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It has been an important goal to achieve higher or even room
temperature superconductivity, since the discovery of high
Tc superconductors in 1986, with a typical maximum tran-
sition temperature Tc of around 95 K at ambien pressure [1]
or up to 164 K for the Hg-based cuprates under high pres-
sure [2]. The typical Tc/TF is only around 0.05 or less, where
TF denotes the Fermi temperature. There have been a few
other families of superconductors, including the iron-based
[3], heavy fermion [4] and organic superconductors [5]. Their
maximum attainable Tc/TF has not been able to exceed that
of the cuprates. Other notable superconductors include the
recently discovered H2S with a record high Tc = 203 K
under an enormous high pressure of 90 GPa [6], and the
monolayer FeSe/SrTiO3 superconductors with a gap opening
temperature up to 100 K [7]. The suggested conventional
electron-phonon based pairing mechanism for both systems
[6, 8] implies that their Tc/TF is very low. The very recently
discovered superconductivity in magic angle twisted bilayer
graphenes [9] has Tc = 1.7 K with a near-flat band-width
of 10 meV, leading to Tc/TF ∼ 0.04 (here we take TF = 5
meV/~), comparable to the cuprates.

There have been indications [10] for connections between
high Tc superconductivity and BCS-Bose-Einstein condensa-

*Corresponding author (email: qchen@uchicago.edu)

tion (BEC) crossover, the latter of which has a BEC asymp-
tote of Tc = 0.218TF in three-dimensional (3D) continuum.
It has been clear that with a d-wave pairing symmetry, high
Tc cuprates fall in between the BCS and BEC regimes [11],
with a pseudogap in the single-particle excitation spectrum.

Ultracold atomic Fermi gases have raised the hope for
achieving a higher Tc/TF. Indeed, BCS-BEC crossover in
3D Fermi gases has been realized experimentally since 2004
[12]. While a substantially higher BEC asymptote Tc/T 0

F
of 0.518 is possible in a trap (where T 0

F is the noninteract-
ing global Fermi temperature), the maximum Tc in a homo-
geneous system occurs near unitarity, with a value around
Tc/TF ∼ 0.2 in different theories and quantum Monte Carlo
simulations as well as experimental measurements [13]. The
local Tc(r)/TF(r) in the trap never exceeds that of a homo-
geneous system. The increased BEC asymptote is due to an
increased local density (and hence local TF) at the trap center.

The maximum Tc/TF for fermions on a lattice cannot sur-
pass their continuum counterpart, since the lattice periodicity
usually has a negative impact on the fermion and pair mobil-
ity and thus Tc [11].

In this letter, we propose that using a mixed dimensional
setting, one may achieve ultra high Tc in units of TF. We find
that, owing to the special features of mixed dimensions (MD),
one can maintain a high Tc, despite a tiny lattice hopping in-
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tegral t. We show that the maximum attainable Tc/TF may
reach unity or even beyond the quantum degeneracy regime,
well surpassing the maximum values in a pure 3D system or
any known superfluids. This may shed light in the ultimate
search for room temperature superconductivity.

Mixed dimensionality has been realized experimentally
[14] in a Bose-Bose mixture of 41K-87Rb; only 41K atoms
feel the lattice potential, leaving 87Rb atoms moving freely
in the 3D continuum. The species selective technique for the
optical potential is also applicable for atomic Fermi gases.

MD was first investigated theoretically by Iskin and
coworkers [15], for the BCS-BEC crossover of balanced
fermion mixtures at zero T . A preliminary study of finite
T cases was reported [16]. Recently, a more systematic in-
vestigation of the pairing and superfluid phenomena at finite
T in MD has been reported for a balanced case [17]. The re-
sult seems to hint that Tc is higher for the cases of a larger
lattice spacing d. However, one may also notice that these
large d situations are not readily accessible in simple experi-
ments, with an overly large td2. It is important to investigate
whether a greatly enhanced Tc is feasible with physically ac-
cessible parameters using MD.

