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分片线性映射不是光滑映射

• 基函数不光滑

• 相邻片映射导数不连续

𝑏 𝑥
𝑥𝑖−1 𝑥𝑖+1𝑥𝑖

𝑓 𝑥𝑖 =෍

𝑗

𝑦𝑗𝑏𝑗(𝑥𝑖) 𝑏𝑗 𝑥𝑖 = 𝛿𝑖𝑗 = ቊ
1, 𝑖 = 𝑗
0, 𝑖 ≠ 𝑗

𝑓
𝒙𝒊 𝒚𝒊

Piecewise Linear Interpolation



分片线性映射不是光滑映射

• 基函数不光滑

• 相邻片映射导数不连续

𝑓

𝑓𝑡
𝒙𝒊

𝒙j𝒙𝒌

𝒚𝒊

𝒚j
𝒚𝒌

𝑓𝑡 𝑥 = 𝐴𝑥 + 𝑏

𝑡

How to improve smoothness 

of the mapping?



光滑映射构造



1. RBF

2. 广义重心坐标

3. 调和映射

4. 样条 (B-Spline)



𝑓 𝑥 =෍

𝑖

𝑎𝑖𝑏𝑖 𝑥

𝑏𝑖 𝑥 = 𝑔 𝑥 − 𝑝𝑖

• 𝑔 𝑟 =
1

𝑟+𝜖
, 𝑔 𝑟 = 𝑒𝑟 , 𝑔 𝑟 =

1

𝑟2

• Pro: smooth

• Con: does not span polynomial (linear) functions

Image Warping based on RBF



重心坐标

[Möbius 1827]

Point 𝑎, 𝑏, 𝑐 with 3 coordinates w.r.t. base points 𝐴, 𝐵, 𝐶

Mathematically:

𝑎, 𝑏, 𝑐 = 𝑎 ⋅ 𝐴 + 𝑏 ⋅ 𝐵 + 𝑐 ⋅ 𝐶

𝐴 = 1,0,0
𝐵 = 0,1,0
𝐶 = 0,0,1

and 𝑎 + 𝑏 + 𝑐 = 1where

Barycenter:

𝑣 =
𝑎𝑣𝐴 + 𝑏𝑣𝐵 + 𝑐𝑣𝐶

𝑎 + 𝑏 + 𝑐
𝑣 = 𝑥, 𝑦



重心坐标

Theorem [Möbius 1827]

The barycentric coordinates 𝑤1,…,𝑤𝑑+1 of 𝑣 ∈ ℝ𝑑 w.r.t 𝑣1,…,𝑣𝑑+1 are unique

up to a common factor.

𝑣 =
𝑤1𝑣1 + 𝑤2𝑣2 + 𝑤3𝑣3

𝑤1 + 𝑤2 + 𝑤3

⇒ 𝑤𝑖 = 𝐴 𝑣, 𝑣𝑖+1, 𝑣𝑖+2

𝑏𝑖 =
𝑤𝑖

𝐴 𝑣1, 𝑣2, 𝑣3• Properties

• Partition of unity σ𝑖 𝑏𝑖 𝑣 = 1

• Reproduction       σ𝑖 𝑏𝑖 𝑣 𝑣𝑖 = 𝑣

• Positivity               𝑏𝑖 𝑣 ≥ 0, ∀𝑣 ∈ Δ

Ideal for interpolation



• For arbitrary 𝑛-polygon

• Barycentric coordinates 𝑤1 𝑣 ,… , 𝑤𝑛 𝑣

𝑣 =
σ𝑖=1
𝑛 𝑤𝑖 𝑣 𝑣𝑖
σ𝑖=1
𝑛 𝑤𝑖 𝑣

• Normalized coordinates

𝑏𝑖 𝑣 =
𝑤𝑖 𝑣

σ𝑗𝑤𝑗 𝑣

• Properties

• Partition of unity σ𝑖 𝑏𝑖 𝑣 = 1

• Reproduction σ𝑖 𝑏𝑖 𝑣 𝑣𝑖 = 𝑣

• Non-negative

σ𝑖 𝑏𝑖 𝑣 𝑓 𝑣𝑖 = 𝑓 𝑣 , ∀ linear function 𝑓



Mean value coordinates (Floater ‘97)

