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Cone parameterizations

 High area distortion
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Cone parameterizations
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Cone parameterizations

 High area distortion

Trade-off
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Cone parameterizations

 High area distortion

e Curvature — cones

» Lower distortion & fewer cones

- Parameterization cuts

- As landmarks

10



Cone parameterizations

 High area distortion

tij unconstrained

 Curvature — cones P /i
rijq - tij

wjj = kjjn/2

tjj integer

quadrangulation

» Lower distortion & fewer cones
- Parameterization cuts

- As landmarks

-K=-1
2

* Rotational seamless parameterizations
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Cone parameterizations

 High area distortion

e Curvature — cones

 Lower distortion & fewer cones
- Parameterization cuts
- As landmarks
- K=217

* Rotational seamless parameterizations
* Cross fields & quad meshing
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Cone parameterizations

* Yamabe equation:

K'=e MK —A, %)
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Cone parameterizations

* Yamabe equation:
K'=e XK —A, %)

» Cones distribution:

K@) =) Kity®)

o5, (V) = {

g2’

T
0,

dist(v,v;) <€

otherwise
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Cone parameterizations

* Yamabe equation:
K'=e XK —A, %)

» Cones distribution:

K@) =) Kity®)

« Linearization ([Bunin 2008]): 1 .
(I 1) 55 (v) = —3 dist(v,v;) <€

T
0, otherwise

N Ki8, ()= (K — 8, 1)

Bunin, G. (2008). A continuum theory for unstructured mesh generation in two dimensions. Computer Aided Geometric Design. 15



Cone parameterizations

* Linear Yamabe equation: V= {”1' ""va}’K = (ky, -, ky,)

1
——(cota;; +cotf;;) i+ ]
l D L =)
« FEM discretization ([Ben-Chen et T URER)

al. 2008])):
K = (K —AAd)
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Ben-Chen, M. et al. (2008). Conformal flattening by curvature prescription and metric scaling. Computer Graphics Forum.



Cone parameterizations

 Linear Yamabe equation:

D KB, @) =K —8, D) g =
l

 FEM discretization:
K = (K —AAd)

* Trade-off:

- Area distortion

-The number of cones

V= {vll "';va}’K = (kl' B kNv)
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Cone generation:
heuristic methods



Heuristic methods

* Placement

- Curvature

Ben-Chen, M. et al. (2008). Conformal flattening by curvature prescription and metric scaling. Computer Graphics Forum. 19



Heuristic methods

* Placement
- Curvature

- Log conformal factor
K' = (K — A

Ben-Chen, M. et al. (2008). Conformal flattening by curvature prescription and metric scaling. Computer Graphics Forum.
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Heuristic methods

* Placement P, = g JENQ)
0, else
- Curvature
- Log conformal factor Z wi =1
JEN(D)

- Cone angle : random walk J k
-K - K ﬁ.
_ r 1 ] =1
-ZviKi_ZviKi_ZT[X .. = ’
Py { 0, else
J k

Ben-Chen, M. et al. (2008). Conformal flattening by curvature prescription and metric scaling. Computer Graphics Forum. 21



Heuristic methods

* Flattening point set: K' = K
Fe(K') ={v; €V, |K;| <€}

A 4

€ increase, F.(K') 7V

Myles, A., & Zorin, D. (2012). Global parametrization by incremental flattening. ACM Transactions on Graphics. 22



Heuristic methods

* Flattening point set: K' = K
Fe(K') ={v; €V, |K;| <€}

« Curvature K/, v; ¢ F.(K') A <0

- Area distortion min A (4)

A Q) 2 [12dA = ZiAi,1§ 1>0

Myles, A., & Zorin, D. (2012). Global parametrization by incremental flattening. ACM Transactions on Graphics. 23



Heuristic methods

* Flattening point set: K' = K
Fe(K') = {v; €V, |K;| <€}
* Curvature K;, v; € F.(K")

- Area distortion min A (4)

AQ) £ [22dA = ZIAM%
l
- Linear Yamabe constraint

(A2)

Fe(K") Fe(K")

B WD

. Initialize: e =€, K =K.

