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Conformal mapping
on Riemann metric



Differential

« Cauchy-Riemann equation
- Plane : df (i) = idf (1)
- Manifold : df (Jyv) = Jydf (v),Vv € T,M

» Spin transformation:
- Quaternions

us qxq




Riemann metric

* Riemann metric
~gp : T,MXT,M - R bilnear
- |1X| = {/g,(X,X), VX € T,M
-0[X,Y] = arccos(g,(X,Y)/|X]||Y])

» Change with conformal mapping
-gp(df o X,df oY) = gy : TyMXT,M - R
~gp (X, Y) = ldf (X)||df (V)| cos 8[df (X), df (V)]
-g,(X,Y) =s%g,(X,Y), VX,Y € T,M

[ gp = e”gp, A+ log conformal factor ]




Isometric deformation




Curvature

* Normal curvature
* Principle curvature

planes normal
of principal
curvatures

Mean curvature:
_ ki +k,

Gaussian curvature:
K == kl X kz




Uniformization Theorem

* Riemannian metric on any surface is conformally equivalent to one with
constant Gaussian curvature (flat, spherical, hyperbolic).

Cr=cty




Uniformization Theorem

 Parameterization to canonical domain
» Cross-parameterization




Uniformization Theorem

* From curvature to metric
- Target curvature

K'=0 K’=1
’ r

- Log conformal factor
A:M->R

» Flattening to plane
g’ = e?g
- No distortion

10



Isothermal coordinate

* For any point p on Riemann manifold (M, g), 3U(p) € M and local

coordinate (s, t), s.t.

g = e21(s0) (ds2 + dt2)

(s,t)

s

S

(x,y)
g = Edx? + 2Fdxdy + Gdy*

11



Gaussian curvature

K= _\/;—G<((\/\/]?t)t T (Lfg)s)) = —e%,(nu +155) = —e 1A

*Setn-o>n+1 K =—-e20+DAMm + 1)
*K' = e ?M(—e 1A — e ?MAL) = e 72K — AgA)

(s, t)

= ezn(ds + dt?)




Geodesic curvature

_dé  (nE) (nG)s . ,_ d0  n¢ [/ B
= T cos @ + o~ st—endr encost9+ensm0—e (k. ancn)

Setn->n+1 k' =e D (kc — Op, (n + /1))
k' =e e MNk.—0p,n) —e "0, A) = e H(x — YA

(s,t)

—/%tés g = e?(ds? + dt?)




Yamabe equation

* Non linear differential equation
K= e (K —Ag 2)
k' =e (k — 052

- 4

14



Conformal equivalence
of triangle meshes



Discrete conformal metric

« Smooth Riemann metric * Discrete metric
- X = gp(X, X), VX € TyM ~l:E - RY = e o
-1X'| = e X|,VX € T,M -l =eM2 0 1V SR
V),
] v
Vj

16



Conformal equivalence of triangle meshes

1! An+21:)/2 Am+A7)/2
oo b by LgeMktA0/2 1 eGmt A2 .
ij =7 = ; . = = Cij
Tl G i@t Amd/2 1 oyt A0/2 Ly Ly
.. jk l{jl{k Lijlik . amj ll{‘mll{j Limlij
For ijk, A;" = log(——/ ); forimj, A~ =log(——/ )
Lik Lik Lnj lmj

Springborn, B. et al. (2008). Conformal equivalence of triangle meshes. ACM SIGGRAPH. 17



Optimizing log conformal factor

* Treating angle as functionof 1:V — [ZR , ,
Ui + Uik = Uji
21 L !

ik
6'!" = arccos

ij ik 14"
« Parameterizing to a planar shape v,
= Yijkest(i) 9’{k = 2m, V i interior vertex
- Lijkest(i) 9’{k = B;, for i boundary vertex
!
Yj
 Optimizing a convex energy
1 /
~E(A) = Xijrer [ Wijp tjko ta) + 5 2 @iy, tij = logly; Vm

_9E _ 1 kY _ ,jk
an 5(“1‘ - ZijkESt(i)H [ ) =0=a; = ZijkESt(i)H i

Springborn, B. et al. (2008). Conformal equivalence of triangle meshes. ACM SIGGRAPH.

