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Inter-surface mappings



Surface Mapping
• Inter-surface mapping, Cross parameterization
• A one-to-one mapping 𝑓 between two surfaces 𝑀𝑠 and 𝑀𝑡

𝑀𝑠 𝑀𝑡



Compatible meshes
• Meshes with identical connectivity (𝑀𝑠 and ෢𝑀𝑡)

𝑀𝑠 𝑀𝑡
෢𝑀𝑡 = 𝑓(𝑀𝑠) ≈ 𝑀𝑡



Applications
• Morphing
• Attribute transfer
• ……



Applications
• Morphing
• Attribute transfer
• ……







Inputs
• Two (𝑛) models and some corresponding landmarks



Goal
• Bijection and low distortion



Algorithm stages
• Construct a common base domain
•Topologically identical triangular layouts of the two meshes.

• Compute a low distortion cross-parameterization
•Each patch is mapped to the corresponding base mesh triangle.

• Compatibly remesh the input models using the 
parameterizations



One common base domain
• 𝑓 = 𝑓𝑡

−1 ∘ 𝑓𝑠𝑡 ∘ 𝑓𝑠

𝑀𝑠 𝑀𝑡

𝑓𝑠 𝑓𝑡

𝑓𝑠𝑡



Algorithm steps
• (a) Cutting to disk topology.
• (b) Computing the joint flattenings Φ, Ψ.
• (c) Bijection Lifting.

Aigerman, Noam, Roi Poranne, and Yaron Lipman. "Lifted bijections for low distortion surface mappings." ACM Transactions on Graphics (TOG) 33.4 (2014): 1-12.



Cutting paths
• Bijective correspondence
• Shortest path
•Minimal spanning tree



Computing Φ, Ψ
• Constraint
•Common boundary condition
•Locally injective

• Solvers:
• Former methods



Bijection Lifting
• Bijective parameterizations



Bijection Lifting
• Only locally injective constrains

Ambiguity



Results



Disadvantages
• Cut-dependent



More methods
• Inter-Surface Mapping, 2004
• Functional Maps: A Flexible Representation of Maps 

Between Shapes, 2012
• Hyperbolic Orbifold Tutte Embeddings, 2016
• Variance-Minimizing Transport Plans for Inter-surface 

Mapping, 2017
• ……



High-order polynomial mappings
for high-order meshing
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High-order meshes
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High-order meshes
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• Ready to approximate complex curved domains
• Feature low numerical dissipation and dispersion
• Faster than low-order methods



High-order meshes
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High-order basis

25

• Bézier basis:
𝐵𝑖
𝑛 𝑡 = 𝐶𝑛

𝑖 𝑡𝑖 1 − 𝑡 𝑛−𝑖

𝐵𝑖
𝑛 𝑡 = 1 − 𝑡 𝐵𝑖

𝑛−1 𝑡 + 𝑡𝐵𝑖−1
𝑛−1(𝑡)

• Function: 𝑓 𝑡 = σ𝑖=0
𝑛 𝑝𝑖𝐵𝑖

𝑛(𝑡) 非负性，归一性，
迭代定义

凸包性，端点插值，
细分求值



High-order basis

26

• Lagrange basis: 𝑙𝑖
𝑛 𝑡 = ς𝑗=0

𝑖≠𝑗

𝑛 𝑡−𝑡𝑗

𝑡𝑖−𝑡𝑗

• Function: 𝑓 𝑡𝑗 = σ𝑖=0
𝑛 𝑝𝑖𝑙𝑖

𝑛 𝑡𝑖 = 𝑝𝑗

• Others: 
•monomial basis, 
• orthogonal basis of polynomials
•…

𝑙𝑖
𝑛 𝑡𝑗 = 𝛿𝑖𝑗

节点插值



Elements
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• Tetrahedron:

•𝑓𝑡(𝝃)=σ𝑖=1

𝑁𝑝 𝐵𝑖
𝑝
(𝝃) 𝑷𝑖

•𝐵𝑖
𝑝: Bézier basis

•𝝃 = (
)
𝜉0, 𝜉1, 𝜉2, 1 − 𝜉0 − 𝜉1

− 𝜉2
•𝑷𝑖 : control points

𝑝 = 2

Reference Element



Jacobian
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𝑑𝑒𝑡 𝐽𝑡(𝝃) = 𝑐𝑜𝑛𝑠𝑡

𝑓𝑡(𝝃)=σ𝑖=1
𝑁𝑝 𝐵𝑖

𝑝
(𝝃)𝑷𝑖

𝑓𝑡,𝝃 =
𝜕𝑓𝑡
𝜕𝜉0

,
𝜕𝑓𝑡
𝜕𝜉1

,
𝜕𝑓𝑡
𝜕𝜉2

𝑑𝑒𝑡 𝑓𝑡,𝝃 = 𝑝𝑜𝑙𝑦(𝝃)

