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Radial Basis Function (RBF)

fO) =) aibi(x)

l

bi(x) = g(lx — p;|)

c g =—,g() =" g(r) ==

r2

Image Warping based on RBF

Pro: smooth

Con: does not span polynomial (linear) functions
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(1,0/,0)

(0/5,0.5,0)

(0,1,0)

(0.25,0.25,0.5)
®

®
(0.25,40.25,1)

0,0,1)

[M6bius 1827]

Point (a, b, c) with 3 coordinates w.r.t. base points A, B, C

Mathematically:
(a,b,c)=a-A+b-B+c-C

A =(1,0,0)
where B = (0,1,0) anda+b+c=1
¢ =(0,0,1)
Barycenter:
av, + bvg + cv,
v = v=(xY)
a+b+c

EL4ER
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Theorem [MObius 1827]

The barycentric coordinates wy,...,wy41 of v € RE W.r.t v,...,v4.4 are unique
up to a common factor.

W1V1 + Wy V> + W3 VU3
v = = w; = AW, Viy1, Vig2)
W4 + Wy + W3

b i

: i =

* Properties A(vy,v2,V3)
* Partition of unity Yibi(wv) =1
* Reproduction Yibi(wv, =v
* Positivity b;(v) =0,Vv eEA

- Y [ Ideal for interpolation ]




[~ X E 445 (GBC)

* For arbitrary n-polygon

 Barycentric coordinates w; (v), ..., w,, (v) v
DX ERCACHLY Un

* Normalized coordinates vl Vo

_ Wi (v)
b;(v) = Zj w; (v)

» Properties
* Partition of unity Y, b;(v) =1
* Reproduction Yibi(Wv; =v

+ Neh-hegative

¥ b;(v)f(v;) = f(v), V linear function f



Examples of GBC

i

Mean value coordinates (Floater ‘97)

di—1 a;
tan 5 +tan2

T

W; =

2?:1 w;(v)v;
2?:1 Wi(v)

Barycenter U =

Non-negative for star-shape polygon

Mean value interpolation
¢ w(x,v)f(x)dx
fw) =
¢ w(x,v)dx




Examples of GBC

_

e Mean value coordinates

adi—1 a;
tan—2 + tan 5

Wi =
i

« Wachspress coordinates

coty;_1 + cot f;

2
T

 Discrete harmonic coordinates (cot weights)
w; = cotf8;_q + coty;

Wi
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Closed-form GBC

Wachspress [Wachspress 1975]

Discrete Harmonic [Pinkall & Polthier 1993]
Mean value [Floater 2003]

Positive mean value [Lipman et al 2007]
Gordon-Wixom [Belyaev 2006]

Positive Gordon-Wixom [Manson et al. 2011]
Poisson [Li & Hu 2013]

Power [Budninsky et al 2016]

Blended [Anisimov et al 2017]

GBC can be negative in general.
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< . Computational GBC
<

« Harmonic coordinates [Joshi et al 2007]
Abi = O, S. t. bl(U]) = 511

« Maximum entropy coordinates [Hormann & Sukumar 2008]
 Moving least square coordinates [Manson & Schaefer 2010]

* Local barycentric coordinates [Zhang et al 2014]
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<. Applications of GBC

v

Interpolation

Image Editing

Shading

14

Vector Fields



GBC based Smooth Mapping

V; V= zibi(v)vi

f) = ) i)

f()



Cauchy Complex Barycentric Coordinate

Z; Z = zici (2)z;

Cl‘(Z) =/ xl

f@D=) a@x | f(z)

l

% = 0 =Holomorphic f

= Harmonic mapping [Weber et al ‘09]



“ . Harmonic Mapping
<

fx,y) = (ulx,y),v(x,y))
Au =0, Av =20
1. C* smooth

2. Maximum/minimum principle

3. Uniquely determined by boundary condition

)

f:Q—)Rz




Holomorphic
N

Harmonic Mapping Space R

uonos|joy

Holomorphic v lAnt" .
(complex analytic) olomorpnic

Cauchy complex barycentric coordinates




Harmonic Mapping with Cauchy Coordinate

Zzi f=P+¥ < (x,y)
(1) = ) G2
YD) =) Gy | a(z)

fz =@ (2)
fz =¥'(2)
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FELE - Bézierghsk

