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Barriers
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• Boundary barrier function

Smith J, Schaefer S. Bijective parameterization with free boundaries[J]. ACM Transactions on Graphics (TOG), 2015, 34(4): 1-9.

a distance from 𝐱𝑖 to 𝐛𝑗
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Formulation
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Results
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IPC
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Scaffold



Scaffold
• Overlap-free ⟹ flip-free

Jiang Z, Schaefer S, Panozzo D. Simplicial complex augmentation framework for bijective maps[J]. ACM Transactions on Graphics, 2017, 36(6).



Connectivity updating
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Results
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Combined



Second-order solver
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• Symbolic phase

•Depend on the nonzero structure of matrix

• Numerical phase

•Produce the factorization of the matrix

• Solving phase

•Use the factorization to solve the system

Su J P, Ye C, Liu L, et al. Efficient bijective parameterizations[J]. ACM Transactions on Graphics (TOG), 2020, 39(4): 111: 1-111: 8.

Hessian matrix with fixed nonzero structure.
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Nonzero structure
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Nonzero structure
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𝐻 =
𝐻𝐼𝐼 𝐻𝐼𝐵
𝐻𝐵𝐼 𝐻𝐵𝐵
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𝐵: Boundary verticesmin
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Nonzero structure
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𝐻 =
𝐻𝐼𝐼 𝐻𝐼𝐵
𝐻𝐵𝐼 𝐻𝐵𝐵
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𝐵: Boundary verticesmin
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Updated nonzero structure



Nonzero structure
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𝐻 =
𝐻𝐼𝐼 𝐻𝐼𝐵
𝐻𝐵𝐼 𝐻𝐵𝐵

𝐼: Internal vertices
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Nonzero structure
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𝐻 =
𝐻𝐼𝐼 𝐻𝐼𝐵
𝐻𝐵𝐼 𝐻𝐵𝐵
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⟹ Fixed nonzero structureConsider all potential collisions 
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Density
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𝐻 =
𝐻𝐼𝐼 𝐻𝐼𝐵
𝐻𝐵𝐼 𝐻𝐵𝐵
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⟹ High densityToo many non-zeros (𝒃𝟐)
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0.489

0.884

0.017

Fixed nonzero structure
High density

Updated nonzero structure
Low density

Per iteration time: 0.901 Per iteration time: 0.092



Density
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𝐻 =
𝐻𝐼𝐼 𝐻𝐼𝐵
𝐻𝐵𝐼 𝐻𝐵𝐵

𝐼: Internal vertices
𝐵: Boundary vertices

ℎ11 ℎ12 ℎ1𝑏⋯
ℎ21

⋮

ℎ𝑏1 ℎ𝑏𝑏ℎ𝑏2 ⋯

ℎ22 ℎ2𝑏

⋮ ⋮⋱

⋯

⟹ high density⟹ 𝒃𝟐 non-zeros𝒃 boundary vertices



⟹ low density⟹ 𝒔𝟐 non-zeros𝒔 boundary vertices ⟹ high density⟹ 𝒃𝟐 non-zeros𝒃 boundary vertices

Density
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𝐻 =
𝐻𝐼𝐼 𝐻𝐼𝐵
𝐻𝐵𝐼 𝐻𝐵𝐵

𝐼: Internal vertices
𝐵: Boundary vertices

ℎ11 ℎ12 ℎ1𝑏⋯
ℎ21

⋮

ℎ𝑏1 ℎ𝑏𝑏ℎ𝑏2 ⋯

ℎ22 ℎ2𝑏

⋮ ⋮⋱

⋯

Coarse shell mesh

ℎ11
⋱
ℎ𝑠𝑠



Density
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Updated nonzero structure
Low density

Fixed nonzero structure
Low density

Fixed nonzero structure
High density

Per iteration time: 0.901 Per iteration time: 0.092
0.884

0.017

0.083

0.006
0.003

0.007
0.003

Per iteration time: 0.010



Convex approximation
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• Distance in [Smith et al. 2015]

• Triangle inequality-based distance 
Distance is not C2.

Distance is C∞.

𝒟 𝐛𝑗 , 𝐱𝑖 =
1

2
𝐱𝑗,1 − 𝐱𝑖 2

+ 𝐱𝑗,2 − 𝐱𝑖 2
− 𝐱𝑗,1 − 𝐱𝑗,2 2



Convex approximation
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𝑔 =
1

2
𝐱𝑗,1 − 𝐱𝑖 2

+ 𝐱𝑗,2 − 𝐱𝑖 2
− 𝐱𝑗,1 − 𝐱𝑗,2 2

Convex Concave

𝐸ev 𝐛𝑗 , 𝐱𝑖 =
𝜀

𝒟 𝐛𝑗 , 𝐱𝑖
− 1

2

𝑓 𝑔 =
𝜀

𝑔
− 1

2

, 𝑔 = 𝒟 𝐛𝑗 , 𝐱𝑖

Convex

𝐻ev 𝐛𝑗 , 𝐱𝑖 = 𝑓′′ 𝑔 𝑔′ 𝐱 𝑇𝑔′ 𝐱 + 𝑓′ 𝑔 𝛻2𝑔(𝐱)

𝐻ev
+ 𝐛𝑗 , 𝐱𝑖 = 𝑓′′ 𝑔 𝑔′ 𝐱 𝑇𝑔′ 𝐱 + 𝑓′ 𝑔 − 𝐱𝑗,1 − 𝐱𝑗,2 2

[Shtengel et al. 2017]



High efficiency
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• Fast second-order solver

• Fixed nonzero structure of the Hessian matrix

•Low density of the Hessian matrix

•An easily obtained convex approximation



Different triangulations
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Different triangulations
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Different triangulations
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With positional constraints



Positional constraints
• Constrain a set of 

vertices to the 
target positions.

• Tutte’s embedding 
is not applicable.

• Soft constraints:
• self-locking issues

Practical Construction of Globally Injective Parameterizations with Positional Constraints, accepted to CVM



Key idea
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• With scaffold, we convert the problem to computing flip-
free parameterizations.



Pipeline
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Results
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