GAMES 301: B9

ET RS RERE

BRI

PERFRARKE




< BB
w
1. ETFHEERABEISCEME
RBF
I E L8 ER
B FARR G
5 (B-Spline)
2. LB iHMRET
FEEERMAEMR $133k SHUNAS - SMMARER. BEIT N

LipschitziZE4E % FEo AT HMRSNSRERT




Parameterization, Deformation & Mappings
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Application — keyframe animations




Shape deformation

v'Intuitive user-interface
\/Drag and drop

v'Fast computation
v/ Interactive

v H‘i/gh quality
Smooth
v Locally injective (no foldovers)
Bounded distortion

Good Map

Poranne & Lipman 2014, Provably Good Planar Maps



Deformation - Previous work {

* Mesh-based
- Extremal quasiconformal maps [Weber et al. 2012]
-Bounded distortion mapping spaces [Lipman 2012]
- Locally injective mappings [Schiiller et al. 2013]
- Locally injective parameterization [Weber & Zorin 2014]
- Planar shape interpolation with bounded distortion [Chen et al. 2013]

« Meshless smooth —
not locally injective

- Generalized barycentric coordinates no distortion bounds

- Controllable conformal maps [Weber & Gotsman 2010] no positional constraints

- Provably good planar maps [Poranne & Lipman 2014]
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Planar Harmonic Deformation



Harmonic planar mapping

fO,y) = (uly),vixy)  f:Q-R?

Au =0, Av =20
* Smooth

* Maximum/minimum principle
» Uniquely determined by boundary condition

)




Bounded distortion mapping

Bound the distortion at every point

Vz € ()

r(z) <71

Harmonic - Boundary only?




Key theorem on multiply-connected domain

Harmonic mapping f has bounded distortion (k, ) on
multiply-connected domain (), iff

7@
i $ro i @2 = 0L o2 0.VzE Q]

Tr(w) <7

X Non-harmonic
X Non-smooth

Yw € 0()

Chen & Weber, 2015, 2017



Harmonic mapping space

Anti-

Harmonic Holomorphic Holomorphic

(complex analytic)

Cauchy coordinates [Weber et al. 2009]



Cauchy complex barycentric coordinate

age  9(0)= ) C(@ui = c(2u

h(z) =C(z)v
Harmonic: f(z) = g(z) + h(2)
< (u,v)

9(2)

') =) DD =D@u

f,=9'@ =D@u
f; = h'(2) = DD)v



Bounded distortion harmonic deformation

* Input:
- User prescribed bounds (k, 7) minimize EARAP (f) + /1Ep2p (f)
- Positional constraints f
C P gpi=1..n) s.t.  fis harmonic
* Output ,
- Locally injective harmonic mapping fz (Z) dz = 0
- Bounded conformal distortion f (Z) Z =
- Bounded isometric distortion 00 Jz ( )
ke(w) <k
Yw € 0(), !
Tr(w) <7

Convexification [Lipman 2012]



Global bound certification

(k, T)aﬂ N (k, T)P

Vil [Poranne & Lipman 2014]
k=22
A

1 N
= max(oy, 1/, ) = max('fZ' I e Ifz||>

£, f> are Lipschitz continuous R
vz,w,|f,(z) — f,(w)| < L|z — w|

— {llemin < |fz| < |fz|max

|fz‘|min < |fz‘| < |fz‘|max
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Results - comparisons

source ours [Poranne & Lipman 2014] ARAP




Results - comparisons

source Schiiller2013]
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Limitations of BDHM

*Feasibility
-Bounded distortion constraints
-Soft positional constraints

*Non-convex optimization
-Interactive, not real-time



Deformation — optimization

[Chen & Weber 2015]
* [terative convexification
« Conic optimization

» User-specified bounds
» Feasibility

minifmize EARAP(f) + AEpr(f)

s.t.  fis harmonic

f(z )
00 fz(Z)

VYw € 0(),

=0

04 (W) < 01

ol w) = o,

Convexification [Lipman 2012]

[Chen & Weber 2017]

-/Newton’s method

* GPU acceleration

<

« Smooth isometric energy
« Automatic distortion bounds
« Unconstrained optimization

N /




GPU Accelerated locally injective shape deformation

Piecewise linear mapping Harmonic mapping \
* Triangular mesh * Boundary element
 Pointwise (face-wise) constraints * Boundary constraints
» Sparse linear algebra * Dense (small) linear algebra
* Orientation preserving * Locally injective

GPU friendly




Newton’s method

' minimize E
* Taylor series Ob] € (x)

1
E(x) = Ex’Hx + Gx + -

* [terative update
H(x)p = —G(x)
Xn+1 = Xp TP
» Quadratic convergence

_ T
« Per-element modification H* = EAYE

H>0=E(x,;4+1) <E(x;,)

