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BlF2: BFREZR

www.okadas.com https://www.youtube.com/watch?v=JIOUHAkQdc4

NOW I’'VE SEEN EVERYTHING

[Liu et al. Peeling Art Design. Siggraph 2019.]



BlF2: BFRIEER




HlF3: ZHE]

e 7




BilF2: ZHITLHK

[Zhao et al. Developability-Driven Piecewise Approximations for Triangular Meshes. Siggraph 2022.]
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HE S84 (Surface Parameterization)

« JLITEX : 3DME R r2DFm|

« BEFAR: 3DHEAE2DFmAYERA (embedding) / BRET (mapping)
- o) 3 oh 1 B S T XA A — — X R
- SDHE A FRZ2DRY: 2D (manifold)
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HESH{LN -2 " &

- HHENGE . FiEMREHE LN ZSFHER
- 9038 (texture) M [& . JEE(normal)L &, 4% E (displacement) L&, it (albedo).
# B (material/BRDF)...
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HESH{LA R A-3

« 2B [E] (texture atlas)
- Segmentation and packing
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- ghE &S 3D & HIBRESZ (NURBS/TRE ) T RIS
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. NURBS T-Splines:

4712 control points 1109 control points
.Jf R? - R3

x = x(u,v)
y=y@,v) @v)el[01]x[01]
z=2z(u,v)
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« KERST LA IR Ry LAl (B (a)RE)

- Visualization

- Compression

- Transmission

- Simplification

- Matching

- Remeshing

- Reconstruction
- Repairing

- Texture synthesis
- Rendering

- Animation

- Morphing
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HESHRENFRIE-1: FEME5E

« B EF# (basis functions)
« Bernsteingt, BFESZE, Fourierd, /JuEE, ...
o X EIHER, JEFRREST, RBF, ...

fl'fZJfBJ""fn \0\
MR ZTIE]: ERBMAZKMEE L o eh

_(uX)  (Taifi(x)
= (u0) ‘(Zbifxx))
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HESHLRRIE-2: SRREAGE
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ATEL (Jacobian) 9L X

- B3 f EFE S x B9Jacobian Jf (x) EE T HEHWHETE
-Jf (x) KITHIRNEE B T BIE EEAR A RIELL

0 f £@
© AN o [ () (u(x)) }

v(X)

Oy 0 v
The Jacobian: [Jf(x) - (a Zgg aﬁgg) - (Vzgg)}
X y
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R $FA B L (0] BT YRR 5

- R AMRET(angle-preserving): conformal (F£#2)

- {REFRBRST (area-preserving): authalic (ZFFR)
« Z IR ST (isometric): conformal + authalic

—

-

L] ]

|

el 4+

Conformal mapping

Authalic mapping
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Conformal Mapping

 FEHZLAEX R KA VIEZERNBEE
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Conformal mapping

Authalic mapping
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L2 RRET: X+

k|- (Conformal factor)

df (v)

)

df (v) = ARdv

l

ldf WII? = 2*|ldv||?

= e?¥||dv]|?

XIEEERA T -
Y =logd: M >R

.
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2R} : Yamabe F1E
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JIRCIFi A 3k

i (distortion)
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i ft(x) = Jex + b, ¢

o, O
0

o, 20,

1%%: 01 = 0y
Zf: 0,0,=1
éEE: 01 = 0y = 1
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What are ‘good’ parameterizations?

@jectivity

Not Lower
Bijective Bijective distortion
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The sufficient condition:
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Globally Bijective VS. Locally Bijective

Globally — Locally
Bijective C—— Bijective

Input Injective Injective, but not bijective
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Distortion metric

.

