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Introduction
Mesh-based mappings



Discrete meshes

: § 05
Geometry v, =y |eRr? « P ITZN
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Discrete meshes

Triangle Quad Tet Hex
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Piecewise mappings

A linear map




Jacobian matrix

* Build a local coordinate system (1) (wi, vi)
on input triangle t.
* The mapping is piecewise linear.
. (.X'], y]) (xk yk) (u] U] (uk Uk)
ris 2 x 2. fe(x) =Jx + b,
) ou Ju
(u] —U; Uk — ui) (X] —Xi Xi— .'Xfi)_ a E
Vi—=Vi V= Vi)\YV;=Yi Yk —DVi Je = PR

9x Oy




Jacobian matrix

* Input tet: (x;,y;, 2;), (xj»}’j»Zj); (Xk» Yi» Z1), (X1, V1, Z1)
 Output tet: (u;, v;, w;), (uj, v, Wj), (U, v, W), (ug, v;, wy)

-1

uj—ui U — U; Uy —u; xj—xi Xk — Xj X — Xj
Vi—V V=V V=V ||Yi—=YVi Ve~ Yi Yi—Yi

Wj_Wi Wi — W; W — W;

Zj_Zi Zk_Zi Zl_Zi




Distortion types

* [Isometric mapping: rotation + translation
* Conformal mapping: similarity + translation
* Area-preserving mapping: area-preserving + translation

AN

* Conformal + Area-preserving < Isometric

Source Isometric Conformal Area-preserving




Signed singular value decomposition

* Signed singular value decomposition

(SSVD):
Je = U SV J %
If det ], > 0, SSVD is SVD.
If detJ; < 0, modifying U; and V; to N
be rotations matrices and the smallest | VT U

singular value becomes negative.
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Singular values

) . (xl YL (u

* Isometric mapping i
* [ = rotation matrix
*01 = 0y = 1

* Conformal mapping
*J, = similar matrix

*01 = 03

(x5, ¥) (xk Vi) (u;,v)) (Ug, V)

* Area-preserving mapping fi:(x) = J;x + b,

.det]t =1
c0g,0, =1 01,0, are the two singular values of J;.




Common distortion metrics

 Conformal distortion
* LSCM: Zt Area(t)(01 — 0,)?
i MIPS Zt_ + I

1
* [sometric dlstortion

* ARAP: ), Area(t)((01 —1)% + (0, — 1)2)

e AMIPS: 3, (( Z) + (02101 + 0'20'1)>

 Symmetric Dirichlet: Y, Area(t)(6? + o{ % + 0% + 05 %)
* Area-preserving distortion:

Dt (Ll + J201)

_/




Constraints — Flip-free

* Motivations
* No realistic material can be compressed to zero or even negative volume.
* Flipped elements correspond to physically impossible deformation.
* Inverted elements lead to invalidity for following applications, for

example, remeshing,.
* Formulation (i, ;)

* Requirement:
* Area(T) and Area(t) have the same signs. [ T

° det]t >0
*det], = Area(T)/Area(t) L

(u, v;)

(%, ¥j) oY) (W v) (W, vi)




Constraints — Flip-free




Constraints — Locally injective

* Flip-free condition.

* For boundary vertex, the mapping is locally bijective —
0(v) < 2m.

-

0(v) < 2m




Constraints — globally injective

* The mapped mesh does not self-intersect.

* Flip-free condition.




Formulation

* Constrained optimization problem

* Objectives: distortion + specific metrics
* Close to a reference mesh
* Close to the ideal geometric measurements

oooooo

* Constraints: basic requirements + specific constraints
* Positional constraints
* Boundary-aligned constraints
* Seamless conditions



Challenges

* Non-convex and nonlinear

 Constraints
*Flip-free, detJ; > 0

* Assume [; = (CCl

edet/; > 0 — ad — bc > 0, non-convex
* Objectives

e MIPS: && 4+ 22 — oi+05 _ eIl
R 0103 det J;
*|lJ:]|# and detJ;: quadratic polynomials.

* MIPS: rational polynomial.