Compute F.(K').
Solve constrained LSQ and Update K'.
If V\F.(K") contains non-isolated
vertices, € = € + Ae; else, terminate.
Repeat 2-4.

Myles, A., & Zorin, D. (2012). Global parametrization by incremental flattening. ACM Transactions on Graphics. 24



Heuristic methods

* Rounding set R(K")
-K' =(0,...,/0.48x) ..., —1.117, ..., 0)

v
-TK' = (0, ...,0.50m, ...,—1.11m, ..., 0)

min A (1) = Z A%,
i

(AX) =K |

Fe(K)
_TK' |
)

Fe(K")
)

(8%)|

R(K' R(K' R(K")

\

Myles, A., & Zorin, D. (2012). Global parametrization by incremental flattening. ACM Transactions on Graphics. 25



Heuristic methods 1

y
* Sub-optimal greedy K  greedy 4
?I 14.86 A &Z{ 13.73 A ?{ 4.87

3

A = 28.10

[ °
4 -

“A=057 A =0.59 A—0.26

26



Heuristic methods

» Sub-optimal

» Constraint
K = (K — AX)

* Aim

- Low area distortion

AD= ZiAi/llz J |zl Kia”i(v)‘ aA = Zvieleil

- Sparse cones
= Z Ki = 277:)(
vieV

27



Cone generation:
optimization-based methods



Optimization-based methods

- Cones distribution : K(v) = ¥,;K;8,,(v) > X; Kiu(v;)

« Measure norm: ||ully = sup {f fdu:|f(w)|<1Vx €M}
Fec(M)

Fenchel-Rockafellar
duality

—

s.t.u=(K —AXQ) s.t. Af=A&\|f(w)|<a,VveM

min, , [ 22dA + allplly, ming rec o) [22dA — [ K fdA,

ADMM or DR Splitting!

Soliman, Y. et al. (2018). Optimal cone singularities for conformal flattening. ACM Transactions on Graphics.
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Optimization-based methods

- Cones distribution : K(v) = ¥,;K;8,,(v) > X; Kiu(v;)

« Measure norm: ||ully = sup {f fdu:|f(w)|<1Vx €M}
Fec(M)

a = 1.00 a—075 a = 0.50 a—025 a—010

le { ? A e [ e
AR L . AN ,....,x* \ J‘f
10 \ a \ \ o \4}“' - \/‘ -
8f .
)\ » L™
4f \ :
N

20 160 200 300 400

Soliman, Y. et al. (2018). Optimal cone singularities for conformal flattening. ACM Transactions on Graphics.
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Optimization-based methods

» Cones distribution : K(v) = ¥ K;6,,(v) » K = (K3, ...,Ky,)
*LO norm : ||K||,

* Reformulation

2 M=K —K
minz A2% + allK' o, N 1
7 . ,S. L.
2 ) min(| K[l (Z AiA§)2 <
[

s.t. AMA=K — K’

Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics. 31



Optimization-based methods

AA=6;(v) = A(v) - In|dist(v,V;)]

prdA)P = [|Allw, @S p =

1 >

A=K — K
mip (Z A, AP) +allK N, ,

min||K'|[|,, s. t. >
ﬁ /1,K’“ llo (Z Ailf)p <
s.t. AA=K — K' i
Approximate projection!

Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics.
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Optimization-based methods ',
L1 Reweighted L1
. z Wi(m)lK“

n = 505 n=113

Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics. 33



Optimization-based methods

LK’ ||, ADMM or DR Splitting!
1 . , A=K — K'
ming o S w{|K], s.t {ziAia% <p /

. _(m+1) _ 1
oo ‘ [T 4 em)
Wl-(o) =1 Wl.(m) Wl_(m“) Convergence

U ) - | — U )| gD
A(O)' KI(O) A(m), Kl(m) ).(m-l_l), K,(m+1 _ K,(m)

Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics. 34



Optimization-based methods

* Area distortion: different bound (L2 norm)

Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics. 35



Optimization-based methods

* Area distortion: different bound (L2 norm)

* Area distortion: different norm (8 = 0.2)

Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics. 36



Optimization-based methods L

« Compare to measure norm -
On<ng:69.09% 4 =011 - 4 =011
On=n,2996% Nc=14% n=9

mn>n.095%

|

Dataset (3885 models)

Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics. 37



Optimization-based methods

« Compare to measure norm
@ n<ng69.09% A=0.11 A =0.11
O n=n.29.96% Mc="7 n=28
En>n.095%
A = 0.12 A = 0.12
ne. =26 n=7

Dataset (3885 models)

Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics. 38



Optimization-based methods

- Consider K’ € %ZV Ad=K 1 K

minl||K'||,, s. t. 7}
/LK’” llo (Z Ailllz)z <5
i

!