® Symmetric Dirichlet energy
[Smith and Schaefer 2015]

2 2 1
o +—2+O'2 +—2
o: 03

o
4 . o )
® Conformal ® Maximal Isometric Distortion
[Degener et al. 2003] [Sorkine et al. 2002]
- (02)
- max(o;,—
(oF} (02
- \_ '
4 4 .
® MIPS ® |sometric
[Hormann and Greiner 2000] [Aigermann et al. 2014 ez,
o, O 1 '
—+— o7 +—
\_ 02 01 oh
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Desired Properties of Good Parameterization

* Low distortion
- Validity (injective, or even bijective): foldover / flip free (FE#i%)

X

Foldover triangles /

53

k Low distortion High distortiov
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HESBLHNERLZE

» Tutte’s method and its variants
- Tutte’s method [Tutte 1963; Floater 1997, 2003]

- Variants [Weber and Zorin 2014; Aigerman and Lipman 2015, 2016; Aigerman et
al. 2017; Bright et al. 2017; ]

» Geometry-based optimization methods

- Representation based methods [Sheffer and Sturler 2001; Sheffer et al. 2005;
Chien et al. 2016b; Fu and Liu 2016]

- ARAP [Sorkine and Alex 2007; Liu et al. 2008]
- Bounded distortion methods [Lipman 2012; Aigerman et al. 2014; Kovalsky et al.
2015]

 Foldover free guaranteed optimization methods

- [Smith and Schaefer 2015; Kovalsky et al. 2016; Jiang et al. 2017; Claici et al.
2017; Rabinovich et al. 2017; Shtengel et al. 2017; Zhu et al. 2018]
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HESBLHNERLZE

* Tutte’s method and its variants
- Tutte’s method [Tutte 1963; Floater 1997, 2003]

- Variants [Weber and Zorin 2014; Aigerman and Lipman 2015, 2016; Aigerman et
al. 2017; Bright et al. 2017; ]

» Geometry-based optimization methods

- Representation based methods [Sheffer and Sturler 2001; Sheffer et al. 2005;
Chien et al. 2016b; Fu and Liu 2016]

- ARAP [Sorkine and Alex 2007; Liu et al. 2008]
- Bounded distortion methods [Lipman 2012; Aigerman et al. 2014; Kovalsky et al.
2015]

 Foldover free guaranteed optimization methods

- [Smith and Schaefer 2015; Kovalsky et al. 2016; Jiang et al. 2017; Claici et al.
2017; Rabinovich et al. 2017; Shtengel et al. 2017; Zhu et al. 2018]
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Tutte’s embedding method (ZkM753E) L

» Map the triangulation within a convex boundary by solving a linear system
 Foldover-free result with a theoretical guarantee
 Usually high distortion

High

Low

Dz VAV,
SRS

V4
TR
ORI RIS ARX]
ZS2SERDKERS v%‘vﬂ VAVA Sar v 2 s
NP 2\ AWAVAS ATavs! s v T
AV SNV AVAVAVAY ‘1,‘(;,,.‘1“

VA aAYAVY i

RN W

ORIV
RS RPREA AN
Ay
]

[Tutte 1963; Floater 1997, 2003] Convex boundary High distortion
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Variants of Tutte’s embedding methods

 Foldover-free result with theoretical guarantees

Euclidean-orbifold Hyperbolic-orbifold Spherical-orbifold
[Aigerman et al. 2015] [Aigerman et al. 2016] [Aigerman et al. 2017]
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HESBLHNERLZE

» Tutte’s method and its variants
- Tutte’s method [Tutte 1963; Floater 1997, 2003]

- Variants [Weber and Zorin 2014; Aigerman and Lipman 2015, 2016; Aigerman et
al. 2017; Bright et al. 2017; ]

» Geometry-based optimization methods

- Representation based methods [Sheffer and Sturler 2001; Sheffer et al. 2005;
Chien et al. 2016b; Fu and Liu 2016]

- ARAP [Sorkine and Alex 2007; Liu et al. 2008]
- Bounded distortion methods [Lipman 2012; Aigerman et al. 2014; Kovalsky et al.
2015]

 Foldover free guaranteed optimization methods

- [Smith and Schaefer 2015; Kovalsky et al. 2016; Jiang et al. 2017; Claici et al.
2017; Rabinovich et al. 2017; Shtengel et al. 2017; Zhu et al. 2018]
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ABF/ABF++ [Sheffer and Sturler 2001; Sheffer et al. 2005]

