Chapter 1 Introduction
Empirical methods (---> Analytic ones.

1. Empirical methods: 

· Adjust some parameters, add a new compensator, … Strongly depends on experience. An art. For masters. 

· Trial and error (low efficiency)

· When the complexity is high, it doesn’t work or is too dangerous, too expensive (airplane, aircraft).

2. Analytic methods (for ordinary people)
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There are 5 steps

· Modelling. We are only interested in certain properties, and ignore others. 
We should model properly. 

· Mathematical description. 

Pysical laws -( mathematical equations. Tradeoff: precision v.s. complexity

This mathematical model is frequently referred to as “model”, “system”. 

· Analysis based on the mathematical model (equations): quantitative and qualitative

(1) Model verification: Under the same inputs, does the model yield the same outputs as the real system? If not, the model is wrong. Redo it. It should be the first to do.

(2) Under a “trustable” model, “predict” the system’s properties, including the qualitative ones, like stability, and the quantitative ones, such as the rising time. If the predicted properties are not acceptable, we have to do something (synthesis). 

· Synthesis based on the mathematical model.
Modify some parameters of the (mathematical) “system”. Insert some compensators. We want to the “system” to satisfy some requirements (stability, robustness), and optimize certain performance. 

· Implement the obtained results into the real system. 

(1) Good: The qualitative properties may still be preserved. Quantitative properties may keep the trend (e.g., the new design could yield some performance improvement). The exact improvement value may not be preserved. But this is already good enough. Don’t forget that the mathematical model is only an approximation of the real system.

(2) Bad: The expected qualitative properties are broken (e.g., loss of stability). No quantitative improvement due to the new design is seen. Some possible reasons to this failure: 

1) Computation errors. Redo the synthesis.

2) Model mismatching. Search for more precise parameters of the system or find a more general model. 

In our class, we focus on the analysis and synthesis of the (mathematical) “system” (model). Moreover, we only consider the linear models. By system, we mean the set of relevant equations.
Chapter 2. Mathematical Descriptions of Systems
2.1 Introduction
A system is a mapping (From the input to the output)
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1. It is a deterministic mapping. Existence and Uniqueness.
2. SISO, MIMO, SIMO:

dim(u)=1? dim(y)=1?

2.1.1 Causality and lumpedness

1. Memory v.s. memoryless (systems)
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(1) A memoryless system

[image: image1874.emf], the current output depends only on the current input.

(2) A system with memory
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. Both the current input and the past inputs determines the current output. 
The history makes difference.

2. Causal/ non-anticipatory
A causal system: The current output 
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have nothing to do with the current output 
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, i.e., we cannot anticipate the future input from the current output. 

Physical systems are all causal. 
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Some artificial systems can be non-causal (when the time is represented by other variables). 

The output is selected as the electronic field E(t).

3. State (of a causal system)
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Define a state 
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. The state plus the future inputs determines all future outputs.
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. It doesn’t help by defining a new set variable. Have a look at an example.
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Try your best to find as low state dimension as possible. 

4. Lumpedness

A state 
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Example: Is the system 
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 lumped?

Suppose it were lumped.
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. It is obvious that 
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It is not lumped.

Not lumped -( distributed.

2.2 Linear systems
1. Linearity
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(1) Additivity
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Additivity: 
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(2) homogenity
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Homogenity: 
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Linearity=additivity + homogenity

(3) Linearity defined as “state + partial inputs”
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Example: Is 
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 linear? Lumped?
2. Input-output description
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Homogenity
(2) Additivity
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(3) Limitation
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For a causal system, 
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3. MIMO systems (DIDO example)
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(1) Consider only 
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(2) Linear combinations of two fundamental systems
[image: image1770.wmf](

)

i

t

t

-

D

d


[image: image1771.wmf](

)

(

)

(

)

i

i

t

t

t

u

-

´

D

D

d


[image: image1772.wmf](

)

(

)

(

)

i

i

t

t

g

t

u

,

D

´

D


[image: image1773.wmf](

)

(

)

(

)

å

-

´

D

D

i

i

i

t

t

t

u

d


[image: image1774.wmf](

)

(

)

(

)

å

D

´

D

i

i

i

t

t

g

t

u

,



[image: image46.wmf](

)

(

)

(

)

t

y

t

y

t

y

12

11

1

+

=


Then we get the impulse response matrix (eq. 2.5).

4. State space model
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Linear + lumped                      There exists a state space model.

2.3 Linear Time-Invariant (LTI) Systems
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We observe that 
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LTI:   Both 
[image: image49.wmf](

)

t

u

 and 
[image: image50.wmf](

)

t

y

 are shifted by the same amount of time (2). 
(ii) For general case,  a system is LTI if
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Both 
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When the parameters of a system change slowly enough, it is LTI.
2. Impulse response of an LTI system
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We know that 
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(2) 
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So 
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Let 
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3. Laplace transformation (defined only for LTI systems)
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pp. 39, Problem 2.9

Definitions:  proper, strictly proper, biproper, improper.

3. State-space equation of a lumped LTI system
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Op-amp circuit implementation.
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2.4 Linearization

A nonlinear system -( first order approximation

2.5 Examples.
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Chapter 3 Linear Algebra
3.1 Introduction

Block operations of matrices

3.2 Linear space 
1. Vector 
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2. Some definitions

(i) Linear independence. Given a set of vectors, 
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 cannot be represented as a linear combination of other vectors., i.e., every 
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(ii) Linear dependence
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(iii) Linear space: A set 
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 is a linear space if
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3. Search for the maximum subset of linearly independent vectors among 
[image: image73.wmf]}

,

,

,

{

2

1

m

v

v

v

r

L

r

r

. 