𝑤𝑖 =
tan

𝛼𝑖−1
2

+ tan
𝛼𝑖
2

𝑟𝑖

• Barycenter 𝑣 =
σ𝑖=1
𝑛 𝑤𝑖 𝑣 𝑣𝑖

σ𝑖=1
𝑛 𝑤𝑖 𝑣

• Non-negative for star-shape polygon

Mean value interpolation

𝑓 𝑣 =
𝑤ׯ 𝑥, 𝑣 𝑓 𝑥 𝑑𝑥

𝑤ׯ 𝑥, 𝑣 𝑑𝑥



• Mean value coordinates

𝑤𝑖 =
tan

𝛼𝑖−1
2

+ tan
𝛼𝑖
2

𝑟𝑖

• Wachspress coordinates

𝑤𝑖 =
cot𝛾𝑖−1 + cot 𝛽𝑖

𝑟𝑖
2

• Discrete harmonic coordinates (cot weights)
𝑤𝑖 = cot 𝛽𝑖−1 + cot 𝛾𝑖



1. Wachspress [Wachspress 1975]

2. Discrete Harmonic [Pinkall & Polthier 1993]

3. Mean value [Floater 2003]

4. Positive mean value [Lipman et al 2007]

5. Gordon-Wixom [Belyaev 2006]

6. Positive Gordon-Wixom [Manson et al. 2011]

7. Poisson [Li & Hu 2013]

8. Power [Budninsky et al 2016]

9. Blended [Anisimov et al 2017]

12
GBC can be negative in general.



• Harmonic coordinates [Joshi et al 2007]

Δ𝑏𝑖 = 0, 𝑠. 𝑡. 𝑏𝑖 𝑣𝑗 = 𝛿𝑖𝑗

• Maximum entropy coordinates [Hormann & Sukumar 2008]

• Moving least square coordinates [Manson & Schaefer 2010]

• Local barycentric coordinates [Zhang et al 2014]

13

𝐶∞ smooth & Non-negative!



1.

14

Interpolation
Mesh Animation Shading

Image Editing Vector Fields
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𝑣 =෍
𝑖
𝑏𝑖 𝑣 𝑣𝑖

𝑣

𝑥

𝑓 𝑣

𝑣𝑖

𝑓 𝑣 =෍
𝑖
𝑏𝑖 𝑣 𝑥𝑖



𝑧 =෍
𝑖
𝑐𝑖 𝑧 𝑧𝑖

𝑧

𝑥𝑖

𝑓 𝑧

𝑐𝑖 𝑧 ∈ ℤ

𝜕𝑓

𝜕 ҧ𝑧
= 0 ⇒Holomorphic 𝑓

𝑧𝑖

𝑓 𝑧 =෍
𝑖
𝑐𝑖 𝑧 𝑥𝑖

[Weber et al ‘09]⇒ Harmonic mapping



𝑓 𝑥, 𝑦 = 𝑢 𝑥, 𝑦 , 𝑣 𝑥, 𝑦 𝑓: Ω → ℝ2

Δ𝑢 = 0, Δ𝑣 = 0

1. 𝐶∞ smooth

2. Maximum/minimum principle

3. Uniquely determined by boundary condition

17

Δ =
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
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𝑓 = Φ + ഥΨ

=            +

Holomorphic
(complex analytic)

Anti-

HolomorphicHarmonic

Cauchy complex barycentric coordinates

R
e

fle
c
tio

n

Holomorphic
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Φ 𝑧 =෍
𝑖
𝐶𝑖 𝑧 𝑥𝑖

𝑓𝑧 = Φ′ 𝑧

𝑓 ҧ𝑧 = Ψ′ 𝑧

𝑓 = Φ + ഥΨ

𝑧

𝑧𝑖

𝑥

Φ 𝑧Ψ 𝑧 =෍
𝑖
𝐶𝑖 𝑧 𝑦𝑖

⟷ 𝑥, 𝑦



Bézier curves for curve design:

