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Basis

B-Splines

Beziep

Mathematical view: spline functions

Graphics view: spline curves (created using spline functions)



Motivation

* Back to the algebraic approach for Bezier curves

—Bernstein polynomials
* Problem: global influence of the Bezier points

* Introduction of new basis function
—B-spline functions



Some history

* Early use of splines on computers for data interpolation
* Ferguson at Boeing, 1963
* Gordon and de Boor at General Motors
* B-splines, de Boor 1972

* Free form curve design

* Gordon and Riesenfeld, 1974 — B-splines as a generalization of Bezier
curves



Repeated linear interpolation

Another way to increase smoothness:
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Repeated linear interpolation

* Another way to increase smoothness:
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Repeated linear interpolation

* Another way to increase smoothness
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N.B.: we will use Nik or N; interchangeably

De Boor Recursion: uniform case

* The uniform B-spline basis of order k (degree k — 1) is given as

Lifi<t<i+1
1 _ JLIfE <
N () = { 0, otherwise J‘:I_

t—i +k)—t —
NE(E) = —"L  NFL) + (It k=1(4)

(i+k—-1)-i (i+k)—(i+1)
s N
/ N
y N
J,.// o | N ‘ SaN ‘ A.
+k—t
N" 1(t) +‘ — N/ (t)



B-spline curves: general case

* Given: knot sequence ty <t < - <t < < tlpik
((to, tq, .-, tn4r) is called knot vector)
* Normalized B-spline functions N; ; of the order k (degree k — 1) are defined as:

1 t: <t<t;
N: . (t) = ’ L = .l+1
i1(t) { 0, otherwise

t—t; tivk—t
Nig(t) = ———Nip—1 () + —F— Ny 1 -1 ()

i+k—1—Ci Civk—Cli+1

fork>1andi=0,..,n

* Remark:
* If a knot value is repeated k times, the denominator may vanish

* In this case: The fraction is treated as a zero



t; <

1,
N;,(t) = { 0

Ni e (t) ——_

tl+ -

t <tiyq
otherwise

tipp—t
Ni p-1(t) + ﬁl\’iﬂ,kq(ﬂ

fork>1andi=0,..,n









Key Ideas

* We design one basis function b(t)

* Properties:
* b(t)is C* continuous
* b(t)is piecewise polynomial, degree 3 (cubic)
* b(t)has local support
* QOverlaying shifted b(t + i) forms a partition of unity
* b(t) = 0forallt

* |n short:
* All desirable properties build into the basis
* Linear combinations will inherit these

illustration only
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Shifted Basis Functions
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° (o] (o]
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Shifted basis function b(t)



Basis properties

* For the so defined basis functions, the following properties
can be shown:
* Nip(t) >0fort; <t <t
* Ny (£) =0forty <t <t;ortip <t<tp
icoNi(@) = 1forty_1 <t <tpyq

* For t; < t; < t;4, the basis functions N; . (t) are C*~% at the
knots ¢;

* The interval [t;, t;+k] is called support of N;



B-spline curves

* Given: n + 1 control points dy, ..., d,, € R>
knot vector T = (tg, ..., ty, - tryk)

* Then, the B-spline curve x(t) of the order k is defined as
n
x(t) = ) Ni(®) - d,
i=0

* The points d; are called de Boor points

Carl R. de Boor
German-American mathematician
University of Wisconsin-Madison
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Curve defined in interval t3 < t < tq4

Support intervals of N



B-spline curves

Multiple weighted knot vectors
e Sofar: T = (tg, ..., tyy, s tyap) With tg < t1 < oo+ < ty i

* Now: also multiple knots allowed, 1.e. with tg < t1 < -+ < 1k

* The recursive definition of the B spline function N;, (i = 0, ...,n) works
nonetheless, as long as no more than k knots coincide



B-spline curves

Effect of multiple knots:
° Set tO —_— tl —_— eee — tk—l

*and thtq = the2 = 0 = ik

d, and d,, are interpolated



B-spline curves

* Example: k =4,n =25

di

=n=n=im fe=17=18=19

do



B-spline curves

* Example: k =4,n =25

di

to=fi=H=1 14 s te=171=18=M9

do : : : ! a

fo h I2 13 14 Is e 17 I8 [o



B-spline curves

* Further example




B-spline curves

Interesting property:

* B-spline functions N;x (i =0, ...,k — 1) of the order k over the knot
vector T = (to, tl' “er ) tZk—l) — (Q, “er ) O;’]\" . ];)

|| Y
k times k times

are Bernstein polynomials Bf ! of degree k — 1



B-spline curves properties

* Glven:

* T = (ty, ..., tg, tis ver by g1y ooes tr 1)
l_'_l \ Y J

k times k times

* de Boor polygon d, ..., d,

* Then, the following applies for the related B-spline curve x(t):



B-spline curves properties
* x(ty) = dy, x(t,+1) = d,, (end point interpolation)

k—1
tk—Co

e x'(ty) = (d, — dy) (tangent direction at dy, similar in d;,)

* x(t) consists of n — k 4+ 2 polynomial curve segments of degree
k — 1 (assuming no multiple inner knots)



B-spline curves properties

* Multiple inner knots = reduction of continuity of x(t).

[-times inner knot (1 <[ < k) means

c*='=1_continuity

* Local impact of the de Boor points: moving of d; only changes
the curve in the region [t;, tiyx]

* The insertion of new de Boor points does not change the
polynomial degree of the curve segments



B-spline curves properties

Locality of B-spline curves



B-spline curves

Evaluation of B-spline curves
* Using B-spline functions

* Using the de Boor algorithm
Similar algorithm to the de Casteljau algorithm for Bezier curves;
consists of a number of linear interpolations on the de Boor polygon



The de Boor algorithm

* Glven:
dy, ..., d,: de Boor points

(tOJ "ee ) tk—l — tO) tk' tk+1' re ) t‘ru tn+1r re) tn+k — tn+1):
Knot vector

* wanted:

Curve point x(t) of the B-spline curve of the order k



The de Boor algorithm

1. Searchindexrwitht, <t <t,,q
2. fori=r—k+1,..,r
d? = d,;
e forj=1,..,k—1
fori=r—k+1+4j,..,1

dl =(1-af)-dl7} +a/-a]™

l l
t—t;

with a! =

Then: d¥=1 = x(t)

Livk—j—ti



B-spline curves

* The intermediate coefficients d{(t) can be placed into a triangular
shaped matrix of points — the de Boor scheme:

— 40
dr—k+1 — dr—k+1

_— 0
dr—k+2 — dr—k+2 dr—k+2

— 40 1 k—2
dr—l — dr—l dr—l dr—l

d, = d° dl k=2 dk=1 = x(t)



B-spline curves: interpolation

Interpolating B-spline curves
* Given: mn+ 1 control points kg, .k,
knot sequence Sg,",Sn
* Wanted: piecewise cubic interpolating B-spline curve x
e, x(s;)) =k;fori=0,..,n
* Approach: piecewise cubic = k = 4
* x(t) consists of n segments = n + 3 de Boor points



B-spline curves: interpolation

* Example:n =3 d
3

d

3=

52

ds

53
|

do=ko



B-spline curves: interpolation

* \WWe choose the knot vector

T = (tOi tl! t2' t3! t4! "y tn+2, tn+3, tn+4' tn+5' tn+6)
— (SO:SOJSOJSO'Sl’ o Sn—15n S Sn Sn)

* Then, the following conditions arise:
x(sg) = ko = d,
x(s;) = ki = Nis(s)d; + Nipq4(S)diz1+Niy24(51)d; 4
fori=1,..,.n—1
x(sp) =k, =dyy;
* Total: n + 1 conditions for n + 3 unknown de Boor points

— 2 end conditions



B-spline curves: interpolation

* Here as example: natural end conditions

d,—dy dy—dy
S — 851 S1 — So

x'"(sp) =0

dn+2 o dn+1 _ dn+1 o dn

x"(s,))=0& =
Sn T Sn-1 Sn—1 — Sn-2



B-spline curves: interpolation

* This results in the following tridiagonal system of equations:

“10 Bo Yo \/Zi\ /I‘E)O\
d;

a P11 "1

p-1 Pn-1 Vn-1 dn Kn—1

\ S AV I




B-spline curves: interpolation

* with Qg = Sy — Sp
Lo = —(s3 — S¢) — (51 — Sp)
Yo = S1 — So Natural end conditions]

An = Sn — Sn-1
bn = _(Sn — Sn—l) — (Sn - Sn—z)
Yn = Sn — Spn-2

a; = N; 4(s;)
Bi = Nit14(s;)

¥i = Nit2.4(5;)
fori=1,..,n—1



B-spline curves: interpolation

* Solving a tridiagonal system of equations: Thomas-algorithm!
* O(n)
* Only for diagonally dominant matrices

by 0 Trxqr dq”
Az by ¢ X2 d,
as b =
Cn-1
0 an b, An dp




B-spline curves: interpolation

* Solving a tridiagonal system of equation: Thomas-algorithm!

