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1. Introduction to cone parameterizations

2. Cone generation: heuristic methods

3. Cone generation: optimization-based methods

4. Applications related to cones



Introduction to 
cone parameterizations



Cone parameterizations
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• High area distortion 𝑁 = ℝ!𝑀

𝜆 < 0

𝜆 > 0

g" = 𝑒!#g



Cone parameterizations
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• High area distortion

• Curvature → cones

𝜃

𝐾 = 2𝜋 − 𝜃

𝜆
+

−



Cone parameterizations
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• High area distortion

• Curvature → cones

𝑛 = 130 𝑛 = 9982



Cone parameterizations
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• High area distortion

• Curvature → cones

𝑛 = 23 𝑛 = 14 𝑛 = 8

Trade-off



Cone parameterizations
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• High area distortion

• Curvature → cones

• Lower distortion & fewer cones

-Parameterization cuts

𝜃
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Cone parameterizations
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• High area distortion

• Curvature → cones

• Lower distortion & fewer cones

-Parameterization cuts

-As landmarks

- 𝐾 = !
"
ℤ

• Rotational seamless parameterizations



Cone parameterizations
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• High area distortion

• Curvature → cones

• Lower distortion & fewer cones

-Parameterization cuts

-As landmarks

- 𝐾 = !
"
ℤ

• Rotational seamless parameterizations
• Cross fields & quad meshing



• Yamabe equation:  

𝐾"= 𝑒$!#(𝐾 − ∆ℊ 𝜆)

Cone parameterizations
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𝑀 𝑁



• Yamabe equation:  

𝐾"= 𝑒$!#(𝐾 − ∆ℊ 𝜆)

• Cones distribution:

𝐾"(𝒗) =<
&
𝐾&"𝛿𝒗!(𝒗)

Cone parameterizations
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𝒗&

𝑀 𝑁

𝛿𝒗!
( 𝑣 = ?

1
𝜋𝜖!

, 𝑑𝑖𝑠𝑡 𝒗, 𝒗& ≤ 𝜖

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒



• Yamabe equation:  

𝐾"= 𝑒$!#(𝐾 − ∆ℊ 𝜆)

• Cones distribution:

𝐾"(𝒗) =<
&
𝐾&"𝛿𝒗!(𝒗)

• Linearization ([Bunin 2008]):

<
&
𝐾&"𝛿𝒗! 𝒗 = (𝐾 − ∆ℊ 𝜆)

Cone parameterizations

15Bunin, G. (2008). A continuum theory for unstructured mesh generation in two dimensions. Computer Aided Geometric Design.

𝒗&

𝑀 𝑁

𝛿𝒗!
( 𝑣 = ?

1
𝜋𝜖!

, 𝑑𝑖𝑠𝑡 𝒗, 𝒗& ≤ 𝜖

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒



• Linear Yamabe equation:

<
&
𝐾&"𝛿𝒗! 𝒗 = (𝐾 − ∆ℊ 𝜆)

• FEM discretization ([Ben-Chen et 

al. 2008]): 

𝑲" ≅ (𝑲 − Δ𝝀)

Cone parameterizations

16Ben-Chen, M. et al. (2008). Conformal flattening by curvature prescription and metric scaling. Computer Graphics Forum.

𝑉 = 𝒗), … , 𝒗*# , 𝑲 = (𝒌), … , 𝒌*#)

Δ&+ =
−
1
2
cot 𝛼&+ + cot 𝛽&+ 𝑖 ≠ 𝑗

<
𝒗$∈-(𝒗!)

𝐿&0 𝑖 = 𝑗

𝒗&

𝒗+

𝛼&+ 𝛽&+



• Linear Yamabe equation:

<
&
𝐾&"𝛿𝒗! 𝒗 = (𝐾 − ∆ℊ 𝜆)

• FEM discretization:

𝑲" ≅ (𝑲 − Δ𝝀)

•Trade-off:
-Area distortion

-The number of cones

Cone parameterizations
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𝑉 = 𝒗), … , 𝒗*# , 𝑲 = (𝒌), … , 𝒌*#)

𝐿&+ =
−
1
2
cot 𝛼&+ + cot 𝛽&+ 𝑖 ≠ 𝑗

<
𝒗$∈-(𝒗!)