[image: image74.wmf]{

}

more

 

No

t

independen

linearly 

 

is

}

,

,

,

{

t

independen

linearly 

 

is

 

,

0

2

1

2

1

1

Þ

Þ

Þ

Þ

¹

r

v

v

v

v

v

v

r

L

r

r

L

r

r

r

r
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We can verify that 
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There exist more than one basis.
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5. Correlation of vectors
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Any basis can be transformed into an orthonormal basis by Schmidt orthonormalization procedure.
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3.5 Diagonal Form and Jordan Form
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2.  Algebraic multiplicity 
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3.6 Functions of a Square Matrix
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We see that 
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2.  Polynomials of a square matrix 

(1) A simple example:
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(2) A general case
For a general polynomial, 
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For general 
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(3). Characteristic equation.
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Another way to get the above result.
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Example 3.8, pp. 65.

3. Minimal polynomial
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3.7 Lyapunov Equation
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A more systematic way is to utilize the Kronecker product so that the linear matrix equation is transformed into a common vector equation. 

3.8 Some Useful Formulas
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3.9 Quadratic Form and Positive Definiteness
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(2) No generalized eigenvector: 3.67-3.68, pp. 73.

3.10 SVD

pp 76-77. 

3.11 Norms of Matrices

Induced norms. 

Homework: 3.1, 3.3, 3.13, 3.14, 3.17, 3.18, 3.21, 3.31, 3.32, 3.33, 3.38

Chapter 4 State-Space Solutions and Realizations
4.1 Introduction

We have a causal linear system
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1. Discretization
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 conflict between computational complexity and precision

2. Laplace method (only for LTI systems)
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It requires computing poles, carrying out partial fraction expansion, and is sensitive to small changes in data. 

3. State-space method (only for lumped systems)
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, ode (ordinary differential equation)
The existence and uniqueness of solution of an ODE.
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It is possible that 
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4.2 Solution of LTI state equations
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Another two ways to compute 
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2. Solution of 
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(1) Verify its solution is 
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(2) Laplace transform
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(3) Zero input response (
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3.  Discretization: 
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4.   Discrete-time systems 

pp. 92-93. Modes: 
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4.3 Equivalent state equations

1. 
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(i) Similarity transformation: 

New state 
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Transfer functions: 
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We can verify that 
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Why do we need the similarity transformation?

· Simplification. Simpler 
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. Canonical forms in 4.3.1, pp. 97
· Acceptable signal magnitude (Example 4.5, pp. 99).
(ii) What does 
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 (Theorem 4.1)
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 may have different dimensions. (example 4.4, pp. 96)

To reduce cost, we like the lower dimension. 

4.4 Realizations 
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Theorem 4.2 
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Define a state space equation


[image: image335.wmf][

]

(

)

u

G

x

N

N

N

N

y

u

I

x

I

I

I

I

I

I

I

x

r

r

p

p

p

p

p

r

p

r

p

p

¥

+

=

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

+

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

-

-

-

-

=

-

-

ˆ

0

0

0

0

0

0

0

0

0

0

0

0

1

2

1

1

2

1

L

M

L

M

M

O

M

M

L

L

L

&

a

a

a

a



[image: image336.wmf](

)

?

1

=

-

-

B

A

sI

C



[image: image337.wmf](

)

(

)

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

=

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

Þ

-

=

-

0

0

2

1

1

M

M

I

B

z

z

z

A

sI

B

A

sI

Z

r



[image: image338.wmf]ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

=

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

-

-

-

+

-

0

0

0

0

0

0

0

0

0

0

3

2

1

1

2

1

M

M

L

M

M

O

M

M

L

L

L

p

r

p

p

p

p

p

p

r

p

r

p

p

I

z

z

z

z

sI

I

I

sI

I

I

I

I

I

s

a

a

a

a


The second line: 
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The third line: 
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The last line: 
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The first line: 
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Example 4.6 v.s. Example 4.7 pp. 103-105

We may get realizations with different dimensions. 

4.5 Solution of linear time-varying (LTV) equations

1. Model: 
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Time-varying parameters, 
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What is its solutions?

(i) LTI: 
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(ii) LTV: 
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E.g. 
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 is not a solution to the T-V equation. 

2. Zero input solutions of a T-V equation.


[image: image367.wmf](

)

(

)

î

í

ì

Î

=

=

n

R

x

t

x

x

t

A

x

0

0

&


[image: image1816.wmf])

(

t

y


Consider 
[image: image368.wmf]{

}

basis.

 

a

 

t vectors,

independen

linearly 

 

of

set 

A 

  

:

,

,

)

(

0

)

1

(

0

0

n

x

x

x

L

Î

 

[image: image1817.wmf]{

}

0

,

0

)

(

³

º

t

t

u


[image: image1818.wmf](

)

0

0

=

x

Linearity? Verify it. 

[image: image369.wmf](

)

(

)

0

0

0

º

Þ

=

t

x

t

x


More general, 
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Fundamental matrix: 
[image: image372.wmf](

)

(

)

(

)

[

]

t

x

t

x

t

X

n

)

(

)

1

(

,

,

L

=



[image: image373.wmf](

)

t

t

X

"

¹

,

0

. Why?
(i) 
[image: image374.wmf]0

t

t

=

,
[image: image375.wmf](

)

[

]

0

,

,

)

(

0

)

1

(

0

0

¹

=

n

x

x

t

X

L

.
(ii) 
[image: image376.wmf]0

t

t

<

, 
[image: image377.wmf](

)

0

¹

t

X

?
Suppose 
[image: image378.wmf](

)

0

1

1

,

0

t

t

t

X

<

=

. 
[image: image379.wmf](

)

(

)

(

)

[

]

1

)

(

1

)

1

(

1

,

,

t

x

t

x

t

X

n

L

=

. 