Here we explore the effects of MD on the enhancement of
Fermi level and show how this may lead to ultra high Tc/TF

in atomic Fermi gases. Due to the high complexity caused
by multiple tunable parameters, here we restrict ourselves to
the population balanced case with equal masses, subject to a
short-range attractive interaction of strength g < 0. We shall
consider the same dimensional setting as in the experiment
of ref. [14], and use the same formalism based on a pairing
fluctuation theory [12, 18] as in ref. [17] for MD. We refer to
the lattice and 3D continuum components as spin up and spin
down, respectively, and define the Fermi energy naturally as
EF = ~

2k2
F/(2m), with kF = (6π2n↓)1/3 being the Fermi mo-

mentum of the 3D component (we have set ~ = 1).
To keep the paper self-contained, we recapitulate the for-

malism. The band dispersions for the lattice and the 3D com-
ponents are given by ξk↑ = k2

∥/2m+ 2t[1− cos(kzd)]− µ↑ and
ξk↓ = k2/2m − µ↓, respectively. Here k∥ ≡ (kx, ky), where
µσ (with σ =↑, ↓) are the fermionic chemical potentials. The
one-band assumption is appropriate when the lattice band gap
is experimentally tuned to be large compared with EF.

Both superfluid condensate, if present, and noncondensed
pairs contribute to the fermion self-energy, and thus to the
single particle excitation gap ∆, via ∆2 = ∆2

sc + ∆
2
pg, where

∆sc and ∆pg are the superfluid order parameter and the pseu-
dogap, respectively. Using the same four-vector notations as
in refs. [12, 17], the full Green’s functions are given by

Gσ(K) =
u2

k

iωn − Ekσ
+

v2
k

iωn + Ekσ̄
, |kz| <

π

d
,

G↓(K) =
1

iωn − ξk↓
, |kz| >

π

d
,

(1)

where u2
k = (1 + ξk/Ek)/2, v2

k = (1 − ξk/Ek)/2, Ek =√
ξ2k + ∆

2, and Ekσ = Ek + ζkσ, ξk = (ξk↑ + ξk↓)/2, ζkσ =
(ξkσ − ξkσ̄)/2.

The equations for the atomic number density n = n↑ + n↓
and the number difference δn = n↑ − n↓ = 0 are given by

n = 2
∑

k

[
v2

k + f̄ (Ek)
ξk
Ek

]
+

∑
|kz |>π/d

f (ξk↓) , (2)

0 =
∑

k

[
f (Ek↑) − f (Ek↓)

] − ∑
|kz |>π/d

f (ξk↓) , (3)

where f (x) = 1/(ex/T + 1), and f̄ (x) ≡ ∑
σ f (x + ζkσ)/2.

In the superfluid state, the Thouless criterion leads to the
gap [17]:

m
4πa

=
meff

4πaeff
=

∑
k

[
1

2ϵk
− 1 − 2 f̄ (Ek)

2Ek

]
, (4)

where ϵk = ξk + µ with µ = (µ↑ + µ↓)/2, and a is the scat-
tering length. Here the 3D equivalent effective mass, meff,
can be deduced from the trace of the inverse mass tensor,

1
meff

=
5

6m
+

1
3

td2. This then defines an effective scatter-

ing length aeff such that
1

kFaeff
=

1
kFa

(
5
6
+

m
3

td2
)
. A plot

of a/aeff versus kFd for t/EF = 0.1 is shown in Figure S1 in
Supporting information online.

The pair dispersion and related coefficients can be de-
duced via Taylor expanding the inverse T matrix as: t−1

pg (Q) ≈
Z1(iΩl)2 + Z(iΩl −Ωq), where Ωq = q2

∥/2M∗∥ +q2
z/2M∗z in the

superfluid phase [12], with pair masses M∗∥ and M∗z in the xy
and z directions, respectively.