E(x) = ztEt(x) >H= Zth Ht ~




Isometric energy

Eiso (01, 0)

o1 = fel +1fzl, 02 = Ifz| = | fZ

» Capture Rigidity
-Eiso(1,1) =0

»Barrier function
~ Eiso (O-}' 0) : oo 1. Eapap=(0y — 1%+ (0, —1)% X [lgarashi et al. 2007]
- Local injectivity

2. T = max (al,ai) X [Sorkine et al. 2002]

2

»Smooth, differentiable 3 symmetric Dirichlet By, = 62 + 62 + 672 + 652 v [Smith & Schafer 2015]

4.  Eexp = e5Fiso v/ [Rabinovich et al. 2017]

91,92 1
5 Eamips = es(”2+"1)+0102+"1"2 4 [Fu et al. 2015]



Locally injective harmonic deformation ..

minimize EiS 0 =

|

0 )
s.t. J(z) > 0,Vz €9()

Eiso
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Locally injective harmonic deformation

. f
minimize Eiso+,1]3PZP

s.t. J(z) > 0,Vz € 0Q E/ = ZEiSO(z)
ZEPCOQ
» Positional constraints

~Epyp = ||f(x) - 3’”2
* Newton’s method
1. G=VE H=V?E, H* - H

2. (ﬁ;‘) — _H1G

3 ()= G)+e()

Local injective barrier

1 1
J(z) = 070, ™ 0% :?+?7‘oo = 3t > 0,s.t.J(z) > 0,Vz
1 2



Per-element SPD Hessian

HY ~ z H(z)*

zZ€OQ

In X 4n

f, = D(2)u
Eiso(01,02) = E(lfz|2; |fZ|2) fz = D(2)v
= H(z) = V2Ei, = MT X K X M M =
4n X 4n x4

MMT =7l | = [H(z)* = MTK*M |

Analytical 4x4 SPD projection: K* = EATET

H(z)* = EATET
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Hessian approximation

. 90 ! Zz (- . >>
1SO j 1S ( ) cPcaq 1S ( )

Complexity

—— 100 samples |

—— 200 samples

—— 400 samples
L 500 samples
&L = 50000 samples

0.}

{.g ‘

03 04 05 06 07
Running time (s)

5 10*
10° 0 ol 02
Iteration



Newton iteration on GPU

Fiso = ) B(f 12 If:1%)

1. g=VE H=V?E Ht->H {fZ:Du
_ pT fz=Dv
g=D"D(u V) CUBLAS
HY = MTK*M
2. A=—-Hlg
cuSolver



GPU Balance
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Local Injectivity with Lipschitz Continuity “

@I+ @) = Lyl _
|fz|m1n = 5
IfZImax - |fZ(v1)| M lf;(UZ)l * sz < m1n

= UZ(W) = |fz|min -

/| =010, >0 0, = |f,| = |fz| >0

WElZ

|fZ|max >0 02(771) + UZ(UZ) = (sz + sz)l

BDHM [Chen&Weber 15]:

sz = |fz, Imax =

GLID [Chen&Weber 17]:

sz’ = |fz” |max

= Lr, =

JACHIEIVACHIEI !

2

< min |f;(w)]

WE[vq,v,]

fz(wW)

S —cy B | | S—
— Lows (0.54) A, = S
4 107 *i‘fi,“

0 .
100 200 300 400 500 600  Iteration 10 20 10 20



Results & Comparison

BDHM [2015]

3.71s/281it

GLID [2017]
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Results & Comparison
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E —=— Ours/GPU

e ) —=—Ours/CPU

107 ¢ ——Newton Eigen| °
——LBFGS
——AQP
——SLIM

10"

| Ve -

107! Running time (s) 10°







Results & Comparison L

i
0.11s GPU
ﬁ g 1.18s CPU
10* T r
1 , &|——Ours/GPU
> GL' D % ,’ —+—Qurs/CPU
= E s’ Newton
0 200 400 84 ——Newton Eigen
——AQP
f i 34-325 =
0 0.5 1 1.5 2 25 3
AQP [Kovalsky et al. 2016] Running time (s)

SLIM [Rabinovich et al. 2017]



AQP




Runtime/iteration

6 cores
TitanX |12 threads| Newton AQP/

ms DOF | Ours/GPU | Ours/CPU | Eigen | LBFGS | SLIM | Initialization

deer | 364 | [8871 | 388 496 | 544 |[§693 7.8 123971
archery | 596 | 1531 71.2 95.1 883 | 594 |9.27 | 1266.3
giraffe 624 14.05 58.1 86.8 54.9 67.0 | 8.27 | 1182.9

rex 392 11.7 61.6 77.6 49.5 72.8 | 8.52 | 1141.0
racoon 320 7.25 34.4 39.9 68.1 70.4 | 9.01 | 904.6
raptor 416 10.18 45.2 56.5 82.3 66.3 | 8.64 | 8834

38



Ours




Recap

* Harmonic maps for deformation
- Good mapping
* C* smooth
* Bounded distortion theorem