 Triangular 2D mesh is defined by its angles
- Define problem in angle space

* Angle based formulation
- Distortion as function of angles
- Validity - set of angle constraints

60



As-rigid-as-possible (ARAP)  [Liuetal 2008]

» Measuring the approximation between the linear mapping and the rigidity
(the optimal rotation)

* Local/global optimization IR E R TRl B RapidForm =
- Local: compute singular values (STRPUK i TR 2 —)

- Global: solve linear systems . : =
. S TEZEILAFERE CGAL (EfsL
* Not guaranteed to avoid foldovers AR SHETEEE) hgEmEEs
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Simplex AssemDbly  [Fuand Liu 2016]

* Instead of vertex positions, treat the affine transformation as variables
» Use a barrier function to prevent the inversion
* No theoretically guaranteed to avoid foldovers

62



HRERENRL T E

 XESBUF AR EHE=/AR
c FEERERERREHRENGE
cERRE

- Penalty functions

- Bounding the conformal distortion

- Iterative projection
- Area-based methods

Tutte

63



HESBLHNERLZE

» Tutte’s method and its variants
- Tutte’s method [Tutte 1963; Floater 1997, 2003]

- Variants [Weber and Zorin 2014; Aigerman and Lipman 2015, 2016; Aigerman et
al. 2017; Bright et al. 2017; ]

» Geometry-based optimization methods

- Representation based methods [Sheffer and Sturler 2001; Sheffer et al. 2005;
Chien et al. 2016b; Fu and Liu 2016]

- ARAP [Sorkine and Alex 2007; Liu et al. 2008]
- Bounded distortion methods [Lipman 2012; Aigerman et al. 2014; Kovalsky et al.
2015]

» Foldover free guaranteed optimization methods

- [Smith and Schaefer 2015; Kovalsky et al. 2016; Jiang et al. 2017; Claici et al.
2017; Rabinovich et al. 2017; Shtengel et al. 2017; Zhu et al. 2018]
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RELBES UG ZNEREER

Valid initialization

Low distortion cost

Optimization

Hm

Low

i imization o
I
_ Valid Initialization Reducing the distortion costwhie . 1 =% Optimized result

guaranteeing the validity /
65




REEBES BN =

Valid initialization [ Validity guaranteed methods (e.g. Tutte’s)

Low distortion cost g Preventing foldover objective function

Optimization

o

Low

Optimization
S Valid Initialization Reducing the distortion sost while =+ Optimized result

guaranteeing the validity /
66




B L #4589 B AR ek BRI T IR - 1

« A BFRER I — PRI RIAE RV REE I : SOk BB ENE AR IR, 1ZAE
ETRERK, BEETIERS (FELER)

- REEL: EM—NEE/LAAIERIRERF K [Schiller et al. 2013]

B(x) = x €’ X =€ o ,,wa—v;, & -
other » 4 5

x: area/volume Y —ARAP T
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B L #4589 B AR eR BRI VT IR -2

« A BFRER I — PRI RIAE RV REE I : SOk BB ENE AR IR, 1ZAE
ETRERK, BEETIERS (FELER)

« RH%2: EM—PE=/LATFZHIFERS (barrier) R
-@/g.\ailrﬁ (ERYS=faitamiBiet, oE~EET 0)

® Conformal ® Maximal Isometric Distortion ® MIPS

[Degener et al. 2003] [Sorkine et al. 2002] [Hormann and Greiner 2000]
o 1

o max(e,—) 2422
01

01 () 01

® |sometric ® Symmetric Dirichlet energy
[Aigermann et al. 2014] [Smith and Schaefer 2015]

1 2 ) 1
0—22_|__2 o +—=+toy+—
o5 01 02




AR AZ I

: , 1 , 1
minE (V) = Z(al +—=+o05+—)
v teT 91 92

S.t. 0,0, > 0, vVt
* The cost function is highly nonlinear and nonconvex

* The constraints are nonlinear
* The Heissian matrix is highly non-definite

Computationally expensive for large scale meshes!