𝐿&0 𝑖 = 𝑗

𝒗&

𝒗+

𝛼&+ 𝛽&+



Cone generation: 
heuristic methods



• Placement

-Curvature

Heuristic methods

19Ben-Chen, M. et al. (2008). Conformal flattening by curvature prescription and metric scaling. Computer Graphics Forum.



• Placement

-Curvature 

- Log conformal factor

𝑲# ≅ (𝑲 − Δ𝝀)

Heuristic methods

20Ben-Chen, M. et al. (2008). Conformal flattening by curvature prescription and metric scaling. Computer Graphics Forum.



• Placement

-Curvature 

- Log conformal factor

• Cone angle : random walk

-𝑲 → 𝑲#

-∑𝒗!𝑲% = ∑𝒗!𝑲%
# = 2𝜋𝜒

Heuristic methods

21Ben-Chen, M. et al. (2008). Conformal flattening by curvature prescription and metric scaling. Computer Graphics Forum.

𝑃&+ = [
𝑤&+ , 𝑗 ∈ 𝑁(𝑖)
0, 𝑒𝑙𝑠𝑒

<
+∈*(&)

𝑤&+ = 1

𝑖 ∈ 𝑉1

𝑘𝑗

𝑖 ∉ 𝑉1

𝑘𝑗

𝑃&+ = [ 1, 𝑗 = 𝑖
0, 𝑒𝑙𝑠𝑒

=

==

=

=



• Flattening point set: 𝑲" = 𝑲

ℱ((𝑲") = {𝒗& ∈ 𝑉, |𝑲&
"| < 𝜖}

Heuristic methods

22Myles, A., & Zorin, D. (2012). Global parametrization by incremental flattening. ACM Transactions on Graphics.

𝜖 increase, ℱ((𝑲") ↗ 𝑉



• Flattening point set: 𝑲" = 𝑲

ℱ((𝑲") = {𝒗& ∈ 𝑉, |𝑲&
"| < 𝜖}

• Curvature 𝑲&
" , 𝑣& ∉ ℱ((𝑲")

-Area distortion min𝒜 𝝀

𝒜 𝝀 ≜ ∫ 𝜆"𝑑𝐴 ≅9
%
𝐴%𝜆%"

Heuristic methods

23Myles, A., & Zorin, D. (2012). Global parametrization by incremental flattening. ACM Transactions on Graphics.

𝜆
+

−
𝜆 < 0

𝜆 > 0



• Flattening point set: 𝑲" = 𝑲

ℱ((𝑲") = {𝒗& ∈ 𝑉, |𝑲&
"| < 𝜖}

• Curvature 𝑲&
" , 𝑣& ∉ ℱ((𝑲")

-Area distortion min𝒜 𝝀

𝒜 𝝀 ≜ ∫ 𝜆"𝑑𝐴 ≅9
%
𝐴%𝜆%"

- Linear Yamabe constraint

(Δ𝝀) :
ℱ"(𝑲#)

= 𝑲 :
ℱ"(𝑲#)

Heuristic methods

24Myles, A., & Zorin, D. (2012). Global parametrization by incremental flattening. ACM Transactions on Graphics.

1. Initialize! 𝜖 = 𝜖2, 𝑲" = 𝑲 .

2. Compute ℱ( 𝑲" .

3. Solve constrained LSQ and Update𝑲".

4. If 𝑉\ℱ( 𝑲" contains non-isolated 

vertices, 𝜖 = 𝜖 + Δ𝜖; else, terminate.

5. Repeat 2-4.



• Rounding set ℜ(𝑲")

-𝑲# = (0,… , 0.48𝜋,… ,−1.11𝜋,… , 0)

-𝑻𝑲# = (0,… , 0.50𝜋,… ,−1.11𝜋,… , 0)

Heuristic methods

25Myles, A., & Zorin, D. (2012). Global parametrization by incremental flattening. ACM Transactions on Graphics.

min 𝒜 𝝀 =<
&
𝐴&𝜆&! ,

𝑠. 𝑡.
(Δ𝝀) m

ℱ%(𝑲&)
= 𝑲 m

ℱ%(𝑲&)

(Δ𝝀) m
ℜ(𝑲&)

= 𝑲 m
ℜ(𝑲&)