• Rough form specified by the control polygon

• Smooth curve approximating the control points

• Problems:

I. High polynomial degree

II. Non-local support

III. Interpolation of points

𝑥 𝑡 =෍

𝑖=0

𝑛

𝐵𝑖
𝑛 𝑡 𝑏𝑖

𝐵𝑖
𝑛 𝑡 = 𝐶𝑖

𝑛𝑡𝑖 1 − 𝑡 𝑛−𝑖

Properties

• Smoothness

• Pseudo-local support

• Convex hull

• Partition of unity

• Non-negative



The uniform B-spline basis of order 𝒌 (degree 𝒌 − 𝟏) is given as

1. 𝑁𝑖
1 𝑡 = ቊ

1, if 𝑖 ≤ 𝑡 < 𝑖 + 1
0, otherwise

2. 𝑁𝑖
𝑘 𝑡 =

𝑡−𝑖

𝑖+𝑘−1 −𝑖
𝑁𝑖
𝑘−1 𝑡 +

𝑖+𝑘 −𝑡

𝑖+𝑘 − 𝑖+1
𝑁𝑖+1
𝑘−1 𝑡

3. =
𝑡−𝑖

𝑘−1
𝑁𝑖
𝑘−1 𝑡 +

𝑖+𝑘−𝑡

𝑘−1
𝑁𝑖+1
𝑘−1 𝑡



𝑁𝑖,1 𝑡 = ቊ
1, 𝑡𝑖 ≤ 𝑡 < 𝑡𝑖+1
0, otherwise

𝑁𝑖,𝑘 𝑡 =
𝑡−𝑡𝑖

𝑡𝑖+𝑘−1−𝑡𝑖
𝑁𝑖,𝑘−1 𝑡 +

𝑡𝑖+𝑘−𝑡

𝑡𝑖+𝑘−𝑡𝑖+1
𝑁𝑖+1,𝑘−1 𝑡

for 𝑘 > 1 and 𝑖 = 0, … , 𝑛



Shifted basis function 𝑏 𝑡





Output: 1D Output: 2D Output: 3D

In
p

u
t:

 1
D

Function graph Plane curve Space curve

In
p

u
t:

 2
D

Plane warp Surface

In
p

u
t:

 3
D

Space warp



Parametric spline surfaces:

• Two parameter coordinates 𝒖, 𝒗

• Piecewise bivariate polynomials 

• Assemble multiple pieces to form a surface with 

continuity

• Each piece is called spline patch



Two different approaches

• Tensor product surfaces

I. Simple construction

II. Everything carries over from curve case

III. Quad patches

• Total degree surfaces

I. Not as straightforward 

II. Isotropic degree

III. Triangle patches



Tensor product basis

𝑏1 𝑢 𝑏2 𝑢 𝑏3 𝑢 𝑏4 𝑢

𝑏1 𝑣 𝑏1 𝑣 𝑏1 𝑢 𝑏1 𝑣 𝑏2 𝑢 𝑏1 𝑣 𝑏3 𝑢 𝑏1 𝑣 𝑏4 𝑢

𝑏2 𝑣 𝑏2 𝑣 𝑏1 𝑢 𝑏2 𝑣 𝑏2 𝑢 𝑏2 𝑣 𝑏3 𝑢 𝑏2 𝑣 𝑏4 𝑢

𝑏3 𝑣 𝑏3 𝑣 𝑏1 𝑢 𝑏3 𝑣 𝑏2 𝑢 𝑏3 𝑣 𝑏3 𝑢 𝑏3 𝑣 𝑏4 𝑢

𝑏4 𝑣 𝑏4 𝑣 𝑏1 𝑢 𝑏4 𝑣 𝑏2 𝑢 𝑏4 𝑣 𝑏3 𝑢 𝑏4 𝑣 𝑏4 𝑢





Tensor Product Surfaces

𝒇 𝑢, 𝑣 =෍
𝑖=1

𝑛

෍
𝑗=1

𝑛

𝑏𝑖 𝑢 𝑏𝑗 𝑣 𝒑𝑖,𝑗

• “Curves of Curves”