B AIEEGAMES 102512 (00:48-) https://www.bilibili.com/video/BVINA411E7Yr 69



https://www.bilibili.com/video/BV1NA411E7Yr

REEBES BN =

Valid initialization [ Validity guaranteed methods (e.g. Tutte’s)

Low distortion cost g Preventing foldover objective function

Optimization Efficient solvers
/ - HHg}\
L
(i ‘ Low
¢ #

Optimization
S Valid Initialization Reducing the distortion sost while =+ Optimized result

guaranteeing the validity /
70




R4 5] B K i

Optimization formulation: minE(x) = )}, E;(x)
X

Input: a valid parameterization initialization x,
Repeat
|p = —H'VE(x) | How to find a good decent direction?
Amay < INjective maximal search step

a <line search by backtracking from a,,,
XX+ ap

Until converged
Output: a locally injective parameterization
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Methodologies

* First-order method

- Pros: only pre-factorization once, cost and storage remain tractable for large-
scale model

- Cons: slow convergence, easily trapped at a high distortion point

» Quasi-Newton methods
- lteratively update H; to approximate second derivatives
- Using just differences in gradients and variables

» Second-order (Newton type) method
- Pros: rapid convergence

- Cons: costly assemble, factorize and backsolve a new linear equation every
iteration, huge storage requirement for large-scale model

72



Methodologies

* First-order method

- Pros: only pre-factorization once, cost and storage remain tractable for large-
scale model

- Cons: slow convergence, easily trapped at a high distortion point

» Quasi-Newton methods
- lteratively update H; to approximate second derivatives
- Using just differences in gradients and variables

» Second-order (Newton type) method
- Pros: rapid convergence

- Cons: costly assemble, factorize and backsolve a new linear equation every
iteration, huge storage requirement for large-scale model
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Accelerated Quadratic Proxy (AQP)

« H = "discrete Laplacian L"
» Acceleration
* First-order method

Kovalsky et al. Accelerated Quadratic Proxy for Geometric Optimization. Siggraph 2016.
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Scalable Locally Injective Mappings (SLIM)

v" H = reweighted Laplacian L
v'"Compute the weight matrix W, by the matching gradients condition
V,Ely = V,Eg,
4 Quickly recovers from a bad Initialization, but slowly converge to a local
minimum
v'First-order method

Rabinovich et al. Scalable Locally Injective Mappings. Siggraph 2017. 75



Isometry-Aware Preconditioning (AKVF)

v'H = approximate killing vector field operator K (x)
v'K (x) converts the local distortion gradient into

a global near-rigid decent direction
v'First-order method

RS NANASNASZN
(a) Base shape

(b) Gradient

(d) Laplacian gradient

(f) KVF gradient

Claici et al. Isometry-Aware Preconditioning for Mesh Parameterization. SGP 2017.

(g) KVF displacement
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Methodologies

* First-order method

- Pros: only pre-factorization once, cost and storage remain tractable for large-
scale model

- Cons: slow convergence, easily trapped at a high distortion point

* Quasi-Newton methods
- lteratively update H; to approximate second derivatives
- Using just differences in gradients and variables

» Second-order (Newton type) method
- Pros: rapid convergence

- Cons: costly assemble, factorize and backsolve a new linear equation every
iteration, huge storage requirement for large-scale model
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Maximal Search Step

 Explicitly limit the maximal line search step
to prevent foldover

det (Uy + V,t) — (Uy + V4t)
¢ ((Us + V3t) — (Up + V1t)>

» Use a locally supported barrier function to
prevent the boundary collision

2
€
max | 0, —F—1
< diSt(Ui,Ule) )

» Solver: L-BFGS (Quasi-Newton)

Smith and Schaefer. Bijective Parameterization with Free Boundaries. Siggraph 2015.