Forward elimination phase Backward substitution phase
fork =2:n x, =
(08 % n bn
m:b fork=n—1:-1:1
-1 d;, — CpX
bk = bk — MCp_1 X, = k ktk+1
dk = dk — mdk_l bk

end end



Bezier curves to B-splines

Conversion between cubic Bezier and B-spline curves
* Given:
ky, ..., k,: control points
to,",tn: Knot sequence

2 end conditions

bo, b3y Bezier points for C%-continuous interpolating cubic Bezier spline curve

* Wanted: same curve in B-spline form



Bezier curves to B-splines

* Knot vector T = (ty, tg, to, to, t1 s tne1, ty try En,y t)
*dy, ..., d, ., are determined by

dy = b

dy = by

i = by + 52 (g = byg_5) for i =2,.,m Femembe thecondiionon . and
dpt1 = b3n—1
dpy2 = bsq

where A; =t —t; fori =0,...,n—1

* The inverse problem is solvable as well



Bezier curves to B-splines

* Examples: n = 4

bs be h7
2 J
‘..- ’ = —_..
b / \qu
K3
by * b1o

-_.5 bi1

bl e g " ./

bi12

Ao A A A
fo I 2 I 1




Bezier curves to B-splines
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Bezier curves to B-splines
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Summary of Bezier and B-spline curves

1. Bezier curve for n + 1 control points by, -, by,
* Polynomial curve of degree n
* Uniquely defined by control points
* End point interpolation, remaining points are approximated
* Pseudo-local impact of control points



Summary of Bezier and B-spline curves

2. Interpolating cubic Bezier-spline curves by the control points
ko, Kn
* Consists of n plecewise cubic curve segments

C?-continuous at the control points

Uniquely defined by parameterization (i.e. knot sequence) and two end
conditions

Interpolates all control points
Pseudo-local impact of the control points



Summary of Bezier and B-spline curves

3. Piecewise cubic B-spline curve for control points dy, ..., d,, and
knOt vector T = (tOl tOl tOl tOI tl; vy tn—lr tn; tTU tTU tn)

» Consists of n — 2 piecewise cubic curve segments which are C%-
conditions at the knots

* Uniquely defined by d; and T
* End point interpolation, the remaining points are approximated
* Local impact of the de Boor points



Summary of Bezier and B-spline curves

4. Interpolating cubic B-spline through the control points ky, ..., ky,

* Possible to formulate like (3) using 2 end conditions and solution of a
tridiagonal system of equations for each x,y- and z- component

* |[dentical curve to (2)



B-splines

detailed examples



B-spline curves: general case (reminder)

* Given: knot sequence ty <t < - <t < < tlpik
((to, tq, -, tn4r) is called knot vector)
* Normalized B-spline functions N; ; of the order k (degree k — 1) are defined as:

1 t: <t<t;
N: . (t) = ’ L= .l+1
210 { 0, otherwise

t—t; Civk—t
Nip(t) = ———Nip—1(t) + %NHLk—l(t)

i+k-1—Ci tivk—tit

fork>1andi=0,..,n

* Remark:
* If a knot value is repeated k times, the denominator may vanish

* In this case: The fraction is treated as a zero



B-spline basis evaluation: ex. 1

* For order 4 and knot sequence
T=[th t1 t t3 ty t5 te¢ t7]=[0 0 O 0 1 1 1 1]

Evaluate the B-spline function Ny 4(t), Ny 4(t), Ny 4(t), N3 4(t)



B-spline basis evaluation: ex. 1

No1(t) = Ny 1(t) = Np1(t) = Ny1(t) = N5;(t) = Ng1(t) =0
N3, (t) =1 0<t<1)

t—t t,—t
No,(t) = " _: No,(t) + tz_t Ny,(t) =0
1 0 2 1
_t—tg t3—t _
Ny, (t) = — Ny, () + r— Ny,(t) =0
t—t ta—t
Ny, (t) = " _tz Ny, (t) + t4_t N3 1(t) = (1 —t)N34(t)
3 2 4 3
Nao(t) = =5 N, (8) + =5 N, (£) = tN4 4 (£)
3,2 =T N34 — Ny =131
tya—t3 ts—ty
Nao(t) = =2 N, (£) + 25 Ne, (£) = 0
4,2 - _ 4,1 _ 51 -
ts5—ty te—ts
Ne,(t) = =5 N, (£) + 25N, ,(£) = 0
5,2 - te—ts 51 t,—tg 6,1 -