Due to 
[image: image380.wmf](

)

,

0

1

=

t

X

 
[image: image381.wmf](

)

(

)

(

)

[

]

0

,

0

,

,

1

1

1

)

(

1

)

1

(

1

1

¹

ú

ú

ú

û

ù

ê

ê

ê

ë

é

=

ú

ú

ú

û

ù

ê

ê

ê

ë

é

=

ú

ú

ú

û

ù

ê

ê

ê

ë

é

n

n

n

n

t

x

t

x

t

X

b

b

b

b

b

b

M

M

L

M


[image: image1819.wmf])

(

t

y


By linearity of the ODE system, 
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Note that an ODE can be solved backwards.
3. State transition matrix
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4. Solution of a LTV equation.
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4.5.1 Discrete-time case
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State transition matrix: 
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 could be singular.

4.6. Equivalent time-varying equations

1. T-V transformation:
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2. Bounded 
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Source of the problem: Unbounded 
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4.7. Time-varying realizations
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Can it be realized by a time-varying state equation?
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Theorem 4.5 
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Proof: (i) 
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(ii) 
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Homework: 4.2, 4.5, 4.8, 4.12, 4.15, 4.17, 4.19, 4.20, 4.22, 4.26
Chapter 5 Stability
5.1 Introduction
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Response=zero-input response + zero-state response

5.2 Input-Output stability of LTI systems (zero-state response) 
1. Definitions

(1). Model 
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(2). Boundedness: 

Bounded input-(  
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(3).BIBO stability (scalar case, Theorem 5.1, pp. 122)
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Bounded inputs yield bounded output                 
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Proof: (i) 
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(ii) BIBO stable            ?

We know 
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We get a contradiction. So 
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2. The outputs under several special inputs (Theorem 5.2)
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(1) Step input, the output converges to a constant function.
(2) Sinusoidal input, the output converges to a sinusoidal function.

(3) Any input not converging to 0, the output will converge to the “unstable” input mode.
3. Proper rational: 
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Theorem 5.3 (pp. 124) BIBO stable              all poles are in the open left half plane
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4. BIBO stability of MIMO systems

Theorem 5.M1(pp. 125)
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(2) All 
[image: image472.wmf](

)

t

g

ij

 are BIBO stable             ?


[image: image473.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

ò

ò

ò

ò

-

+

+

-

£

-

+

+

-

=

t

m

im

t

i

t

m

im

t

i

i

d

t

u

g

d

t

u

g

d

t

u

g

d

t

u

g

t

y

0

0

1

1

0

0

1

1

t

t

t

t

t

t

t

t

t

t

t

t

L

L


[image: image1839.wmf]u

[image: image1840.wmf]y

[image: image1841.wmf](

)

s

g

ˆ

[image: image1842.wmf]r


SISO systems

So the boundedness of the outputs of all SISO systems guarantee that of the overall system.

It is not easy to check all 
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where 
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 represents any norm (due to the equivalence of all norms). 

5. BIBO stability of a state space equation

[image: image477.wmf](

)

(

)

(

)

(

)

(

)

(

)

î

í

ì

+

=

+

=

t

Du

t

Cx

t

y

t

Bu

t

Ax

t

x

&



[image: image478.wmf](

)

(

)

(

)

(

)

(

)

[

]

D

B

A

sI

Adj

C

A

sI

s

g

D

B

A

sI

C

s

G

ij

+

-

-

=

=

+

-

=

-

1

1

 is rational proper. 

All poles of 
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If 
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 is stable, the system is BIBO stable. Due to possible pole-zero cancellation, BIBO stable systems may not have stable 
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. Example 5.2 (pp. 126).

5.2.1 Discrete-time case

1. Model 
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BIBO stability: bounded input, bounded output.
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5.3 Internal stability
1. Model: zero-input response
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Equilibrium: 
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 is the desired working point. 

2. Marginal stability or stability in the sense of Lyapunov
(1) Definition: 

Every finite 
[image: image492.wmf]0

x

 excites a bounded state response 
[image: image493.wmf](

)

t

x

. 


[image: image494.wmf](

)

0

,

0

0

³

"

¥

<

£

Þ

¥

<

£

t

M

t

x

M

x


(2) A necessary and sufficient condition: 
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where the eigenvalues of 
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Proof: The Jordan form of 
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A similarity transformation: 
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3. Asymptotic stability
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(2) A necessary and sufficient condition: 
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5.3.1 D-T case
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So stability is related to 
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5.4 Lyapunov theorem
1. Motivations:

(1) In the previous sections, we determine stability of LTI systems by analytically solving an ode (ordinary differential equation). Then we determine stability according to the obtained solution. For general nonlinear systems, it is difficult, or impossible, to get the desired analytic solution. Then how to determine stability?
(2) Lyapunov (direct) method (“direct” means that we doesn’t need to solve the ode first. We just “directly” determine stability from the ode.
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(i) Lyapunov function 
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2. Implement Lyapunov method to a linear system:
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The key is the Lyapunov euation
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(3) Conversely, if for a 
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3. Lyapunov equation
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Theorem 5.5(pp. 132). 
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Proof: (i) 
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 is a solution.

Under 
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, the Lyapunov equation has a unique solution. An alternative proof is shown in Theorem 5.6 (pp. 134). 
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5.4.1 D-T case
We again need a Lyapunov function
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We can get Theorems 5.D5, 5.D6. 
Note that the solution of 
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5.5 Stability of LTV systems

1. Model (input-output)
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2. BIBO Stability conditions:
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[image: image1855.emf](2) MIMO- BIBO stability             
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(3) State space model:
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The zero-state response is 
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[image: image1857.emf]BIBO stability         
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3. Internal stability

(1) Zero-input response
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Response: 
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[image: image1858.emf](2) Marginally stable         
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Eigenvalues can not be used to determine the stability of LTV systems.

