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Globally injective mappings



Overlap-free

Overlapped
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Pipeline
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Tutte’s embedding
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Barriers



Barriers

* Boundary barrier function

Eoy(b 0 __° 1 2
eV( jlxi) - maX( ,D(bj,xi)_ )

Eey a distance from x; to b;

Smith J, Schaefer S. Bijective parameterization with free boundaries[J]. ACM Transactions on Graphics (TOG), 2015, 34(4): 1-9.



Formulation

rr}vi[n Eq(M, M) + AE, (B)

Ny

Eq(e,7) =7y (Wil + 1)
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Scaffold



Scaffold

* Overlap-free = flip-free

Jiang Z, Schaefer S, Panozzo D. Simplicial complex augmentation framework for bijective maps[J]. ACM Transactions on Graphics, 2017, 36(6).



Connectivity updating
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Results
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Combined



Second-order solver -

* Symbolic phase

* Depend on the nonzero = Symbolic

M Numerical

* Numerical phase = Solving

* Produce the factorizatic

* Solving phase

e Use the factorization to

Hessian matrix with fixed nonzero structure.

SuJ P, Ye C, Liu L, et al. Efficient bijective parameterizations[J]. ACM Transactions on Graphics (TOG), 2020, 39(4): 111: 1-111: 8. -I 6



Nonzero structure

n}%n Eq(M, M) + AE, (B)

Ny
. 1
Ba(ae,7) =7 > (Wil + 77 117)
=1

Ey(B) = Z Z max(O,

b;€€p X;EVY

&
D(bj, x;)

_ 1>2
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Nonzero structure

min  Eq(M, M) + AEy,(B) H= [
1L
Ea(e,70) =2 > (13 + 7 ]12)
=1
e 2
EL(B) = z z max (0,,—‘1>
o S D(bj, ;)

HII
HBI

HIB
HBB

I: Internal vertices
B: Boundary vertices

hi;  hyj

ji Ry

hii hyj
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Nonzero structure

_ - _[Hyy  Hig] [I:Internal vertices
nan Eq(M, M) + AER (B) H= [HB, HBB] B: Boundary vertices

Ny
. 1
Ba(ae,7) =7 > (Wil + 77 117)
i=1

hii hyj he |0

2 hji hjj hik | j
Ep(B) = 2 Zmax( ( - 1)

bngb X;EVp hii hyj Pk k

i k
Updated nonzero structure
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Nonzero structure

o= [H” HIB] I: Internal vertices

rrﬂ17i[n Eq(M, M) + AE (B) Hg; Hpgg| B:Boundary vertices

Ny
. 1
Ba(ae,7) =7 > (Wil + 77 117)
i=1

< 2 0 O 0 j
Eb(B)= z Z max(@,m—1> ;

b;€Ep X;EVY

Consider all potential collisions
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Nonzero structure

_ N _[Hy; H,B] I: Internal vertices
nan Eq(M, M) + AE (B) H= [HB, Hgg| B:Boundary vertices
1
oy _ 1 2 1|2
Ed(M;M) - 42 (”]l”F + ”]l ”F) h11h12 hlb
1=1 ha1 hpz  +- By

2
3
Eb(B)Z z Z max(O,m—1>

b;€Ep X;EVY

hpihpy, =+ hpp

Consider all potential collisions — Fixed nonzero structure
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Density

_ N _[Hy; H,B] I: Internal vertices
nan Eq(M, M) + AE (B) H= [HB, Hgg| B:Boundary vertices
1
oy _ 1 2 1|2
Ed(M;M) - 42 (”]l”F + ”]l ”F) h11h12 hlb
1=1 ha1 hpz  +- By

2
3
Eb(B)Z z Z max(@,m—1>

b;€Ep X;EVY U;

\
e
@

hpihpy, =+ hpp

Consider all potential collisions — Fixed nonzero structure

Too many non-zeros (b?) = High density ’



Density

‘1

Per iteration time: 0.901 Per iteration time: 0.092

m Symbolic
M Numerical

W Solving

Fixed nonzero structure Updated nonzero structure
High density Low density
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Density

Hy; HIB] I: Internal vertices

H= [HBI Hgp| B:Boundary vertices

hishiz -+ hgp
hy1 hyy o hyp
hpihpy, =+ hpp

b boundary vertices = b? non-zeros = high density



Density

Coarse shell mesh

T [Hu HIB] I: Internal vertices
~ |Hp; Hgg| B: Boundary vertices

hpihyy, =+ hpp

b boundary vertices = b? non-zeros = highddensity
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0.9

Density

Per iteration time: 0.901

- 0-884 0.09

0.08
0.07
0.06
0.05
0.04
0.03
0.02

0.01

Fixed nonzero structure
High density

Per iteration time: 0.092

0.083

Updated nonzero structure
Low density

<

Per iteration time: 0.010

0.098

= Symbolic
= Numerical
m Solving

Fixed nonzero structure
Low density
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Convex approximation

* Distance in [Smith et al. 2015]

Ly L,

Ixj1 —xill2, ifx; €

D(bj,xi) = |lyi —xill2,  ifx; € Qo
I1xj2 —x;ll2, ifx; € Q3

Distance is not C2. Q1
* Triangle inequality-based distance

Pl e e
o
X
Do

Xj,l.

%
1 P - T ~
D(bj,x;) = > (||Xj,1 - Xi||2 + ||x;2 — Xi||2 = ||x;1 — Xj,z||2) o= - —0
Xi i X
Distance is C*. > ’ ”
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Convex approximation

Eey(bj.x;) = <D(bj,xi) - 1>2

Convex ,
£
flg) = (E — 1) ,g = D(bj,x;)
Convex Concave

1
g= §(||Xj,1 = x|, + %2 = x|, =[x - Xf;z”z)

Hev(bj,x;) = f"(9)g' ®)Tg' x) + ' (g)V?g(x)

:| [Shtengel et al. 2017]
HEy (b, %) = f(9)g' T g'®) + £'(9) (= [Ixj.2 — %2l
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High efficiency

e Fast second-order solver

* Fixed nonzero structure of the Hessian matrix

* Low density of the Hessian matrix

* An easily obtained convex approximation
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QN [Smith et gl. 15|
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With positional constraints



Positional constraints -

e Constrain a set of
vertices to the
target positions.

* Tutte’s embedding
is not applicable.

e Soft constraints:
* self-locking issues

Practical Construction of Globally Injective Parameterizations with Positional Constraints, accepted to CVM



Key idea

* With scaffold, we convert the problem to computing flip-
free parameterizations.
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Pipeline
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