− 𝑻𝑲" m
ℜ(𝑲&)



• Sub-optimal

Heuristic methods

26

greedy 𝑲 greedy 𝝀



？

• Sub-optimal

• Constraint

𝑲‘ = (𝑲 − Δ𝝀)

• Aim

- Low area distortion 

𝒜 𝝀 =9
%
𝐴%𝜆%"

-Sparse cones

Heuristic methods

27

∫ <
&
𝑲&𝛿𝒗!(𝒗) 𝑑𝐴 =<

𝒗!∈7
𝑲&

=<
𝒗!∈7

𝑲& = 2𝜋𝜒



Cone generation: 
optimization-based methods



Optimization-based methods
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• Cones distribution :  𝐾 𝑣 = ∑&𝐾&𝛿𝒗!(𝒗) → ∑&𝐾&𝜇(𝒗&)

• Measure norm:    𝜇 8 = sup
9∈:(8)

{∫8 𝑓 𝑑𝜇 ∶ 𝑓 𝑣 ≤ 1 ∀ 𝑥 ∈ 𝑀}

Soliman, Y. et al. (2018). Optimal cone singularities for conformal flattening. ACM Transactions on Graphics.

min#,< ∫ 𝜆!𝑑𝐴 + 𝛼 𝜇 8 ,

𝑠. 𝑡. 𝜇 = (𝐾 − ∆ 𝜆)

min#,9∈:(8) ∫ 𝜆!𝑑𝐴 − ∫ 𝐾 𝑓𝑑𝐴,

𝑠. 𝑡. ∆ 𝑓=𝜆 & 𝑓 𝑣 ≤ 𝛼, ∀ 𝑣 ∈ 𝑀

Fenchel-Rockafellar
duality

ADMM or DR Splitting!



Optimization-based methods
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• Cones distribution :  𝐾 𝑣 = ∑&𝐾&𝛿𝒗!(𝒗) → ∑&𝐾&𝜇(𝒗&)

• Measure norm:    𝜇 8 = sup
9∈:(8)

{∫8 𝑓 𝑑𝜇 ∶ 𝑓 𝑣 ≤ 1 ∀ 𝑥 ∈ 𝑀}

Soliman, Y. et al. (2018). Optimal cone singularities for conformal flattening. ACM Transactions on Graphics.

𝒜 (𝜆)

𝛼 = 1.00 𝛼 = 0.75 𝛼 = 0.50 𝛼 = 0.25 𝛼 = 0.10



Optimization-based methods
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• Cones distribution :  𝐾 𝑣 = ∑&𝐾&𝛿𝒗!(𝒗) → 𝑲 = (𝑲), … , 𝑲*#)

• L0 norm : 𝑲 2

• Reformulation

Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics.

min
𝝀,𝑲&

<
&
𝐴&𝝀&! + 𝛼 𝑲"

2 ,

𝑠. 𝑡. Δ𝝀 = 𝑲 − 𝑲"

min
𝝀,𝑲&

𝑲"
2 , 𝑠. 𝑡. }

Δ𝝀 = 𝑲 − 𝑲"

<
&
𝐴&𝝀&!

)
!
≤ 𝛽



Optimization-based methods

32Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics.

∆ λ=𝛿& 𝒗 ⟹ 𝜆 𝒗 → ln |dist(𝒗, 𝑉&)|

∫ 𝜆>𝑑𝐴
'
( → 𝜆 ?, as 𝑝 → ∞

Approximate projection!

min
𝝀,𝑲&

<
&
𝐴&𝝀&

>
)
>
+ 𝛼 𝑲"

2 ,

𝑠. 𝑡. Δ𝝀=𝑲 − 𝑲"

min
#,𝑲&

𝑲"
2 , 𝑠. 𝑡. }

Δ𝝀 = 𝑲 − 𝑲"

<
&
𝐴&𝝀&

>
)
>
≤ 𝛽



Optimization-based methods

33Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics.

