(d) indicates the relative x> or root-mean-square
(rms) deviations for these TF fits to theory. This figure
was made in collaboration with the authors of Ref. [12].
Two of the three dimensions of the theoretical trap profiles
were integrated out to obtain a one-dimensional represen-
tation of the density distribution along the transverse di-
rection: 7i(x) = [ dydzn(r).

This figure is in contrast to earlier theoretical studies
which predict a kink at the condensate edge [10,11].
Moreover, in contrast to the predictions of Ref. [13], the
curves behave monotonically with both temperature and
radius. Indeed, in the unitary regime the generalized TF
fitting procedure of Ref. [12] works surprisingly well for
our theory with spherical traps, and for anisotropic experi-
ments [shown in Fig. 3(a)]. This is, in part, a consequence
of the fact that trap anisotropy effects become irrelevant for
these one-dimensional projections. These reasonable TF
fits apply to essentially all temperatures investigated ex-
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FIG.3 (color online). Temperature dependence  of

(a) experimental one-dimensional spatial profiles (circles) and
TF fit (line) from Ref. [12], (b) TF fits (line) to theory both at
T = 0.7T,. = 0.19T. (circles), and (c) overlay of experimental
(circles) and theoretical (line) profiles, as well as (d) relative rms
deviations (y?) associated with these fits to theory at unitarity.
The circles in (b) are shown as the line in (c). The profiles have
been normalized so that N = [7i(x)dx = 1, and we set Ryp =
100 um in order to overlay the two curves. y? reaches a
maximum around 7 = 0.19T.

perimentally [12] and all temperatures we have studied,
including in the normal state.

To probe the deviations from a TF functional form, and
to establish the role of the condensate, in Fig. 3(d), we
show the (relative) rms deviation, or 2, from the TF fits as
a function of T. Except at the very lowest temperatures
(where the y? is small and the condensate occupies the
entire region of the trap), the condensate causes a small but
potentially measurable variation from the TF form. x?
increases rapidly below 7', and reaches a maximum around
0.7T.. Here the profile involves two different functional
forms: the condensate and the thermal distribution func-
tions. More precisely, the systematic behavior of y? indi-
cates when T has safely surpassed T.,.

The reason the Thomas-Fermi fits work well below T,
has to do with the presence of noncondensed pairs. If these
bosoniclike states are ignored (by omitting the topmost
shaded regions), in the right panels of Fig. 2, a clear bi-
modal distribution emerges, as has been predicted in the
literature [10,11]. In this case, TF fits would not work well.
A residue of this bi-modality must be present in the present
plots, but this can only be seen in the derivatives of our
profiles. We find a small kink in the first order derivative
and a sharp jump in the second order derivative of n(r),
reflecting the condensate edge. These features may be
more difficult to identify with current experimental tech-
niques. Alternatively, one may infer the presence of a
condensate through y? plots from TF fits. These experi-
ments will require substantial averaging over a large num-
ber of profiles, however.

In summary, in this Letter we have found that, in the
near-BEC regime, the component profile for the noncon-
densed bosons is different from the Gaussian form gener-
ally assumed, although the general shape is consistent with
experiment. Near unitarity, we have found that our calcu-
lated density profiles are consistent with experiment and
provide strong support for using Thomas-Fermi fits to the
profiles. One can infer that the condensate is seen, not in
the profile shapes, but, presumably, in their temperature
calibration [12].
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