The pseudogap ∆pg is related to the density of pairs, via

∆2
pg =

∑
q∥

∑
|qz |<π/d

b(Ω̃q)

Z

√
1 + 4

Z1

Z
Ωq

, (5)

where b(x) is the Bose distribution function and Ω̃q =

Z{
√

1 + 4Z1Ωq/Z − 1}/2Z1 is the pair dispersion.
The closed set of eqs. (2)-(5) will be solved for Tc (and ∆pg

and µσ at Tc), by setting the order parameter ∆sc = 0.
The solution for Tc in the deep BEC regime can be simpli-

fied dramatically, where the Z1Ω
2 term is negligible. It can

be shown that M∗∥ = M∗z = 2m so that Ωq =
q2

4m . And Tc is
determined by the pseudogap eq. (5), which reduces to
n
2
=

∑
q∥

∑
|qz |≤π/d

b(Ωq) . (6)

The BEC asymptote for Tc increases as d becomes larger;
a larger d leads to a more reduced phase space in the ẑ-
direction, and thus needs a higher Tc to excite pairs into
higher q∥ states, in order to satisfy eq. (6).

As shown in Figure 1, large d can substantially push up the
Fermi level, µ↑, of the lattice component in the noninteracting
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limit, leading to a “disk”-like filling in momentum space, as
exemplified by Figure S2 for t = 0.01EF and kFd = 8.

Shown in Figure 2 is Tc versus 1/kFaeff at a realistic value
of 2mtd2 = 0.16, but for a series of values of kFd from
1 up to 55. Each curve has a maximum Tc, T max

c , and a
BEC asymptote T BEC

c in the large 1/kFaeff limit. As plotted
in the inset of Figure 3, both T max

c and T BEC
c increase with

kFd almost linearly, without an upper bound. At kFd = 55,
T max

c /TF = 0.995 ≈ 1, namely, the maximum Tc is close
to TF, and the BEC asymptote T BEC

c has risen up to 0.72TF.
Other quantities including ∆, 1/kFaeff and µσ at the maximum
Tc points are plotted in Figure S3.

Note that Tc divided by the noninteracting µ↑ from Fig-
ure 1 will not exhibit such an increase with d. However,
unlike a pure lattice case, the MD sitting provides the non-
interacting EF of the 3D component as a natural energy scale,
so that the noninteracting µ↑ becomes a variable that can be
tuned via t and d. Alternatively, one may think of the increase

kFd
t/EF

µ
/E

F

Figure 1 (Color online) Evolution of the chemical potential µ↑ of the lattice
component, as a function of t and d. µ↑ stays low for small d and becomes
elevated for large d.
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Figure 2 (Color online) Behavior of Tc as functions of 1/kFaeff at fixed
2mtd2 = 0.16, but for different values of kFd from 1 up to 55.

of Tc as compared with a given Fermi gas of the same atom
density in 3D continuum.

To understand the evolution of µ↑ at large d, we show in
Figure 3 the momentum distribution n↓(k∥ = 0, kz) of the
3D components for kFd = 4 and t/EF = 0.01 along the kz

axis with different pairing strengths in the unitary and near
BEC regimes. As 1/kFa increases from unitarity, the spectral
weight outside the first BZ decreases rapidly, and essentially
vanishes for 1/kFa = 0.8. However, due to lack of sharp
features, the corresponding in-plane momentum distribution
n↓(k∥, kz = 0) of the 3D component in the kz = 0 plane, as
shown in Figure S4, does not look qualitatively much differ-
ent from its pure 3D counterpart.