Blended Cured Quasi-Newton (BCQN)

v'Blended quasi-Newton method
v'Barrier-aware line search filtering
v'Quasi-Newton method

Zhu et al. Blended Cured quasi-Newton for Distortion Optimization. Siggraph 2018.
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Methodologies

* First-order method

- Pros: only pre-factorization once, cost and storage remain tractable for large-
scale model

- Cons: slow convergence, easily trapped at a high distortion point

» Quasi-Newton methods
- lteratively update H; to approximate second derivatives
- Using just differences in gradients and variables

« Second-order (Newton type) method
- Pros: rapid convergence

- Cons: costly assemble, factorize and backsolve a new linear equation every
iteration, huge storage requirement for large-scale model

80



Composite Majorization (CM)

v'Use a tight convex proxy to approximate the objective function by convex-
concave decomposition

E=E*+E~

vH =V2E*
v'Second-order method

Shtengel et al. Geometric Optimization via Composite Majorization. Siggraph 2017.
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Progressive Parameterization

» Observation: even one extremely large distortion
term can restrict the line search step size!

» Key ldea: If we kill extremely large distortion
terms, we may obtain larger line search step size
and thus faster convergence!

* Hybrid
- First perform SLIM solver
- Then use the CM solver

Ideal Reference triangles
(Isometric to their coumterparts in S)

Liu et al. Progressive Parameterizations. Siggraph 2018.

Intermediate
Parameterization
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s

Seamless parameterization

Cone parameterization
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kE S8 (Spherical parameterization)

B S EIKE AYBREYS (——XFR)

Genus-0 closed surface

-
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IKESHL

kA EMLAFETES
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A M4 (Compatible mesh)

« E R Z B AR (——3XF )

- g,;a‘

| RAtE——InL |
| =mEs—im |
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k&84t (Volumetric parameterization)

Ay

0'120'220'3

Locally injective: det(J) > 0 & g3 > 0
88



JL{AJBRE (Geometric mapping) L

\_ f:M—)SZ J

Fu et al. Inversion-free Geometric Mapping Construction: A Survey. CVM, 2021. 89



Recap: ¥ HiH (Parametric surfaces)

Tensor Product Surfaces

f: O-S flu,v) = Z?;l 211 b;(w)b;(v)p;
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SRURE (HFAaE8H? )

« KAE4EFE (Intrinsic dimension): fHEJEI7AYEE

f:Rl—)R3

x = x(t)
{y = y(t)

z = z(t)

=

2

R34

f:R3® - R3

x =x(u,v,w)
y =y, v,w)
z=2z(u,v,w)
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SRURE (HFAaE8H? )

Qutput: 1D Qutput: 2D Qutput: 3D
t f(t) t vy t y
; o T )
— ,
o ) | |
< u X X
Function graph Plane curve Space curve
a nu y “u y
B 2 -
3 v v
= 4
= X X
Plane warp Surface
(@]
™
]
=
o
=
Space warp




S8 RERA

- PRUEMRST—RBEREX
-ERNERREBBSBERTAAE (METAELERE) , BIXERE
« FRBARBIAAELE B AR 2R el !
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(Dimensionality estimation)

0 5
-10 -5 9

Swiss roll
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—RRBR 5

f:R"* > R™
y=f(x)

WNBRn <m, REREDSENRE (5
HROEERE, n dERTEE)
- x RYyHISH
* BARn > m, FPFHERRET
- —RRIEE /MK
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SHBRENS ML X

« RIZE S] (Manifold learning) / B4 (Dimension reduction)

LLE (0.055 sec) LTSA (0.084 sec) Hessian LLE (0.13 sec) Modified LLE (0.11 sec)

MDS (0.49 sec) Spectral Embedding (0.043 sec)
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Original -
mushroom ‘

PN E

BH4RZH2Z M4 (AutoEncoder)

Compressed Data

4:’ \\'- -'f- -h“l
_ A 4 . A A8
/} i\k /
- r Y _'i A '
Y Y - '1;*" D/ o
o - .
r Learned
~ ¥  representation
latent code >
Encode Decode
SH S E HithRiA
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