𝑓𝑡(𝝃) = 𝐽𝑡𝝃 + 𝒃𝑡𝑡 𝑇



High-order parametrization
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High-order parametrization
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𝑓𝑡(𝝃)=
𝑢(𝝃)
𝑣(𝝃)

= σ𝑖+𝑗+𝑘=𝑛
𝑢𝑖𝑗𝑘
𝑣𝑖𝑗𝑘

𝐵𝑖𝑗𝑘
𝑛 (𝝃)

𝝃 = (𝜉0, 𝜉1, 𝜉2) 𝐵𝑖𝑗𝑘
𝑛 𝝃 =

𝑛!

𝑖!𝑗!𝑘!
𝜉0
𝑖𝜉1

𝑖𝜉2
𝑖

𝑡 𝑇

(𝑥𝑖 , 𝑦𝑖)

(𝑥𝑗 , 𝑦𝑗) (𝑥𝑘 , 𝑦𝑘)

(𝑢002, 𝑣002)

(𝑢200, 𝑣200)

(𝑢011, 𝑣011)

(𝑢020, 𝑣020)

(𝑢110, 𝑣110)

(𝑢101, 𝑣101)

𝑛(𝑛+1)

2
control points

𝑃𝑖𝑗𝑘 =
𝑢𝑖𝑗𝑘
𝑣𝑖𝑗𝑘



High-order parametrization
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𝑓𝑡 = 𝜙 ∘ 𝜓−1, 𝜓: 𝑇 → 𝑡, 𝜙: 𝑇 → 𝑅2

𝐽𝑓𝑡 𝜉 = 𝐽𝜙 𝜉 𝐽𝜓
−1, 𝐽𝜓 =

𝑒0
𝑇𝑒0 𝑒1

𝑇𝑒0
0 𝑒1

𝑇𝑒⊥



High-order parametrization
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𝐽𝜙 =

𝜕𝑢

𝜕𝜉0
(𝝃)

𝜕𝑢

𝜕𝜉1
(𝝃)

𝜕𝑣

𝜕𝜉0
(𝝃)

𝜕𝑣

𝜕𝜉1
(𝝃)

, 

𝜕𝑢

𝜕𝜉0
𝜉 = ෍

𝑖+𝑗+𝑘=𝑛−1

𝑢 𝑖+1 𝑗𝑘 − 𝑢𝑖𝑗 𝑘+1 𝐵𝑖𝑗𝑘
𝑛−1 𝝃

𝜕𝑢

𝜕𝜉1
(𝜉) = ෍

𝑖+𝑗+𝑘=𝑛−1

𝑢𝑖(𝑗+1)𝑘 − 𝑢𝑖𝑗 𝑘+1 𝐵𝑖𝑗𝑘
𝑛−1(𝝃)



Validity condition



Notation
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𝑿(𝝃)

𝑿 𝝃 =෍

𝑖=1

𝑁𝑝

𝐿𝑖
𝑝
𝝃 𝑿𝑖

𝐽(𝝃) ∶= 𝑑𝑒𝑡 𝑿,𝝃

𝐽𝑚𝑖𝑛 ∶= 𝑚𝑖𝑛𝝃 𝐽(𝝃)



Lagrange basis
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𝑿(𝝃)

𝑿 𝝃 =෍

𝑖=1

𝑁𝑝

𝐿𝑖
𝑝
𝝃 𝑿𝑖

𝐽(𝝃) ∶= 𝑑𝑒𝑡 𝑿,𝝃

𝐽𝑖 = 𝐽 𝜉, 𝜂 at node i

𝐽 𝜉, 𝜂 = 𝐽1(1 − 𝜉 − 𝜂)(1 − 2 𝜉 − 2 𝜂)

𝐿1
2(𝜉,𝜂)

+ 𝐽2 𝜉 2 𝜉 − 1

𝐿2
2 𝜉,𝜂

+ 𝐽3 𝜂 2 𝜂 − 1

𝐿3
2 𝜉,𝜂

+

𝐽4 4 1 − 𝜉 − 𝜂 𝜉

𝐿4
2(𝜉,𝜂)

+ 𝐽5 ต4𝜉𝜂

𝐿5
2(𝜉,𝜂)

+ 𝐽6 4 1 − 𝜉 − 𝜂 𝜂

𝐿6
2(𝜉,𝜂)