Example 5.5 (pp. 139) 
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(3). Marginal stability and asymptotic stability are invariant under any Lyapunov transformation.
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Homework: 5.6, 5.11, 5.13, 5.14, 5.17, 5.20, 5.21, 5.22, 5.23

Chapter 6 Controllability and observability
6.1 Introduction
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Controllability, reachability: 
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Observability: 
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6.2 Controllability

1. Model:
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2. Reachability: 

(i) Require: 
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(ii). Reachable state 
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(iii). Reachable set: the set of all reachable states
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(a) It is necessary for reachability (
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(b) What is a sufficient condition for reachability? 
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Proof: Suppose 
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When 
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(c). Other equivalent reachability conditions
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Any vector 
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We can verify that any 
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 has at least one eigenvalue 
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So 
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3.   Controllability 

(1) Controllable state 
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The controllable set 
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The system is controllable                      
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(2) Controllability conditions:
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 is reachable for the following system
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For a continuous-time system 
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For D-T systems, controllability and reachability are NOT equivalent.

(i) A controllable but non-reachable example:
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(ii) Reachability                  Controllability
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Reachability                     
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6.2.1 Controllability indicies

1. Definition:
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How many linearly independent columns does 
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An example:
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2. Under a similarity transformation, the controllability indicies do not change. 
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So the 
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3.  Duality of observability and controllability.
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5. Observability indicies
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Observability indicies: 
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8. Controllability-observability based decomposition

Controllable sub-space: 
[image: image846.wmf]c

S

 (
[image: image847.wmf]c

c

S

AS

Í

)

Unobservable sub-space: 
[image: image848.wmf]o

S

 (
[image: image849.wmf]o

o

S

AS

Í

)

(1) Decompose 
[image: image850.wmf]c

S



[image: image851.wmf](

)

D

n

S

c

-

1

:

             
[image: image852.wmf](

)

[

]

o

c

n

n

o

c

P

q

q

D

n

n

S

S

=

-

-

+

1

1

,

1

,

,

,

:

1

1

,

1

1

L

I



[image: image853.wmf](

)

[

]

co

n

o

c

P

q

q

D

n

S

S

=

-

1

,

1

,

,

,

:

\

1

1

,

1

L


(2) Decompose 
[image: image854.wmf]c

n

c

S

R

S

\

=



[image: image855.wmf](

)

D

n

n

S

c

-

-

1

:

             
[image: image856.wmf](

)

o

c

o

c

P

D

n

n

n

S

S

,

:

2

,

2

1

-

-

-

I



[image: image857.wmf](

)

o

c

o

c

P

D

n

S

S

,

:

\

2

,

2

-



[image: image858.wmf][

]

o

c

o

c

o

c

co

P

P

P

P

P

=


(i) 
[image: image859.wmf][

]

(

)

c

co

o

c

co

c

P

span

AP

P

P

P

Î

=

,



[image: image860.wmf][

]

[

]

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

ú

û

ù

ê

ë

é

=

0

0

*

*

*

*

o

c

o

c

o

c

co

o

c

co

co

P

P

P

P

P

P

AP


(ii) 
[image: image861.wmf][

]

(

)

o

o

c

o

c

o

c

o

P

span

AP

P

P

P

Î

=

,



[image: image862.wmf][

]

[

]

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

ú

û

ù

ê

ë

é

=

*

0

*

0

*

*

o

c

o

c

o

c

co

o

c

o

c

o

c

P

P

P

P

P

P

AP


(iii) 
[image: image863.wmf](

)

(

)

o

o

c

c

o

c

P

span

AP

P

span

AP

Î

Î

,

. So


[image: image864.wmf](

)

o

c

o

c

P

span

AP

Î



[image: image865.wmf][

]

[

]

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

=

0

0

*

0

*

o

c

o

c

o

c

co

o

c

o

c

P

P

P

P

P

AP


(iv) 
[image: image866.wmf][

]

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

*

*

*

*

o

c

o

c

o

c

co

o

c

P

P

P

P

AP


(v) 
[image: image867.wmf][

]

[

]

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

*

*

0

0

0

*

0

0

*

*

*

*

0

*

0

*

o

c

o

c

o

c

co

o

c

o

c

o

c

co

P

P

P

P

P

P

P

P

A


(vi) 
[image: image868.wmf][

]

(

)

o

c

co

P

P

span

B

Î



[image: image869.wmf][

]

[

]

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

ú

û

ù

ê

ë

é

=

0

0

*

*

*

*

o

c

o

c

o

c

co

o

c

co

P

P

P

P

P

P

B



[image: image870.wmf][

]

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

=

-

-

0

0

*

*

0

0

*

*

1

1

o

c

o

c

o

c

co

P

P

P

P

P

B

P

B


(vii) 
[image: image871.wmf][

]

[

]

[

]

[

]

0

0

0

0

o

c

co

o

c

co

o

c

o

c

o

c

co

o

c

o

c

o

c

co

C

C

CP

CP

CP

CP

CP

CP

P

P

P

P

C

C

=

=

=

=


Therefore we get Theorem 6.7 (page 163).
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6.5 Conditions in Jordan-form equations
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We want to verify the controllability condition in Theorem 6.8 (page 165)
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Fig 6.9(page 167): 
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6.6 Discret-time state equations
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(ii) Let 
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(iii) Similarly we can prove that 
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6.7 Controllability after sampling

We want to verify Theorem 6.9 (page 173) through an example.
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6.8 LTV state equations

1. Model
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2. Controllability:
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Controllability matrix: 
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Theorem 6.11 (page 176)

The system is controllable at time 
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Proof: (1) 
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(2) The system is controllable at time 
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2.  Theorem 6.12 (teach yourselves).
3. Example

(1) 
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For any 
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4. Observability: a necessary and sufficient condition is 
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Homework: 6.3, 6.4, 6.6,6.9, 6.10, 6.12, 6.16, 6.19, 6.20, 6.21, 6.22。
Chapter 8. State feedback and state estimators
8.1 Introduction

1. Control problem formulation:


Design 
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 so that 
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 follows 
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 as closely as possible.

2.  Solutions:

(1) Open loop


(2) Closed loop/feedback




A closed-loop controller is usually more robust to parameter variation, noise, etc.