L1

𝑛 = 505

-
1

0 1

1

0.
5

0

Smooth L0

𝑛 = 113

-
1

0 1

1

0.
5

0

Reweighted L1

𝑛 = 24

<𝑤&
(@)|𝑲&

"|

𝑚 = 1,… , 𝑛@



Optimization-based methods

34Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics.

min𝝀,𝑲* ∑𝑤$
(&)|𝑲$(| , 𝑠. 𝑡. ,Δ𝝀=𝑲 − 𝑲(

∑$𝐴$𝝀$) ≤ 𝛽

𝑤$
(&*+) =

1

𝑲$(
& + 𝜖(&)

𝑤$
(,) = 1
⇓

𝝀(,), 𝐊( ,

-1 0 1

1

0.5

0

…
𝑤$
(&)

⇓
𝝀(&), 𝐊( &

𝑤$
(&*+)

⇓
𝝀(&*+), 𝐊( &*+

…
Convergence
𝐊( &*+

= 𝐊( &

𝑲( ,

𝒗&

ADMM or DR Splitting!



Optimization-based methods
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• Area distortion: different bound (L2 norm)

Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics.

𝛽 = 1.2

𝑛 = 5 𝑛 = 11 𝑛 = 20

𝛽 = 0.2 𝛽 = 0.1



Optimization-based methods
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• Area distortion: different bound (L2 norm)

• Area distortion: different norm (𝛽 = 0.2) 

Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics.

𝑝 = 2
𝑛 = 8

𝑝 = 3
𝑛 = 17

𝑝 = 5
𝑛 = 33

𝜆



• Compare to measure norm

Optimization-based methods

37Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics.

𝒜 = 0.11
𝑛 = 9

𝒜 = 0.12
𝑛A = 29

𝒜 = 0.12
𝑛 = 16

Dataset (3885 models)

𝑛 < 𝑛A 69.09%
𝑛 = 𝑛A 29.96%
𝑛 > 𝑛A 0.95%

𝒜 = 0.11
𝑛A = 14



• Compare to measure norm

Optimization-based methods

38Fang, Q. et al. (2021). Computing sparse cones with bounded distortion for conformal parameterizations. ACM Transactions on Graphics.

𝒜 = 0.11
𝑛A = 7

𝒜 = 0.11
𝑛 = 8

𝒜 = 0.12
𝑛A = 6

𝒜 = 0.12
𝑛 = 7

𝑛 < 𝑛A 69.09%
𝑛 = 𝑛A 29.96%
𝑛 > 𝑛A 0.95%

Dataset (3885 models)



• Consider 𝑲" ∈ B
!
ℤ7

Optimization-based methods

39Li, M. et al. (2022). Computing sparse integer-constrained cones for conformal parameterizations. ACM Transactions on Graphics.

min
𝝀,𝑲&

𝑲"
2 , 𝑠. 𝑡.

Δ𝝀 = 𝑲 − 𝑲"

<
&
𝐴&𝝀&!

)
!
≤ 𝛽

𝑲" ∈
𝜋
2 ℤ

7

min
𝝀,𝑲&

𝑲"
2 , 𝑠. 𝑡. }

Δ𝝀 = 𝑲 − 𝑲"

<
&
𝐴&𝝀&!

)
!
≤ 𝛽



Optimization-based methods
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• Consider 𝑲" ∈ B
!
ℤ7

• Integer constraint to binary constraint 

Li, M. et al. (2022). Computing sparse integer-constrained cones for conformal parameterizations. ACM Transactions on Graphics.

𝑲" ∈
𝜋
2 ℤ

7 ↦ 𝑲" ∈
𝜋
2 {−2

C, −2C + 1,… , 2C − 1}

𝑲" =
𝜋
2 (𝒄

D𝒙 − 2C𝒆), �𝒄 = (22, 2), … , 2C)
𝒙 ∈ 0,1 CE)

min
𝝀,𝒙

𝒄D𝒙 − 2C𝒆 2 ,

𝑠. 𝑡.

Δ𝝀 = 𝑲 −
𝜋
2
(𝒄D𝒙 − 2C𝒆)

<
&
𝐴&𝝀&!

)
!
≤ 𝛽

𝒙 ∈ 0,1 CE)



Optimization-based methods
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• Consider 𝑲" ∈ B
!
ℤ7

• Integer constraint to binary constraint

• Binary constraint to the intersection of box and sphere

0,1 CE) = 0,1 CE) ∩ 𝜕𝐵
GH )*'

+
( )
!