18



Optimizing log conformal factor

. Ji ]
«Feasiblesetof 1 : V - R k /
l]{k + lI’(l > l{] l \ Q
- Triangle inequality: < li; + 1ij > Lk .
U+ Uy > Ly m
1y 1Jk rki
0l =m 0" =0'7"=0

- Extending: If L) + I}, < I},

* Optimizing method

- Gradient descent 64; = — % _ _ _ 32‘

- Newton method (Hess E - 61); = ——

/11 +|AZ +/13 = O
t1p =ty3 =131 =0

Springborn, B. et al. (2008). Conformal equivalence of triangle meshes. ACM SIGGRAPH. 19



Geodesic distance

 Edge flip for global minimum A*
Lk + L < i
- l:] - lllcm = e(/lk'l'/‘{m)/zlkm

 From planar to R3




Constraining length cross ratio

* Linearizing constraint:

[
logc;; = log( i o)

tki + tmj — tim — tjk = const
m Lik

» Mesh conformal deformation
- Optimizing the vertex location v; € R3
- Treating the ¢;; as the function of v; = &t = Jév

- Constraint Lt = const = Lét = LJSv =0

* Minimizing energy E(v) under conformal mapping
- Local minima: < 2=, 6v > = 0, V 6v € {Ljév = 0}
- Projected gradient descent

Soliman, Yousuf, et al. "Constrained willmore surfaces." ACM Transactions on Graphics (TOG) 40.4 (2021): 1-17.

21



Constraining length cross ratio

* Optimizing Willmore energy:
E@W) = [ |HW)|*dS

S
N
..
N
LTI TTTEER

Soliman, Yousuf, et al. "Constrained willmore surfaces." ACM Transactions on Graphics (TOG) 40.4 (2021): 1-17.

22



Pliecewise
Mobius transformation



Mobius transformation

«f: CU {0} > CU {0}
_f(Z) _ az+b ad — bc # 0. (lf ad = bc, then f(Z) — z%gg:si — E?CZZ-:_C;C; _

cz+d’
. " : : 1
- Translation z » z + t4, dilation z » t,z, inversion z —» -

« Circle preservation (Line as circle with radius o)

Mobius

2

24



Piecewise Mobius transformation

* For the triangle ijk € T, consider a Mobius transformation:
- ijk €T, {Zi,Zj,Zk} c C
-f(2) = aZth ad — be = 1

cz+d’

» Mapping of edges:
- Edge line to circle arc

o azi+b . Cle+b . 1 (Z' _ Z')
Zi Zj o czi+d czj+d B (CZi+d)(CZj+d) L J Zj
. . . Zj
 Piecewise-compatible 2
: k
- Denote D/ « — —
czi+d ' '
- Constraint on edge ij: D{“D}t = D™ D™
Zi Zm

Vaxman, A. et al. (2015). Conformal mesh deformations with Mdbius transformations. ACM Transactions on Graphics. m 25



Piecewise Mobius transformation

 Preserving length cross ratio:

= @z @Emz)) Iwi;| = (zk=20) (Zm=2))| _ lilmj
Lj (Zi_?}n)j(kzj]_-iZk-) tj jl((zi.—zm)(zj—zk) limljk
m m
il = [t wig| = || 1w
i “mYj Yk S|

- Combining D/*D¥ = p™pi™ = |p/¥| = |D|, v i

 Preserving circle intersection angles:
_Re(Wij)
[wijl . o
- Combining D{“D}* = D Di™ = D/*DV € R, Vi

= COSQp =

Vaxman, A. et al. (2015). Conformal mesh deformations with Mébius transformations. ACM Transactions on Graphics. 26



Piecewise Mobius transformation

« Conformal constraint:
- Preserving length cross ratio: [D/*| = |D[™|, v i
- Preserving circle intersection angles: Dijkﬁimj ER, Vi
- Preserving both: D/* = D™, v i (as Mbius as possible)

10
0 e
iter.
—3 ! log(err)
[ . ] 1
0° circ 59 0 MC 0.05 0°

Vaxman, A. et al. (2015). Conformal mesh deformations with Mdbius transformations. ACM Transactions on Graphics.
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Ricci flow and Calabi flow



Ricci flow

* Ricci energy: E(g) = [ (K(g) + |Vf|?)e~du, f dilaton function
* Ricci flow (gradient flow): % =—-VE =-2(K(g) —K')g

« Conformal metric: g = e?*g° = E(1) convex and % =K' — K1)

/’

29



Discrete Ricci flow

* Log conformal factor: 4; :v; €V - R, Vi

* Discrete Ricci flow: % =K/ — K;

| SMOOTH (K)

= DISCRETE
N

Ki = 21 — Z Hl]k
tijreSt(i)

Yang, Yong-Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009.



Gradient descent

Update : 1; « 1; + t(K' — K(4)) Q @ .

* From A; to compute K;

2 2 2
1515,

_nlk _
Hi —arccos—zz”llk
ik

* Dynamic triangulation

- Flip-on-degeneration
- Flip-on-Delaunay-violation

Yang, Yong-Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009. 31



Gradient descent

Update : 1; « 1; + t(K' — K(4))

* From A; to compute K;

2 2 2
Litli—lik

'k
- Ki = 2m — ZtijkESt(i) 01:’

ik
- Hi] = arccos

* Dynamic triangulation

- Flip-on-degeneration
- Flip-on-Delaunay-violation

Initialize: 2; =0, 1; =17,

. Computing Hl.jk and K; using [;;

If ||[K' — K|| < e, terminate

. Update 4; « 4; + t(K' — K)

ﬂi+lj

. Update I;; = ez [;; and dynamic

J

triangulation

. Repeat 2-5

Yang, Yong-Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009.