How can we design a good closed-loop/feedback controller? It is the main task of this chapter.

8.2 State feedback

1. Plant (SISO):
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A state feedback controller:
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2.  Controllability is preserved under any state feedback: Theorem 8.1 (page 232)
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Proof: (1) 
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 is NOT controllable. Contradiction! So 
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(2) 
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We can choose 
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3. Effects of state feedback.

(1) State feedback may change observability

Example 8.1(page 233): The original observable system becomes unobservable after the state feedback.

(2) Example 8.2 (page 234): 
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The original characteristic polynomial is 
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State feedback: 
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The new characteristic polynomial is 
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4. Arbitrarily assign the poles of the closed loop system.

Theorem 8.2 (page 234), Theorem 8.3 (page 235). 
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By a state feedback 
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, we can obtain any desired closed-loop characteristic polynomial:
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Proof: We introduce a similarity transformation different from that in the book. A constructive method.
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 (Cayley-Hamilton Theorem)
So 
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(2) Under the state feedback 
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The new characteristic polynomial is
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By choosing 
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So 
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Under the state feedback, 
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Similarly, we get 
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We can see the nominator of the transfer function is not changed.

5. How can we choose the target closed-loop poles?


8.2.1 Solving a Lyapunov equation (to achieved the desired poles)
1. Procedure 8.1 (SISO) (page 239)

(1). F: whose eigenvalues are the desired poles. F and A have no common eigenvalue.

(2). 
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(3). Solve 
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(4). Feedback gain: 
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When T is non-singular, 
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2.  T is non-singular. Theorem 8.4 (page 240)
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 is observable and F and A have no common eigenvalues 
             T is non-singular.

Proof: (1). The Lyapunov equation has a unique solution T because F and A have no common eigenvalues. 
(2). Suppose 
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(3). 
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The right side square matrix is non-singular. So T is non-singular.
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8.3 Regulation and tracking

1. (1). Regulator problem: To find a state feedback controller so that the response due to the initial condition will die out at a desired rate. 

(2). Tracking: The response 
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2. Mathematical description

(1) Model: 
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(2). Regulation: Control law: 
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The response due to 
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The eigenvalues of 
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 determine the convergence rate.
(3).Tracking: control law: 
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Closed-loop transfer function: 
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The eigenvalues of 
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 lie within a certain region so that the tracking rate can be guaranteed. 

For 
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In order to achieve asymptotic tracking (
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8.3.1 Robust tracking and disturbance rejection

Although 
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 can achieve asymptotic tracking, it strongly dependes on the parameters 
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Moreover, it cannot reject disturbance, particularly a step disturbance.

So we need to investigate a robust one.

1. Model
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2. Solution:

Design 
[image: image1072.wmf]a

k

k

,

to achieve robust tracking and disturbance rejection.

The closed-loop equation
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3. Theorem 8.5 (page 244). If 
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We prove the theorem through showing the controllability of 
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(1) We investigate the following equation
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(3). By Theorem 8.3, we can arbitrarily assign the eigenvalues of 
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4. Verify the robust tracking and disturbance rejection

(1) Equivalent system
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The Laplace transform of y(t) is 
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(i) 
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(ii) 
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Note that 
[image: image1106.wmf]0

¹

a

k

 (if 
[image: image1107.wmf]0

=

a

k

, then 
[image: image1108.wmf]ú

û

ù

ê

ë

é

-

+

0

c

bk

bk

A

a

has an eigenvalue of 0.).
5. Why can we achieve such good robust tracking and disturbance rejection?

We include the input model and the disturbance model into the controller, which is referred to as “Internal model principle”:


8.3.2 Stabilizability.
When the system is not controllable, some eigenvalues of the original system cannot be modified, which are called “uncontrollable eigenvalues”. When these uncontrollable eigenvalues are stable, the system is said to be “stabilizable” because we can choose an appropriate state feedback gain to move the controllable eigenvalues to stable positions.

8.4 State estimator

1. Motivation: state feedback can do a good job (arbitrarily assign the poles)

[image: image1109.wmf]kx

r

u

-

=


But what will happen if we don’t have access to x?

(1) Some state variables cannot be directly measured.

(2) State sensors are too expensive.

2.  State estimator

Original system: 
[image: image1110.wmf]R

u

R

x

cx

y

bu

Ax

x

n

Î

Î

î

í

ì

=

+

=

,

,

&



[image: image1111.wmf](

)

(

)

(

)

(

)

ò

-

+

=

t

t

A

At

d

bu

e

x

e

t

x

0

0

t

t

t

. 

It is usually assumed that the system parameters, A,b,c, are known. So the only unknown is x(0).

(1) Open loop estimator:

(i)
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We have 
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If A has unstable eigenvalues, e(t) may diverge to 
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(2) closed-loop estimator:
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So 
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If eigenvalues of 
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Can we guarantee the stability of 
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4. Theorem 8.O3 (page 250) 

All eigenvalues of 
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Proof: 
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We choose 
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5. Procedure 8.O1 (page 250)

We can find an appropriate 
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 by solving a Lyapunov equation.

8.4.1 Reduced-dimensional state estimator

Any observable system can be transformed into the observable canonical form with
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So we have already known 
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. A reduced-dimensional ( (n-1)-D) observer is to be designed.
1. One design method: Procedure 8.R1 (page 251)

Its validity can be guaranteed by Theorem 8.6 (page 252)

2. Another reduced-dimensional estimator:

We assume the system takes the observable canonical form and 
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(i) The first state equation:
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Introduce a new “virtual” output 
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(ii) The second state equation is
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Then we get an (n-1)-D system


[image: image1149.wmf]î

í

ì

=

+

=

2

12

2

22

2

x

A

z

u

x

A

x

&


Claim: 
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Let 
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So 
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For the observable system 
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, we construct a full-dimensional state estimator as
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By selecting 
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(iv).  The reduced-dimensional state estimator is
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It is not easy to compute 
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Now no derivative is needed. In summary,

Instead of 
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8.5 Feedback from estimated states

1. (1) Ideal state feedback: 
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(2).  state estimator: 
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(3) Feedback the estimated state
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2.  Systems to construct control with estimated state
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Let 
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Eigenvalues of the overall system: 
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The transfer function:
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The estimation error has no effect on the transfer function. Why?