CE)
)

Li, M. et al. (2022). Computing sparse integer-constrained cones for conformal parameterizations. ACM Transactions on Graphics.
Case: 𝜏 = 1



Optimization-based methods
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• Consider 𝑲" ∈ B
!
ℤ7

• Integer constraint to binary constraint

• Binary constraint to the intersection of box and sphere

Li, M. et al. (2022). Computing sparse integer-constrained cones for conformal parameterizations. ACM Transactions on Graphics.

min
𝝀,𝒙,𝒚,𝒛

𝒄D𝒙 − 2C𝒆 2 , 𝑠. 𝑡.

Δ𝝀 = 𝑲 −
𝜋
2 𝒄D𝒙 − 2C𝒆 , 𝒙 = 𝒚, 𝒙 = 𝒛

<
&
𝐴&𝝀&!

)
!
≤ 𝛽

𝒚 ∈ 0,1 CE), 𝒛 ∈ 𝜕𝐵
GH CE)

!
(
1
2

CE)
)

ADMM or 
DR Splitting!



Optimization-based methods
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• Feasibility: 𝑲" ∈ B
!
ℤ7 ⟺𝒜 ≤ 𝛽 Δ𝝀 = 𝑲 − B

!
ℤ7

Li, M. et al. (2022). Computing sparse integer-constrained cones for conformal parameterizations. ACM Transactions on Graphics.

𝛽 = 0.2
𝒜 = 0.2
𝑛 = 15

𝛽 = 0.1
𝒜 = 0.05
𝑛 = 88

𝛽 = 0.001
𝒜 = 0.05
𝑛 = 88



• Feasibility: 𝑲 ∈ B
!
ℤ7 ⟺𝒜 ≤ 𝛽

• Compare to rounding strategy

Optimization-based methods

44Li, M. et al. (2022). Computing sparse integer-constrained cones for conformal parameterizations. ACM Transactions on Graphics.

17.32%

2.7%

79.98%
𝒜 < 𝒜A , 𝑛 < 𝑛A
𝒜 = 𝒜A , 𝑛 < 𝑛A
𝒜 < 𝒜A , 𝑛 = 𝑛A
𝒜 = 𝒜A , 𝑛 = 𝑛A
𝒜 > 𝒜A , 𝑛 < 𝑛A
𝒜 < 𝒜A , 𝑛 > 𝑛A
𝒜 > 𝒜A , 𝑛 > 𝑛A
𝒜 > 𝒜A , 𝑛 = 𝑛A
𝒜 = 𝒜A , 𝑛 > 𝑛ADataset (3885 models)



• Feasibility: 𝑲 ∈ B
!
ℤ7 ⟺𝒜 ≤ 𝛽

• Compare to rounding strategy

Optimization-based methods

45Li, M. et al. (2022). Computing sparse integer-constrained cones for conformal parameterizations. ACM Transactions on Graphics.

𝒜 = 0.22
𝑛A = 29

𝒜 = 0.22
𝑛 = 13

𝒜 = 0.17
𝑛A = 50

𝒜 = 0.19
𝑛 = 35

𝒜 = 0.14
𝑛A = 79

𝒜 = 0.16
𝑛 = 82



Applications related to cones



Seamless parameterizations
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• Integer cones: 𝐾" = B
!
ℤ

-Genus-0 mesh: global seamless



Seamless parameterizations
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• Integer cones: 𝐾" = B
!
ℤ

-Genus-0 mesh: global seamless

-High genus mesh: rotationally seamless ⟶ global seamless

Post 
processing!



Piecewise parameterizations

49

• Cones ⟶ seam curves

min#𝒜 𝜆 +<
&

𝑙(𝜕𝑃&) , 𝑠. 𝑡. ∆𝜆 = −𝐾 𝑖𝑛 ∪ 𝑃&∘



Piecewise parameterizations

50

• Cones ⟶ seam curves

min#𝒜 𝜆 +<
&

𝑙(𝜕𝑃&) , 𝑠. 𝑡. ∆𝜆 = −𝐾 𝑖𝑛 ∪ 𝑃&∘

• Level set revolution

Sharp, N., & Crane, K. (2018). Variational surface cutting. ACM Transactions on Graphics (TOG).

High 
non-convex!



**+