Lagrange basis
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𝜕 𝐽

𝜕𝜉
= 
𝜕 𝐽

𝜕𝜂
=0   ⇒

𝐽 𝜉, 𝜂 = 𝐽1(1 − 𝜉 − 𝜂)(1 − 2 𝜉 − 2 𝜂)

𝐿1
2(𝜉,𝜂)

+ 𝐽2 𝜉 2 𝜉 − 1

𝐿2
2 𝜉,𝜂

+ 𝐽3 𝜂 2 𝜂 − 1

𝐿3
2 𝜉,𝜂

+

𝐽4 4 1 − 𝜉 − 𝜂 𝜉

𝐿4
2(𝜉,𝜂)

+ 𝐽5 ต4𝜉𝜂

𝐿5
2(𝜉,𝜂)

+ 𝐽6 4 1 − 𝜉 − 𝜂 𝜂

𝐿6
2(𝜉,𝜂)

4(𝐽1 + 𝐽2 − 2𝐽4) 4(𝐽1 − 𝐽4 + 𝐽5 − 𝐽6)
4(𝐽1 − 𝐽4 + 𝐽5 − 𝐽6) 4(𝐽1 + 𝐽3 − 2𝐽6)

𝜉𝑠𝑡𝑎
𝜂𝑠𝑡𝑎

=
−(−3𝐽1 − 𝐽2 + 4𝐽4)
−(−3𝐽1 − 𝐽3 + 4𝐽6)



Monomial basis
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4𝐽4 ≥ 3𝐽1 + 𝐽2，4𝐽6 ≥ 3𝐽1 + 𝐽3，
𝐽1 + 𝐽5 ≥ 𝐽4 + 𝐽6，𝐽1 + 𝐽2 ≥ 2𝐽4，𝐽1 + 𝐽3 ≥ 2𝐽6

𝐽 𝜉, 𝜂 = 𝐽1 + −3𝐽1 − 𝐽2 + 4𝐽4 𝜉 + −3𝐽1 − 𝐽3 + 4𝐽6 𝜂 +
4 𝐽1 − 𝐽4 + 𝐽5 − 𝐽6 𝜉𝜂 + 2 𝐽1 + 𝐽2 − 2𝐽4 𝜉2 + 2 𝐽1 + 𝐽3 − 2𝐽6 𝜂2



Bézier basis
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•Bounds

𝑱𝑚𝑖𝑛 ≥ min 𝐽1, 𝐽2, 𝐽3, 2 𝐽4 −
𝐽2 + 𝐽1
2

, 2 𝐽5 −
𝐽2 + 𝐽3
2

, 2 𝐽6 −
𝐽3 + 𝐽1
2

≤ min{𝐽1, 𝐽2, 𝐽3}

𝐽 𝜉, 𝜂 = 𝐽1 1 − 𝜉 − 𝜂 2

𝐵1
2

𝜉,𝜂

+ 𝐽2 ณ𝜉2

𝐵2
2

𝜉,𝜂

+ 𝐽3 ด𝜂2

𝐵3
2

𝜉,𝜂

+ 2 𝐽4 −
1

2
𝐽2 + 𝐽1 2 𝜉 1 − 𝜉 − 𝜂

𝐵4
2

𝜉,𝜂

+ 2𝐽5 −
1

2
𝐽3 + 𝐽2 ถ2𝜉 𝜂

𝐵5
2

𝜉,𝜂

+ (2 𝐽6 −
1

2
(𝐽1 + 𝐽3)) 2 𝜂(1 − 𝜉 − 𝜂)

𝐵6
2

𝜉,𝜂

𝑚𝑖𝑛𝜉,𝜂𝐽 𝜉, 𝜂 = 𝑚𝑖𝑛𝜉,𝜂 ෍

𝑖

𝐵𝑖
(2)

𝜉, 𝜂 𝐾𝑖 ≥ 𝑚𝑖𝑛𝜉,𝜂 ෍

𝑖

𝐵𝑖
(2)

𝜉, 𝜂 𝑚𝑖𝑛𝑖 𝐾𝑖 = 𝑚𝑖𝑛𝑖 𝐾𝑖



Bézier basis

41

• Subdivision & General Bounds

𝑏𝑚𝑖𝑛
′ = 𝑚𝑖𝑛𝑖,𝑞 𝑏𝑖

𝑞
≤ 𝐽𝑚𝑖𝑛 ≤ 𝑚𝑖𝑛𝑖<𝐾𝑓,𝑞𝑏𝑖

𝑞



Result
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Extensions
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• Bezier bounds + Iterative refinement
• High-order triangle
• High order quadrangles
• High order tetrahedra
• High-order prisms
• Hexahedra (trilinear map):



谢 谢 ！