Z), where a, b, ¢, d are linear functions of positions.




Introduction
Mesh parameterizations



Definition

* A function that puts
input surface in one-to-
one correspondence
with a 2D domain.

e Parameterization of a
triangulated surface
e all (u;, v;) coordinates
associated with each
vertex v; = (Xl',yi,Zi )T
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Applications

* Texture mapping

* Surface correspondence

* Remshing
* Attribute transfer
* Material design

singularities via grid-preserving cuts




Formulation

* Objective: low distortion
* Constraints: globally injective

0.25xplayback
#V:15k, #F:26k

Heptoroid surface




Tutte’s embedding

* 2D mappings on disk-topology meshes

~

(Given a triangulated surface homeomorphic to a disk, if the
(u, v) coordinates at the boundary vertices lie on a convex
polygon in order, and if the coordinates of the internal
vertices are a convex combination of their neighbors, then
the (u, v) coordinates form a valid parameterization
\(without self-intersections, globally injective). J

-



Tutte’s embedding

* Homeomorphic to a disk.

* A convex polygon
e circle, square,......
* A convex combination
k _ k —
*Yic1Aivi = v, s A = 1
* Uniform Laplacian, mean
value coordinate

* Solver: linear equation.



Representative methods

Only considering low distortion



Angle-based flattening (ABF)

Sheffer A, de Sturler E. Parameterization of faceted surfaces for meshing using angle-based flattening[]J].
Engineering with computers, 2001, 17(3): 326-337.

Sheffer A, Lévy B, Mogilnitsky M, et al. ABF++: fast and robust angle based flattening[J]. ACM Transactions
on Graphics (TOG), 2005, 24(2): 311-330.

Zayer R, Lévy B, Seidel H P. Linear angle based parameterization[C]//Fifth Eurographics Symposium on
Geometry Processing-SGP 2007. Eurographics Association, 2007: 135-141.



Angle-Based Flattening (ABF)

* Key observation: the parameterized triangles are uniquely
defined by all the angles at the corners of the triangles.
* Find angles instead of (u;, v;) coordinates.
* Use angles to reconstruct (u;, v;) coordinates.




Objective

* Optimization goal:

Eqpr = 2 2 wt(af - ﬁf)z

B Optlmal angles for a}

(Bt - |
t . ,Interlor vertex
pi =+ Ziﬁi
\ B!, Boundary verterx
t _ £\ 2
W; = (.Bi)



Constraints

* Positive resulting angles:
a; >0
* The three triangle angles have to sum to m:
af +al+alk=m
* For each internal vertex, the incident angles
have to sum to 2:

Z ar = 21
Vg

teQ(v)
* Reconstruction constraints:

‘ ‘ sin aggqy, = ‘ ‘ sin @y,

teQ(v) teQ(v)

_/



Linear ABF

* Reconstruction constraints are nonlinear and hard to solve.

* Initial estimation + estimation error
t _ ., t t
‘a;i =y te

log( 1_[ sin aﬁeal) = log( 1_[ sin a,i@1>

teQ(v) teQ(v)
z log(sinagg) = Z log(sinaggy)
teQ(v) teQ(v)

* Taylor expansion:
log(sin a,i@tl) = loggsin y,ﬁ@lt+ e,i@l)
= log(sin Vkem) + exgp1 COt Vg + -+ ’
It is linear with estimation error.



Solver

*Sety; = f3;
* Problem:

mln Eqspr = Z z wt(et)
subject to Ae =b
D AT\(e\_ (0
=>(A 0)(/1) B (b)
= e =D"1AT(AD 1A b



Reconstruct parameterization

* Greedy method.
* Construct the triangles one by one using a depth-first traversal.

* Key: for each triangle, given the position of two vertices and the
angles, the position of the third vertex can be uniquely derived.

* Least squares method.

* An angle-based least squares formulation
* Solving a set of linear equations relating angles to coordinates.

_/



Greedy method

* Choose a mesh edge e! = (v}, v}).
* Project v} to (0,0,0) and v,% to (Jlel]], 0,0).
e Push e! on the stack S.