(A=K — K’
1
2 2
min||K'[lo, s. t. (Z.Ai’li) =p
A,K’ l "
K e€=-7"
\ 2

Li, M. et al. (2022). Computing sparse integer-constrained cones for conformal parameterizations. ACM Transactions on Graphics.
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Optimization-based methods

» Consider K’ €~ 7"
* Integer constraint to binary constraint

T T min||c'x — 2%e]|o,
K’ EEZV - K’ EE{_ZT,_2T+1,...,2T—1} Ax

l 1
S- t-< ( 2)7
A;2%) <
c=(2°2",..., 2" 2.A%) =8
x € {0,1}7*1 \ x € {0,1}"*1

( s
A=K — E(ctx —2%e)

T
K = 5 (ctx — 2%e), {

Li, M. et al. (2022). Computing sparse integer-constrained cones for conformal parameterizations. ACM Transactions on Graphics.



Optimization-based methods

2
. _ oy o {0,1}
Consider K" € Z O lxy - (3 HIE=}
. . . O [0, 1]
* Integer constraint to binary constraint
* Binary constraint to the intersection of box and sphere
(0,1) (1,1)

r=

{0 1}T+1 — [0 1]T+1 N aB ({l}ﬁ-l)
) ) VTH1 >
2

(0,0) (1,0)

Case:7=1

Li, M. et al. (2022). Computing sparse integer-constrained cones for conformal parameterizations. ACM Transactions on Graphics. 41



Optimization-based methods

» Consider K’ €~ 7"
* Integer constraint to binary constraint

* Binary constraint to the intersection of box and sphere

( T
A=K —E(ctx—ZTe),x:y,xzz

Nz ADMM or
min [lctx — 2%el|y, 5. t. 5 ( E _Aifli) =5 DR Splitting!
Axyz i
T+1

y € [0,1]**1,z € 0B _m({il )
=3

\

Li, M. et al. (2022). Computing sparse integer-constrained cones for conformal parameterizations. ACM Transactions on Graphics. 42



Optimization-based methods

- Feasibility: K' €22 @ A<p (M=K -77")

B =0.2 B =0.1
A =0.2 A = 0.05
n =15

Li, M. et al. (2022). Computing sparse integer-constrained cones for conformal parameterizations. ACM Transactions on Graphics.
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Optimization-based methods

- Feasibility: K € ng S ALP
A< A,n<n,

« Compare to rounding strategy O A=A,n<n. 79.98%
A< A.,n=n,
A=A, n=n,

OA>A,n<n. 17.32%

A<LA,n>n,
A>A,n>n,
B A>A,n=n. 27%

A=A,n>n,

Dataset (3885 models)

Li, M. et al. (2022). Computing sparse integer-constrained cones for conformal parameterizations. ACM Transactions on Graphics. 44
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Li, M. et al. (2022). Computing sparse integer-constrained cones for conformal parameterizations. ACM Transactions on Graphics.



Applications related to cones



Seamless parameterizations

7
2

* Integer cones: K'
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Seamless parameterizations

* Integer cones: K’ = %Z

- Genus-0 mesh: global seamless

- High genus mesh: rotationally seamless — global seamless

Post
processing!
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Piecewise parameterizations

« Cones — seam curves

miny A1) + Z [(@P),s.t. Ad=—K in UP;
i

(i

49



Piecewise parameterizations

« Cones — seam curves

miny A1) + 2 [(@P),s.t. AL =—K in UP;
[

» _evel set revolution

o .
High

non-convex!

A
N

Sharp, N., & Crane, K. (2018). Variational surface cutting. ACM Transactions on Graphics (TOG). 50
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