Bézier curves for curve design:

Rough form specified by the control polygon

Smooth curve approximating the control points

Problems:
|.  High polynomial degree
II. Non-local support

lll. Interpolation of points

©

x(H) = ) BOb
i=0

b,

b,

BI(t) = Cl't' (1 — o)™

Smoothness
Pseudo-local support
Convex hull

Properties

Partition of unity
Non-negative
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The uniform B-spline basis of order k (degree k — 1) is given as

Lifi<t<i+1

.1 — ! -
N (©) { 0, otherwise ‘ I
Nk (t) = LN,R—l(t) + M[\/!‘—l(t)

L (i+k—-1)—i (i+k)—(i+1) t+1

|4 e ]

/ N
§% /\ BN AN

i+k—t

_ =l vk-1
_k—1Nl ® + k—1

N ili_ll (t)



B E - general case

N

N;1(t) = { 0,

S— , ; , = otherwise
N,
N,y ottt tivk—t
Nip(©) = ———Nip-1(6) + ———Nis14-1(t)
i+k—17% i+k~ti+1
i i i t fork>1andi=0,..,n
Iy 1 h b l4 Is
“.\;l.l
T 1 1 1 I !
Iy 1 hh I ly Is
r r !
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B-Spline curves

1\
0.8

Shifted basis function b(t)



g B-Spline curves
_d




Qutput: 1D Qutput: 2D Qutput: 3D
¢ f(t) t y t y

2 |1 Al s S2
5 /
Q [ I |
I= X

Function graph Plane curve Space curve
0 U y u y
(q\|
= 2 2
S 4 4
o >
= X

Plane warp Surface

()
(40)
=
o
=

Space warp




< . Spline Surfaces
_d
Parametric spline surfaces: o= y1
« Two parameter coordinates (u,v) //
 Piecewise bivariate polynomials Y

Assemble multiple pieces to form a surface with

continuity

Each piece is called spline patch




< . Spline Surfaces
-

Two different approaches

 Tensor product surfaces

|.  Simple construction

Il. Everything carries over from curve case
lll. Quad patches

« Total degree surfaces
|. Not as straightforward
Il. Isotropic degree

lll. Triangle patches




< _ Tensor Product Surfaces

Tensor product basis

b, (V)b (w)

b, (v)b; ()
b3 (v)by (u)

b,(v)b; (u)

b, (v)b,(w)
b, (W)b, (u)
b3 (V)b (w)

b,(v)b,(u)

b, (v)b3(u)
b, (v)bs(u)
b3 (v)bs(u)

b,(v)bs(u)

by (v)by(w)
b,(v)bs(u)
b3 (v)b,(u)

b,(v)b,(u)



< _ Tensor Product Surfaces
L




¢ Tensor Product Surfaces

-

(@]

Tensor Product Surfaces

fluw) = Z; PRICCOS
N 21':1 bin) z]=1 HOPy
- Zj=1 bi @) Z:;l b (u)pi'j

“Curves of Curves”



Tensor Product Surfaces C! Continuity
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“ . Bezier Triangles
"

Derived using a triangular de Casteljau algorithm

« Blossoming formalism for defining Bézier Triangles

« Barycentric interpolation of blossom values p(c,c.c)

X =aa+ b+ yc,
a+f+y=1
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Minimize E = [, D(s) ds = EAtD(]t)

teT
s.t. |J;/|>0O,vteT
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To B RRET 1L e.g. D) = M2 + @72

4y P ek A Bt B

Minimize ¥;er A:D(J;)
s.t. |[J;)|>0O,VteT

Minimize }.,cp D (p)

s.t. |J(s)|>0,vseP
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ETLipschitzZEZE M) T RREE SRR

LipschitziZE%:
J(p) > Lr > J(@) 2 J(p)—Lr >0,vq€B

L=supqep(IV/(q)|F)

eRELEEEEE J(p) > Lr,Vp
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fu,v) = (Fuv), £2(u,v)) = Z B; (u, v) P,

KO b,

] = <f}c f§> FO) =) Bi(&) P

fy 3
Y BR(O) = 11— "

* Non-negative

vl = fLfF = 21} == ) ilBi,v) S
i

vi,[J;l| =20=|/(u,v)| = 0,Vu,v € [0,1]
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