* While S not empty, pop an edge e = (v,, v},). For each
face f; = (v,, vy, V) containing e:
*If f; is marked as set, continue.

*If v, is not projected, compute its position based on v,, v, and
the face angles of f;.

* Mark f; as set, push edge (v, v.) and (v,, v.) on the stack.

e Accumulate numerical error.

_/



Least squares method

* The ratio of triangle edge lengths ||m”
and [P s
||P1P3|| _sinay

||@’||  sinas

— - Sinday (cosa,; —Sina;\—
:P1P3: - ( 1 1)P1P2
Sin a3 \SIN &4 COS ¢
P,



Least squares method

vt=(,kj), M (P,—P)+P—P =0 P;
_sinay (cosa; —sina;
~ sing; \sing;  cosa;

Mt

1. Two equations per triangle for the u and v
coordinates of the vertices.

2. The angles of a planar triangulation define
it uniquely up to rigid transformation and P,
global scaling.

* Introduce four constraints which eliminate these
degrees of freedom. Py

* Fix two vertices sharing a common edge.



Least squares method

* Choose one edge el = (v}, v}). P,
* Project v to (0,0,0) and v,% to (||et]l, 0,0).

* Solve following energy to compute
positions of other vertices:

E=) |M(P.—P)+F -’ p
t







Least-Square conformal mapping
(LSCM)

Lévy B, Petitjean S, Ray N, et al. Least squares conformal maps for automatic texture atlas generation[J].
ACM transactions on graphics (TOG), 2002, 21(3): 362-371.



Similar transforms

* 2D case: for one triangle t

a -—b cosf —sinf
.]t_(b a)_s(sinH cosH)
ou _ 0v
* = < ox oy Je
ou ov
7~ ox

* Cauchy-Riemann Equations.

ou

0x
v

ox



LSCM (As-similar-as-possible)

*Energy

*Ergem = Xt At ((g_’; _ Z_;)z 4 (Z—;L + Z_Z)2>

* Measuring non-conformality

* It is invariant with respect to arbitrary translations and rotations.
* E;scm does not have a unique minimizer.

* Fixing at least two vertices. Significantly affect the results.
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As-rigid-as-possible (ARAP)

Liu L, Zhang L, Xu Y, et al. A local/global approach to mesh parameterization[C]//Computer Graphics Forum.
Oxford, UK: Blackwell Publishing Ltd, 2008, 27(5): 1495-1504.



Formulation

E(1) = ) Al — Lel?

(xu yl (uu l)
L;: target transformation
* Isometric mapping: rotation matrix t
* Conformal mapping: similar matrix —
* Variables:
* 2D parameterization coordinate x;,y;) (xk»)’k) (W, v) (U, Vi)

* Target transformations

fi(x) =Jtx + b,




Local-global solver

* Alternatively optimization

* Local step:
* Fix 2D parameterization coordinates, optimize target transformations.

* Global step:
* Fix target transformations, optimize 2D parameterization coordinates.
* Global step:
*E(u,L) = Y, A:llJ; — L¢||% , quadratic energy
* Linear system



Local step: Procrustes analysis

* Approximating one 2 X 2 matrix J; as best we can by another 2
X 2 matrix L¢.

*d(Je, Le) = |IJe — Lt||12~" = trace((]t - Lt)T(]t — Lt))
* Minimizing d(J;, L;) through Singular Value Decomposition
(SVD)

o T _(oy O
]t—UZV,Z—(O 02)
*Signed SVD: U and V' are rotation matrices, g, may be negative

e Best rotation: UVT

s O\, r . _ o1to,
0 S)V’S_—z

* Best similar matrix: U(



Local/Global Approach summary
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Figure 2: Parameterizing a mesh by aligning locally flat-
tened triangles. (Left) Original 3D mesh, (middle) flattened
triangles, (right) 2D parameterization. '



Connection to singular values

e E(u,L) = X A¢llJ; — L¢||% and o, o/ are the two
singular values of J;.

 Conformal
E@ = ) Aot —0?)’
t

* [sometric

E@ =) Aol = 1? + (o7 — 1?)
t
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