32



Newton method

» Gradient:
VE(A) = K; — K;

* Hessian matrix

dK;

}m‘a@‘A”

» Update :

A< A+ t(ATHK' = K)),

. Initialize: 2; =0, L =1,
. Computing Hl-jk,Ki and A using [;;
. IfIK" = K|| <€, terminate

. Update 2; « A; + t(A™'(K' — K)),

Ai+lj

. Update I;; = ez [; and dynamic

triangulation

. Repeat 2-5

Yang, Yong-Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009.
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Dynamic triangulation

* Dynamic triangulation

- Flip-on-degeneration

- Flip-on-Delaunay-violation

0.40s 29.6s
106 w

* Newton method
- Local flip
- Global solver

10° Flip-on-Delaunay-violation
10*
103 £ ¥

102

number of flips

- Flip-on-degeneration

LM

ol
10°

1 10 100 ~ time (s)

Campen, Marcel, et al. "Efficient and robust discrete conformal equivalence with boundary." ACM Transactions on Graphics (TOG) 40.6 (2021): 1-16.



Plane embedding

Pl =S
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Yang, Yong-Liang, et al. "Generalized discrete Ricci flow." Computer Graphics Forum. Vol. 28. No. 7. Oxford, UK: Blackwell Publishing Ltd, 2009.
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Calabi flow

» Calabi energy: E(g) = [ (K(g) — K')?dA,
« Calabi flow (gradient flow): % = —VE = —-2A(K(g) — K')g

« Conformal metric: g = e**g® = E (1) convex and % = A(K' — K(1))

/’
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Discrete Calabi flow

* Log conformal factor:

itialize: A, = =10
A v, €V >RYI 1. Initialize: 4; =0, [;; =1;;

* Discrete Calabi flow: 2. Computing Hl.jk, K; and A using [;;
dA;
a_tl = (A(K' — K))l. 3. If||[K' —K|| <€, terminate
* Gradient descent 4. Update A; « 4; + t((Aor A™)(K' = K)),
» Approximate Newton method o
H= a(A(’;K’)) 5. Update [;; = e%l?j and dynamic
— A2 % 74 i i
= A2 + — (K —K") triangulation
~ A2 6. Repeat 2-5

Su, K. H., et al. "Discrete calabi flow: A unified conformal parameterization method." Computer Graphics Forum. Vol. 38. No. 7. 2019. 37



Sphere embedding

* Intersection of spheres

Iz - ylI? = &
-3z — 22 = 13
22 = 7

* Intersection of line and sphere

( lz
<z,y>=r2—;1
=4 2 13
<Z,XxX>=r —;

L llzl|? =2

Su, K. H., et al. "Discrete calabi flow: A unified conformal parameterization method." Computer Graphics Forum. \Vol. 38. No. 7. 2019. 38



Conjugate harmonic
functions



Conjugate harmonic coordinates

 Solving Laplacian equations:

- For interior vertices { 21; : 8 / > // // ////
6 I F L
oundary control |4

« Dirichlet boundary condition: Hamonic, not conformal

- Boundary curve y: M — R?

u| — ,v| —
oM Yu oM Y —

« Neumann boundary condition:

- Boundary gradients h: 9M — R?
aMu = hu, an = hv

Conformal, conjugate gradients

Sawhney, R., & Crane, K. (2017). Boundary first flattening. ACM Transactions on Graphics. 40



Boundary condition

* Yamabe equations:
|k =e2A (K —Ag D)
k' =e M — oM

* Integration:
|AgrdA = KdA — K'e?dA
oMads = k — k' e?ds

* Discretization:
-(AD); = K; — K|
- lz{j — e(/li+/1j)/21ij ”?

Sawhney, R., & Crane, K. (2017). Boundary first flattening. ACM Transactions on Graphics.
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Boundary optimization

« Geodesic curvature k;
- Cumulative angle: ¥, = ¥, "k
- Unit tangent vector: Ty;=), ., = (cosy,, sinyy,)

* Formulation:

242 N2
- Energy: ZL]EGM ll] (ll] e 2 lij)
- Constraint;: ZueaM ll] ij — =0

« Boundary curve:
- (uy,v1) = (0,0)
= (Up, Vp) = Lijey, ., LijTij

Sawhney, R., & Crane, K. (2017). Boundary first flattening. ACM Transactions on Graphics.
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Boundary first flattening

 For boundary, specify either length (or curvature) of target curve

» Solve Yamabe problem to get complementary data
» Optimize boundary data to get close boundary curve
» Solve conjugate harmonic coordinates

@ - e~ T Au=0 H
s / \
- } 7 @ @T@\
, Jieds e ”’}v'@ Re(f)
: fa%@f f

Sawhney, R., & Crane, K. (2017). Boundary first flattening. ACM Transactions on Graphics. 43
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