B-spline basis evaluation: ex. 1

t—to

Noz(t) +

N03(t)— N12(t) =0

t—t
N13(t)— 1N12(t)+

Nz 2(6) = (1 —t)*N34(1)

tt2

Nz 2 (t) +

N, 3(t) = N3 2(t) = 2t(1 —t)N3 1 (t)

N33(t) = e N32(t) + N42(t) = t*N3 (1)

Ny3(t) =



B-spline basis evaluation: ex. 1

i _t-t ty—t
» Finally Noa(t) = 7—~Nos(®) +

Ni3(t) = (1 —t)? N3, (t)

t—t
Ni4(t) = ﬁNl,S (t) +

te—t
ts_t Ny 3(t) = 3(1 — t)th3,1(t)
5 2

te—t

t—t
N34(t) = ﬁNZ,S (t) + —

N3 3(t) = 3(1 — t)t>N3 1 (¢)

t,—t
t7—t4

t—t
N3 4(t) = ﬁNs,s(t) T Ny3(t) = t3N3,1(t)



B-spline basis evaluation: ex. 1

ta—t
ta—1l4

* Finally No 4(t) = %No,s(t) +

ottty t
Ny 4(t) = ro—e Ny 3(t) + —

_t—t, t
Ny 4(t) = P— N, 3(t) + —

_ t—tg t
N3 4(t) = P— N3 3(t) + ——y

Nya(t) = (1= )Ny, (1)
57 Np3(t) = 3(1 — t)*tN3, (t)
“—= N3,3(t) = 3(1 — Dt2N3 (¢)

—t
— N, 3(t) = t3N3,1(t)

* We clearly get the Bernstein basis function as mentioned earlier



B-spline basis evaluation: ex. 2

* For order 4 and not sequence
T=ty &1 tp t3 t4 t5 tg t7]=]-3 -2 -1 0 1 2 3 4]
Evaluate the corresponding basis



B-spline basis evaluation: ex. 2

No(t) = (t + 3)Ng 1(£) + (=1 — t)N1 1(¢t)
Ny (t) = (t+ 2)Ny 1 (t) + (—t)Ny 1 (t)
Ny, (t) = (t+1)Ny,(t) + (1 —t)N31(¢)
N3,(t) = tN31(t) + (2 — t)Ny 1 (2)

Nyo(t) = (E —1)Ny 1 (t) + (3 —t)Ns5,(t)
N5,(t) = (t —2)N5,(t) + (4 —t)Ng 1 (t)



B-spline basis evaluation: ex. 2

No,3(t) = 5 (t + 2)No2(£) +5 (0 — )N, (1)
Ni3(t) =5 (t + DNy () +5 (1 = 0N, (0)
Np3(t) =5 (t + 0)Ny 2 (t) + 5 (2 — £)N3 5 (1)

N33(t) =5 (t = 1N;3 2(£) +5 (3 — DN, 2 (£)



B-spline basis evaluation: ex. 2

* Finally

Noa () = 3 (¢ + 3)No3(£) + 3 (1 — ©)Ny 5()
Nia(t) =5 (t + 2)Ny5(6) +35 (2 = )N 5()
N, 4(t) = %(t + 1)N,3(t) + % (3 —t)N33(t)

N34 () = S tN35(6) + 5 (4 = DN, 3(8)



B-spline basis evaluation: ex. 2

* Then substituting

Noa(t) =< (¢ +3)Noq (8) +{—(t + 1% + 263 =2 (t = D3 Ny () + {263 = (¢ = 13} N (8) = 2 (¢ — 1)3N31 (8)
Npa(t) =< (t+ 23Ny g () +{—t3 +2(t = 1)° =2 (¢ = 2%} Moy (8) + {5 (£ = 1)° =3 (¢ = 203} N3 1 (8) — < (¢ — 2)° Ny 1 (8)
Npa(t) =3 (t+ 103Ny 1 () +{=(t = 13 + 2 (6 = 2)% =2 (¢t = 3)3} Ny1 (6) + {3 (£ = 2)% — 2 (¢t = 3)3} Ny 1 (6) — 5 (£ = 3)° N5 1 (1)