- Construction with Cauchy coordinates

* Newton’s method
- Isometric energies
- Analytic Hessian + SPD modification
- GPU acceleration



Harmonic Volumetric Deformation



Shape Deformation in 3D

vIntuitive user-interface
\/Drag and drop

v'Fast computation
Interactive

v'High quality
Smooth (C*)
Locally injective (no foldovers)
Low distortion




Locally Injective Volumetric Deformation

Piecewise linear map (PWL)

* Non-smooth
* Per-element constraints
« Sparse (large) linear algebra

Tetrahedral mesh

Harmonic map \

» Smooth
» Sparse sampling set constraints
* Dense (small) linear algebra

S GPU friendly




Volumetric Mapping - Notations 1

*f(x,y,z) = (ulx,y,2),v(x,y,2),w(x,y,z)) f:Q-R3

01
] = Vf= U (o)) VT ]
03
01 =0y, =0
H = sz{ §} 1 2 3
Locally injective: [J]| >0 < 03 >0

\72
Vzuvzv w




Locally Injective Certification

» Condition: [J;| > 0, Vi

Mesh-based




Locally Injective Certification

- Condition: |J;| > 0, Vi + Condition: 3 (p) > 0,(vp € Q]

o o O
Infeasible!

Condition: O3 (p) > Lr, [Poranne & Lipman 2014]
= 03(q) >0,Vvq €B

Mesh-based Meshless




Challenges in 3D

* Deriving a Lipschitz constant

-Planar: o, = |f;| + |fzl, 02 = |fz] — |fZ]
'RS: o; = ?

* Lack of bounded distortion theorem

-Planar: min o > min o
i 2(p) = min 2(p)

-\Volumetric: ?




Bounded Distortion Theorem

« Maximum principle for o;

counterexample

« Minimum principle for g3 X

c) < min oz(w
a3(c) WE%Q 3(W)




Generalization to 3D

Planar

Yw € 0.}
o,(w) >0

Boundary constraints

Volumetric

Vw € ()
a;(w) >0

Interior constraints



Generalization to 3D

Volumetric

Vw € ()
oz;(w) >0

Interior constraints

Input #s:197632



Lipschitz Constant for o5

* Lipschitz continuous
g: Q — is L-Lipschitz continuous if 3L, such that Vp,q € Q:|g(p) — g(@)| < L|p — q|

o

o

o)
L = sup|lVg()ll
pEQ
» Key theorem:

Theorem: max ||H (v)]|| is a Lipschitz constant for g;.
v



A Tight Bound for ||H]| ¢

Volumetric harmonic mapping

[Ben-Chen et al. 2009]

f() =Xdi(p)x;
J(©) = YJp,(0)xi

H(p) = YHy. (p)x;

vanish for global affine map

|H ()|l < Z”qui(p)” [ variant to composition with rigid transformations




A Tight Bound for ||H|| S

Volumetric harmonic mapping
f(p) = Xi(p)x; A,

J(p) = Zwi(p)A;
J@@) = X, (0)x; /

H(p) = Yw.(p)(A; — Ay)

Ho) = SH- (o) |
(p) = 2Ho, (D)%™ e T=Sin oA A0

vanishes for global affine map

invariant to compositions with rigid transformations



Higher Order Estimation for ||H||

« 24 grder

L = max||H (gl

L | |.Ground truth
-2nd order
10t -3rd order

Only use 2™ order derivative of f !

« 37 order
L =|Hp)Il + max|[VH(q)Il r
qef

Use 374 order derivative of f

¥ 107

0 100 200 300 400 500
1-th voxel




Reduce the Optimal L

mfin Egis + 41 Ep2p +22Esmooth

s.t. a3(p) >0

E4is: distortion energy

Ep2p: POsition constraints

Esmooth = ”HHZ

#s: 197632
Input without E

smooth

Time:12.2s



Optimization

mfin Edis + /11 Epr + AZEsmooth

s.t. a3(p) > 0,Vp € Q

Energy

Newton’s method

1. g =VE,H = V?E,H* - H [Smith 2019]
2. HA = —g

3 x < x+tA

1071

Locally injective line search

0 0.5 1 1.5 2
Running time (s)

2.5



Optimization Dimensionality Reduction

* The harmonic mapping space

-f(p) = dx, x € R™E [ DOFs: Iarge]

900 DOF
Reduce the dimension ———3000 DOF
6873 DOF
subspace construction
x=P%, XERT? s«n [ DOFs: small]
6873DOF
0.5 1 15 2

Running time (s)




esults & Comparison

5
VHM (Refine) 0
distortion

PWL (Tet)



PWL(Tri) PWL(Tet) VHM Ours

Levi & Gotsman 2015 Smith et al. 2019 Ben-Chen et al. 2009



Interactive
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Recap

Locally injective volumetric deformation
« Harmonic mapping

» Real-time
22333
*-,,‘\ MD‘

* Low distortion
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