=෍
𝑖=1

𝑛

𝑏𝑖 𝑢 ෍
𝑗=1

𝑛

𝑏𝑗 𝑣 𝒑𝑖,𝑗

=෍
𝑗=1

𝑛

𝑏𝑗 𝑣 ෍
𝑖=1

𝑛

𝑏𝑖 𝑢 𝒑𝑖,𝑗





Derived using a triangular de Casteljau algorithm

• Blossoming formalism for defining Bézier Triangles

• Barycentric interpolation of blossom values

𝒙 = 𝛼𝒂 + 𝛽𝒃 + 𝛾𝒄,

𝛼 + 𝛽 + 𝛾 = 1



无翻转光滑映射



光滑映射分片线性映射

34

𝑡

Minimize 𝐸 = Ω𝐷׬ 𝑠 𝑑𝑠

𝑠. 𝑡. 𝐽𝑡 ＞０, ∀𝑡 ∈ 𝑇

=෍

𝑡∈𝑇

𝐴𝑡𝐷(𝐽𝑡)

e.g.  𝐷 𝑝 = 𝐽 𝑝 𝐹
2 + 𝐽 𝑝 𝐹

−2

𝛀𝛀

Minimize 𝐸 = Ω𝐷׬ 𝑠 𝑑𝑠

𝑠. 𝑡. 𝐽 𝑠 ＞０, ∀𝑠 ∈ Ω

Infeasible!

≈ ෍

𝑝∈𝑃

𝐷(𝑝)

𝑷

𝑷



光滑映射分片线性映射

35

𝑡

Minimize σ𝑡∈𝑇𝐴𝑡𝐷(𝐽𝑡)

𝑠. 𝑡. 𝐽𝑡 ＞０, ∀𝑡 ∈ 𝑇

e.g.  𝐷 𝑝 = 𝐽 𝑝 𝐹
2 + 𝐽 𝑝 𝐹

−2

𝛀𝛀

Minimize σ𝑝∈𝑃𝐷(𝑝)

𝑠. 𝑡. 𝐽 𝑠 ＞０, ∀𝑠 ∈ 𝑷

𝑷

?

𝐽 𝑠 ＞０, ∀𝑠 ∉ 𝑃



基于Lipschitz连续性的无翻转光滑映射

36

Ω

𝑝

𝐵
𝑟

𝐽 𝑝 > 𝐿𝑟
Lipschitz连续

全局无翻转条件: 𝐽 𝑝 > 𝐿𝑟, ∀𝑝

𝐽 𝑞 ≥ 𝐽(𝑝)－𝐿𝑟 > 0, ∀𝑞 ∈ 𝐵

𝐿＝sup𝑞∈𝐵 ∇𝐽 𝑞 𝐹



基于样条基的凸包性质的无翻转映射

𝑱 =
𝒇𝒙
𝟏 𝒇𝒙

𝟐

𝒇𝒚
𝟏 𝒇𝒚

𝟐

𝑓 𝑡 =෍

𝑖

𝐵𝑖 𝑡 𝑃𝑖

𝐵𝑖
𝑛 𝑡 = 𝐶𝑖

𝑛𝑡𝑖 1 − 𝑡 𝑛−𝑖

𝐽 𝑢, 𝑣 = 𝑓𝑥
1𝑓𝑦

2 − 𝑓𝑥
2𝑓𝑦

1 = ⋯ =෍

𝑖

𝐽𝑖 𝐵𝑖 𝑢
′, 𝑣′

∀𝑖, 𝐽𝑖 ≥ 0 ⇒ 𝐽 𝑢, 𝑣 ≥ 0, ∀𝑢, 𝑣 ∈ 0,1

𝑓 𝑢, 𝑣 = 𝑓1 𝑢, 𝑣 , 𝑓2 𝑢, 𝑣 =෍

𝑖

𝐵𝑖 𝑢, 𝑣 𝑃𝑖

Convex hull Property

• Partition of unity

• Non-negative



谢 谢 ！