When we compute a transfer function, we have already assume that all initial conditions are 0. So 
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The state e(t) is uncontrollable.
8.6 State feedback – Multivariable case

1. Model
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Controller: 
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Closed-loop system:
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2.   Theorem 8.M1 (page 255)
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3. Theorem 8.M3 (page 256)
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It is not easy to design K. We will spend much on that.

8.6.1 Cyclic design
1. Definition: A is cyclic if its characteristic polynomial equals its minimal polynomial.

A is cyclic            For each eigenvalue of A, there is only 1 Jordan block.

2. Theorem 8.7 (page 256) If A is cyclic and (A,B) is controllable, then for almost any vector 
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Proof: Consider Theorem 6.8 (page 165). Due to the cyclic requirement, we have only 
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For almost any v, 
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3. By 2, we know there almost surely exist v such that (A, Bv) is controllable. Let 
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4. 
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8.6.2 Lyapunov equation method:
We solve a Lyapunov equation to get the gain F. 

Procedure 8.M1. 

Theorem 8.M4:  

Controllable (A,B) and observable 
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8.6.3 Canonical-form method.

1. Example: 
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Solve 
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Then 
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Let 
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Similarity transformation  
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Generally, if 
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Let 
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The characteristic polynomial of 
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8.6.4 Effects of state feedback on the transfer matricies. (page 260)

8.7 State estimator – Multivariable case (page 263)

How about the reduced-dimensional estimator?

When C has full row rank, then find T so that 
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8.8 Feedback from estimated states – Multivariable case (page 265)
Same.
Homework: 8.1, 8.4, 8.6, 8.9, 8.10, 8.11, 8.13
Chapter 7 Minimal realizations and coprime fractions

7.1 Introduction
1. An LTI system:

I/O model: 
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            The system is lumped or 
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State-space model: 
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Definition: 
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 is realizable if the transfer matrix of a state-space equation is equal to 
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2.  Why do we need to realize 
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 by a state-space equation?

(i) It is more efficient and accurate to compute the response from the state-space equation than the convolution equation.

(ii) After realizing 
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 into a state equation, we can use op-amp circuits to implement it. (physically realize 
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3.  Many sate equations may have the same transfer matrix (Examples 4.6, page 103; 4.7, page 105). Which one should we use?

Minimal-dimensional or minimal one with the lowest order.

How to find the minimal realization? Our task to go.

7.2 Implications of coprimeness (SISO) 
1. The decomposition of a proper rational transfer function
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: a strictly proper transfer function. If we can realize 
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 by defining the D matrix as 
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. So we will focus on only the strictly proper transfer functions in the sequel.
2.  A simple realization of a strictly proper transfer function
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 has degree 4 and is monic (its leading coefficient is 1).

(1). 
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Let 
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(2).  Define the state variables as
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Then 
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We need to know 
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So 
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(3). 
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(4). We get a realization
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(5). Check its controllability:

Solve the equation 
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So the equation only have a solution of zero for any 
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. The system is controllable.
(6). Check observability, which is related to coprimeness between N(s) and D(s).

(i). Definition (coprimeness): Two polynomials are coprime if they have NO common factor of degree at least 1.
A polynomial R(s) is a common factor of D(s) and N(s) if
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Where 
[image: image1267.wmf](

)

(

)

s

N

s

D

,

 are polynomials.

(ii) Definition (Greatest Common Divisor, gcd) R(s) is the gcd of D(s) and N(s) if

(a). R(s) is a common factor/divisor of D(s) and N(s)
(b).Any common divisor of D(s) and N(s), 
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(iii) D(s) and N(s) are coprime if and only if
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(iv). Theorem 7.1 (page 187) 
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Proof: (a) observability                     coprimeness

Suppose D(s) and N(s) are not coprime. Then there exists 
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Let 
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. We can verify that
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 has at least non-zero solution. We know 
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(b) comprimeness       observability.

Suppose the system is not observable. Then there exist 
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Then we know from 
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(7) Observable form (page 188)
(8) Equivalently transformed realization
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Let 
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We can also get a transformed observable form (page 189).
7.2.1 Minimal realizations
1. Coprime fraction based on the fraction of polynomials
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 are coprime. We get a coprime fraction of 
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Example: 
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2. Minimality condition: Theorem 7.2 (page 189) 
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Proof: (1) minimality      controllability + observability

(i) If a realization is minimal, then it is both controllable and observable. Otherwise, we can do controllability/observability decomposition to realize   
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(ii) If the system is both controllable and observable, then 
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 are non-singular (they are square matrices). 
Suppose a minimal realization has a lower order 
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(iii) controllability + observability        coprimeness               
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3. Theorem 7.3 (page 191)
All minimal realizations are equivalent.

Proof: (i) All minimal realizations have the same order.

(ii) Choose two minimal realizations, 
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4. controllability + observability        coprimeness               
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                                  Minimality

For a minimal realization,
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 is an eigenvalue of A (controllable canonical form)       
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7.3 Computing coprime fractions
1. How can we obtain a coprime fraction of 
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(i). Find a (probably non-coprime) fraction. Then cancel the common factors between the numerator and the denumerator.

(ii). Linear algebraic method.

2. Linear algebraic method:

(i) Problem formulation:
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(iii) 
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S: Sylvester resultant

Proposition: D(s) and N(s) are coprime           

               S is non-singular, i.e., Sm=0 has the unique solution m=0.