N3a(t) = 263N, () + {=(t = 2% +2 (6 = 3)3 =2 (6 = 23} Nay () + {3 (6 = 3)° — £ (£ = D3 No 1 () — £ (£ — 4N, ()



de Boor algorithm (reminder)

1. Searchindexrwitht, <t <t,,q
2. fori=r—k+1,..,r
d? =d; sometimes noted as d}(t) = d;
e forj=1,..,k—1
fori=r—k+1+4j,..,1

dl =(1-af)-dl7} +a/-a]™

l l
t—t;

with ai] =
Litk—j—ti

Then: d¥~1 = x(t)



Order k
n + 1 points

de BOOr a|gOrIthm ex. 1 n + k + 1 knots

* For order 4, de Boor points Qg, @4, ---, @g and knot sequence
T=1[ty t1 t; t3 ty ts tg t; tg to t10 t11 t12]

=0 0 0 01 2 3 45 6 6 6 6]
Evaluate the B-spline curve att = 4.75



de Boor algorithm: ex. 1

*Sincet; £4.75 < tg,r =7, thereforei=7—4+1=4

oM(4.75) = 1 - 10" (4.75) + 201 (4.75) o
= (1 —2)Q4 + AQs = 0.083Q, + 0.9170s (A S 0.917)

tg — lg

oM4.75) = (1 - »(4.75) + 20 (4.75)
=(1—-24)Qs + AQ, = 0.417Q< + 0.5830Q, (A _ 475t

lg — tg

= 0.583)

oM 4.75) = 1 — 1@ (4.75) + 201 (4.75)
= (1 —A)Qg + 10, = 0.62504 + 0.3750,

A= = 0.375
t10 — by



de Boor algorithm: ex. 1

* Then

0H(4.75) = (1 - »oM(4.75) + 201 (4.75)
= 0.125(0.083Q, + 0.9170Q%) + 0.875(0.417Q< + 0.583Q;)
= 0.01Q, + 0.479Q: + 0.5100Q,

oM4.75) = (1 - »QM(4.75) + 20 M (4.75)
= 0.625(0.417Q: + 0.5830Q,) + 0.375(0.625Q, + 0.3750Q,)
= 0.261Q: + 0.5980Q, + 0.1410Q,




de Boor algorithm: ex. 1

* Then

0B(4.75) = 1 - 10 4.75) + 210 (4.75)
= 0.25(0.01Q, + 0.479Q; + 0.5100Q)
+0.75(0.2610Q5 + 0.598Q, + 0.141Q,)
= 0.0025Q, + 0.316Qs + 0.576Q, + 0.1060Q,

(A_

tg — Ly

0. 75)



Order k
n + 1 points

de BOOr algonthm ex. 2 n + k + 1 knots

* For order 4, de Boor points Qg, @4, ---, @ and knot sequence
T=1[ty t1 t t3 ty ts tg t; tg to ty0]

=[-3 -2 -1 0 1 2 3 4 5 6 7]

Evaluate the B-spline curve att = 3.5



de Boor algorithm: ex. 1

*Sincetg <3.5<t;,r=7 thereforei=6—4+1=3

2] 1], A0l (a _357h 75)
Q5 (3.5)=(1- A)Q4 + AQs  4-2 7
= 0.25(0.167Q3 + 0.833Q4) + 0.75(0.5Q4 + 0.5Q5)

oN3.5) = (1 -1 + 20l < 3.5 — t,
1=

= 0.16705 + 0.833Q, =1 0'833>

= 0.04205 + 0.583Q, + 0.3750Q:

0M@3.5) = (1 - Q! + 10l 35t
A= = 0.5
— 0.5Q, + 0.50x ( y— )

4—2
= 0.75(0.5Q4 + 0.5Q5) + 0.25(0.833Q5 + 0.167Q5)

0#(3.5) = (1 — )M + 20! <A _35-t _ 0.25)

oM@3.5) = 1 -0 + 10l 35—t
A= = 0.167
= 0.833Q5 + 0.1670Q, < 4—1 ) = 0.375Q4 + 0.583Q5 + 0.0420Q,

4 —3

= 0.5(0.042Q; + 0.583Q, + 0.3750Q:) + 0.5(0.375Q, + 0.583Q: + 0.042Q,)
= 0.021Q; + 0.479Q, + 0.479Q: + 0.0210;

3.5 —
0P 3.5) = (1 - O™ + 102 </1 — ‘s _ . 5)