An inspection of n↓(k∥ = 0, kz) at the maximum Tc points
for a series of d values, as shown in Figure S5, reveals that
the spectral weight outside the first BZ is not necessarily zero
in order to reach the maximum Tc; finite T Fermi surface
smearing allows a considerable mismatch in momentum dis-
tributions between the two pairing components. The shift of
the spectral weight in the in-plane momentum distribution,
as shown in Figure S6(a), toward higher k∥ with increasing
d can be made apparent through the higher order moments,
kn
∥n↓(k∥, kz = 0). As shown in Figure S6(b) for n = 2, both

the peak location and the peak height increase with d.
We also investigate the effect of a varying hopping ma-

trix element t on Tc with a fixed d. For large d, the experi-
mentally accessible range of t is fairly small, with the restric-
tion 2mtd2 < 1. Plotted in Figure 4 is Tc versus 1/kFa for
kFd = 20 with different t/EF from 0.0004 up to 0.1. Note
that except for the lowest two t values, the rest curves are not
readily accessible in experiment. Nonetheless, except for a
roughly parallel shift of one another, decreasing t/EF from
0.1 down to 0.0004 or smaller barely affect the Tc curves. A
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Figure 3 (Color online) Momentum distribution n(k∥ = 0, kz) of the 3D
component along the kz axis for different pairing strength, characterized by
1/kFa, with t/EF = 0.01 and kFd = 4. Here we fix the in-plane momen-
tum k∥ = 0. Upon entering the BEC regime, the occupation for kz > π/d
decreases rapidly. Shown in the inset are T max

c /TF and T BEC
c /TF versus kFd

from Figure 2.
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Figure 4 (Color online) Effects of t on the behavior of Tc for fixed kFd = 20
with different t/EF from 0.0004 up to 0.1.

replot of Figure 4 as a function of 1/kFaeff is given in Fig-
ure S7, where the Tc curves are horizontally rescaled by dif-
ferent factors.

We note that it may not be easy to control very large d val-
ues experimentally. In addition, the pairing gap at the maxi-
mum Tc for the d = 50 case is huge, as shown in Figure S3(a).
This likely points to the need to include higher energy bands
in the lattice dimension. Nevertheless, we argue that as long
as the band gap is large, the contributions from the higher
energy bands will only cause a secondary, quantitative cor-
rection to Tc. It shall remain valid that a large d in MD will
substantially enhance Tc.

Experimentally a Fermi-Fermi mixture may be needed in
order to achieve MD. Nonetheless, the Fermi momentum
does not depend on the atomic mass m or hopping integral
t. Therefore, upon pairing, one can still achieve a perfect
Fermi surface match, as long as the populations are balanced.
The mechanism for the enhancement of Tc remains valid. A
close match between masses may occur for pairing between
two isotopic atoms, such as 161Dy and 163Dy. Detailed quan-
titative influences of mass imbalance (and other factors such
as dipolar interactions) will be investigated in future studies.

It should be emphasized that our findings about the en-
hancement of Tc via MD are essentially independent of the
details of our pairing fluctuation theory. Alternative theories
such as the Nozeres-Schmitt-Rink [19] and FLEX approxi-
mations [20] of the T -matrix theories should yield qualita-
tively similar results.

Finally we note that a key difference between the MD and
pure lattice cases is that the effective pair mass Mz in the lat-
tice direction is drastically different in the BEC asymptote.
For the former case, Mz approaches 2m, since the total ki-
netic energy of the two pairing atoms is dominated by the 3D
component so that pairs never become local around the lattice
sites. This is an unusual feature of mixed dimensionality. In
contrast, in the pure lattice case, pairs move mainly via vir-

tual ionization [19]. This leads to an effective pair hopping
integral tB ∼ −t2/g so that Mz ∼ 1/tB ∼ |g| becomes heavy in
the BEC regime. We emphasize that this difference is the key
to understand why for the tiny t/EF = 5.3×10−5 in the case of
kFd = 55, Tc is hardly suppressed. This also implies that the
BEC asymptote T BEC

c is governed by d, whereas t becomes
essentially irrelevant.

In summary, one may achieve ultra high temperature su-
perfluids using such an MD setting with a large d, with a
greatly enhanced Tc, all the way up to (or even beyond) the
quantum degeneracy temperature TF. And the BEC asymp-
tote T BEC

c is pushed up dramatically as well.
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