(iv) If S is singular, 
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(a). D-columns: Those formed from 
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. They are linearly independent of their left-hand-side (LHS) columns due to 
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N-columns: Those formed from 
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. If an N-column becomes linearly dependent on its LHS columns, then all subsequent N-columns are linearly dependent of their LHS columns.

(b) (1) Let 
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 denote the number of linearly independent N-columns in S.

(2) Primary dependent N-column: the first N-column to become linearly dependent on its LHS columns, which is the 
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(3) 
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Sometime, we normalize v as
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 By computing rank of S(:,1:m).
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Theorem 7.4 (page 195) is a summary of the above procedure.

7.3.1 QR decomposition (more robust way to determine 
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R is an upper triangular matrix.
For our example 
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7.4 Balanced realization

1. There are infinitely many minimal realizations (which are all equivalent). Which one should we choose? Some criteria:
(1) Easy to implement. If there are many zeros in A, b or c, many components can be saved. Controllable and observable forms are good at this point.
(2) Robust against parameter variation

(i) Controllable and observable forms are all sensitive to parameter variation. 

(ii) Jordan form is less sensitive to parameter variation.

(iii) The following balanced realization is less sensitive. Moreover, it is useful during reducing the order of a controller.

2. Balanced realization

(i) Model: 
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(ii) Controllability Gramian 
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The solutions to the above equations exist and are unique. They are positive definite when (A,b) is controllable and (c,A) is observable.
(iii) Different minimal realizations of the SAME transfer function may have different controllability/observability Gramian. 

Example: 
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The same 
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Different 
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Note that 
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(iv) Theorem 7.5 (for stable 
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(v) Eigenvalues of 
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(vii) Output-normal realization
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(viii) Input-normal realization
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(ix) Model reduction based on the balanced realization
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Statements:
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 is balanced. 
(2) If the diagonal entries of 
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 are much less than those of 
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, the transfer function of the truncated subsystem is close to that of the original system. 

Note the above statements are built upon the assumption that A is stable. 

7.5 Realizations from Markov parameters
1. Markov parameters (for a strictly proper 
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2. Practical method to compute 
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Where m=n+1,n+2, …
Hankel matrix
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Theorem 7.7 (page 201). For a strictly proper 
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Proof: (1) 
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(a) When 
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So starting from the (n+1)-th column, all columns are linearly dependent on its left neighbors.
The similar statement works for rows.
Therefore the columns and rows with the indices larger than 
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Suppose p-th column is the first one to linearly depend on its left-hand-side columns.
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Define
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So 
[image: image1465.wmf](

)

(

)

n

p

s

g

<

£

ˆ

deg

. Contradiction!

(2). 
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(n+1)-th column is the first one to linearly depend on its LHS columns. Then we can find an n-th order fraction of 
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3. Realization based on Hankel matrix
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(ii). Companion forms:
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Example: 
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For simple 
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 (the original fraction is NOT coprime).
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(2) Balanced forms: (A,b,c) satisfies 
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Proof: (i) 
7.6 Degree of transfer matrices

Assumption: Every entry of 
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 has a coprime fraction.

1. Definition: Degree of a proper rational transfer matrix 
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(1) The least common denominator of all minors of 
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(2) McMillan degree or the degree of 
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Example: 
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Minors: 
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The least common denominator is 
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Minors: 
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The least common denominator is 
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Note that every minor must be reduced to a coprime fraction.

2. Proposition: 
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 is realized by (A,B,C)

(1) Monic least common denominator of all minors of 
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=characteristic polynomial of A

(2) Monic least common denominator of all entries of 
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= minimal polynomial of A.
Proof: Jordan form of A.

7.7 Minimal relization—Matrix case

1. Theorem 7.M2 (page 207)

(A,B,C,D) is a minimal realization          (A,B) is controllable, & (C,A) is observable.
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Proof: Similar as the scalar case.

2. All minimal realizations of 
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Proof: They should have the same order 
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 is not square. But (C,A) is observable implies that 
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3. (1) If we get a controllable and observable realization, it must be minimal (lucky).

(2). Non-observable and/or controllable realization can yield a minimal realization by Kalman decomposition.

(3). How to get a minimal realization directly from 
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. Our ongoing task.

7.8 Matrix polynomial fractions

1. Some defintions:

(1) Right polynomial fraction: 
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(2). Left polynomial fraction: 
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(3). Right divisor of D(s) and N(s): R(s)
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3. Defintion: Unimodular matrix: M(s) is a square matrix polynomial. If 
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If M(s) is unimodular, then 
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3. Greatest common right divisor (grcd) of D(s) and N(s): R(s)

(i) R(s) is a common right divisor of D(s) and N(s).

(ii) R(s) is a left multiple of every common right divisor of D(s) and N(s).

Let 
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 be a common right divisor of N(s) and D(s). Then there exists 

a matrix polynomial M(s) such that 
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(iii) If R(s) is unimodular, D(s) and N(s) are right coprime.

Similar definitions work for left coprime concepts.

4. Degree of a transfer matrix 
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 is a proper rational matrix polynomial

(2). A right coprime fraction or a left coprime fraction are given as 
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(3) characteristic polynomial of 
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(4). Degree of 
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5. Equivalent of two definitions of Degree of 
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(1) Degree of the least common denominator of all minors.

(2) 
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Outline: 
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7.8.1 Column and row reducedness

We frequently see 
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. Is D(s) reversable? When D(s) is column or row reduced, it is reversable.

1. (1) Degree of a polynomial vector: Highest power in all entries of the vector.
(2). Column degree: 
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Row degree: 
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(3) M(s) is column reduced if 
[image: image1543.wmf](

)

(

)

(

)

(

)

å

=

i

c

s

M

s

M

i

d

det

deg


M(s) is row reduced if 
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Example: 
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Column degrees: (2,1)

Row degree: (2,2)
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M(s) is column reduced, but not row reduced.

By pre- or post- multiplying a unimodular matrix, any nonsingular polynomial matrix can be changed into a column or row reduced polynomial matrix. 

2. Decomposition of a polynomial matrix, M(s)

(1). 
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(2). 
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 row-degree coefficient matrix, constant.

(3). For coprime fractions: 
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If D(s) is column reduced, 
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If D(s) is row reduced, 
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(4) Theorem 7.8(page 213). 
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7.8.2 Compute matrix coprime fraction

1. Indirect (complicated) method:

(1) Find a fraction: 
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(2) Compute the gcrd of N(s) and D(s) (complicated): 
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(3) A right coprime fraction is 
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2. Direct method.

For a given left fraction 
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We directly compute its right coprime fraction
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(1) Polynomial matrix equation
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(2) Corresponding linear algebraic equation

Assume the highest order of 
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, the equality holds iff 
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The highest order of 
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(i) Every 
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-column is linearly independent of its LHS 
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-columns and 
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-columns.

(ii) Every 
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-block column consists of 
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-columns, which are denoted 
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-column (i=1, …,p). 
(a) If one 
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-column is linearly dependent on its LHS columns, then all subsequent 
[image: image1587.wmf]i

N

-columns are also linearly dependent on their LHS columns.

(b) Definition: 
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The first 
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-column that becomes linear dependent on its LHS columns is called the primary dependent 
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-column. 

(c). Corresponding to each primary dependent 
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-column, we compute the monic null vector (with 1 as the last entry, which exists and is unique) 
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 together, we get a right coprime fraction 
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Example: 
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3. Theorem 7.M4 (page 219)
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. By solving SM=0, we get a right coprime fraction 
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By introducing permutation, e.g., 
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  is a unit upper triangular matrix. 
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 is said to be in column echelon form.

4. Similar methods to get left coprime fraction.

7.9 Realization from matrix coprime fractions

1. Model: 2*2 strictly proper rational matrix 
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 (a right coprime fraction)

(2) Assume column degrees of D(s) are 
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(4). Define the state variable as 
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The column-degree coefficient matrix 
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(6). If 
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 is strictly proper, column degree of N(s) are less than the corresponding column degrees of D(s). 
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(7). 
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Remarks: (1) It is a controllable form. Controllability indicies are 
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(2). It is observable and controllable           N(s) and D(s) are coprime.

(3) 
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    Coprime fractions.
(ii) Characteristic polynomial of 
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(iii). The set of column degrees of D(s) equals to the set of controllability indicies of (A,B).

(iv). The set of row degrees of 
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)

s

D

equals to the set of observability indicies of (C,A).

7.10 Realization from matrix Markov parameters

1. 
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2. Theorem 7.M7 (page 226). 
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3. Balanced realization.

Homework: 7.1, 7.6, 7.7, 7.11, 7.12, 7.13, 7.14, 7.16, 7.17.
Chapter 9 Pole placement and model matching
9.1 Introduction

1. Problem formulation:


Task: To design u (controller) with y and r so that the desired transfer function is achieved.
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Our task can be decomposed into 2 steps

(i) Pole placement (which determines stability and effect performance)

(ii) Model matching (both pole and zero placements), which determines performance.

2. Our options: 

[image: image1647.emf]
(a) open-loop; (b) 1 DOF closed-loop; (c) 2 DOF closed-loop; (d) 2 DOF closed-loop.

3. Model requirements

(i) For (A,B,C), B has full column rank and C has full row rank.

(ii) 
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, N(s): zero, D(s): pole.

Minimum-phase zeros: zeros with negative real parts.

9.1.1.Compensator equations
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1. Existence (Theorem 9.1, page 272) 
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 A(s) and B(s) exist          D(s) and N(s) are coprime.

Proof: (i) D(s) and N(s) are coprime      
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Let 
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(ii) 
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 solutions exists         ?

By contradiction. If D(s) and N(s) are NOT prime, their common factor must appear in F(s). Then F(s) cannot take any polynomial.

Long division in (i)

(a) 
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(b) 
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(c ) 
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If 
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Merging all D(s) and N(s) terms together, we get the expected eqution.

2. Uniqueness 

(i) Solutions are NOT unique. 
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 are solutions.

(ii) Space of solutions

Solution= special solution + solution of 
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(iii) more requirements on solutions? To be considered later.

9.2 Unity-feedback configuration – pole placement

1. Architecture
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The overall system has n+m poles. We try to assign them arbitrarily.
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In the closed-loop system, 

(1) Old zeros ( N(s)=0) are retained. 

(2) New zeros (B(s)=0) are added.

(3) Poles may be arbitrarily changed.

2. Pole placement
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(i) 
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9.2.1 Regulation and tracking

Regulation (initial state)            
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9.2.2 Robust tracking and disturbance rejection
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Design B(s) and A(s) to stabilize 
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9.3 Implementable transfer function

1. What is the best closed-loop transfer function?

Tracking: 
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Some real constraints:

(i) All compensators are proper rational.

(ii) No plant leakage. 

(iii) Every possible input-output pair is proper (well-posed) and BIBO stable (totally stable).

Implementable = (i) + (ii) + (iii)

(a) totally stable : No cancellation of unstable poles. 

(b) Well-posed: For a unity feedback system, 
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3. Theorem 9.4 (page 285). 
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Proof: Necessity: 
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(ii) 
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Sufficiency: By the late construction.

Corollary 9.4 (page 285).

3. Realize an implementable 
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Poles of 
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If 
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Introduce a new polynomial 
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By Corollary 9.4, 
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A solution exist: 
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Example 9.7 (page 289)

(iii) Implementation: (a), (b), (c) can yield possible unstable pole cancellation.
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Is the new system state stable?

Controller: 
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The overall system:
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We get the desired one.

Homework: 9.1, 9.2, 9.4, 9.6, 9.8, 9.9, 9.10, 9.12, 9.13, 9.15
Basic knowledge


(common sense)





Mature theoretic/


practical results


(common sense)
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