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Matrix Decomposition (Factorization)

* LU decomposition

* QR decomposition

 Cholesky decomposition

« Jordan Decomposition

 Spectral decomposition (Eigendecomposition)
« Singular value decomposition (SVD)

 Low rank decomposition



Cholesky
Decomposition

LU decomposition
Not always unigue

QR Decomposition

Full column rank

Square

Spectral
Decomposition

Rectangular

\ 4

N

Jordan
Decomposition

|

Similar
Diagonalization
P-1AP=4
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Image Compression Example

This image Is 600x465 pixels

14



Singular values of flowers image

100 150
I I

singular_value

30

B

0 100 200 200 400

Indenx

Plot of the singular values



Low rank Approximation to flowers image

Rank- 5

Rank-1 approximation 0
approximation

16



Low rank Approximation to flowers image

Rank-20 approximation Rank-30 approximation

17



Low rank Approximation to flowers image

Rank-50 approximation Rank-80 approximation

18



Low rank Approximation to flowers image

Rank-100 approximation Rank-120 approximation

19



Low rank Approximation to flowers image

Rank-150 approximation True Image

20
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item 1 |item 2 |item 3 |item 4 class 1 | class 2 | class 3
user1 | R11 | R12 | R13 R14 user 1 P11 P12 P13
user2 | R21 R22 R23 R24 user 2 P21 P22 P23
user3 | R31 R32 R33 R34 user 3 P31 P32 P33

R P

item 1 [item 2 |item 3 |item 4
class1| Q11 | Q12 | Q13 | Q14
class 2 | Q21 Q22 | Q23 | Q24
class3| Q31 | Q32 | Q33 | Q34
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(Non-negative Matrix Factorization, NMF)

n

Vv W H

https://www.biaodianfu.com/matrix-factorization.html
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Low Rank Matrix

A=lay | - |a,] e R™*™  rank(4) < m.



7 IR

i
TN
Wk
<
[H
[
)
\
/

INININY
.':ﬁi&%ﬁzai |

NSNS
4

=
-
-
-

ININININY
NENENINSS

75\
B

|

Visual data exhibit low-dimensional structures due to rich local regularities,
global symmetries, repetitive patterns, or redundant sampling.



Low Rank + Sparse

M = low-rank matrix XY + sparse matrix S
(robust PCA)



ROBUST PCA — Problem Formulation

D - observation Ag — low-rank FEy— sparse

+

Problem: GivenD = Ay + FEj, recover Ay and Ey.

Low-rank component Sparse component (gross errors)

Numerous approaches in the literature:

. Multivariate trimming [Gnanadesikan and Kettering 72]

. Power Factorization [Wieber’70s]

. Random sampling [Fischler and Bolles ‘81]

. Alternating minimization [Shum & Ikeuchi’96, Ke and Kanade ‘03]
. Influence functions [de la Torre and Black ‘03]

-Key guestion: guarantee correctness with an efficient algorithm?



Implications: Highly Compressive Sensing of Structured Information!

Recover low-dimensional structures from a fraction of missing
measurements with structured support.

compressive samples Low-rank Structures Sparse Structures

)




Example 1 Image Completion

Low-rank Texture A Corruptions £/
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Repairing (Distorted) Low-rank Textures

Low-rank Method
iz A |




Repairing Video Frames: background modeling from video

Surveillance video

Video D = Low-rank appx. A + Sparse error &/

200 frames,
144 x 172 pixels,

Significant foreground motion

Candes, Li, Ma, and W., JACM, May 2011.



Sensing or Imaging of Low-rank and Sparse Structures

Fundamental Problem: How to recover low-rank and sparse structures from

corrupted data Low-rank Structures Sparse Structures

subject to either nonlinear deformation 7 or linear compressive sampling P?
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Reconstructing 3D Geometry and Structures

D — deformed observation A — low-rank structures FE — sparse errors

BT AT AT AT 40
5%5%2%%,
'L.‘r,f_.,r.‘,..r.‘,.,r..',%.‘,.
& %5 &
LJ‘_+J‘_+J‘_+J‘_+J‘_+-

=  $E e T
L"r+ar+"r+“r+"r+'
$$:$:$
PAIAATAY
PR PNLC PPN

Problem: GivenD o1 = Ay + E,, recover 7, Ay and Ejsimultaneously.

Low-rank component Sparse component
(regular patterns...) (occlusion, corruption, foreground...)

Parametric deformations
(affine, projective, radial distortion, 3D shape...)



Transform Invariant Low-rank Textures (TILT)

D — deformed observation A —low-rank structures FE — sparse errors

BT AT AT AT
PAEIRINENE
Far.',ar.f_dr+ar+ar+.
dp A e ol
!_Jr.’,dr.',%..',%.',%.'..
=  $Ee e T
'L.‘P+JF+J\‘+JP+JP+'
dp o dp B el
E'j;.‘ti;.‘{';.‘!'_;;‘t'_;;."!j
PN PP PSP

Objective: Principal Component Pursuit:

min ||All. + A[|E]|ly subj A+ E=Dor

Solution: Iteratively solving the linearized convex program:

cmin 1Al + A

Or reduced version: subj PglA+ E] =Pg|D o], PolJ] =0

Elly subj A+ E=Dom,+J-Ar

Zhang, Liang, Ganesh, Ma, ACCV’10, IJCV’12



TILT: Shape from texture

Input (red window D)

Zhang, Liang, Ganesh, Ma, ACCV’10, IJCV’12



Virtual reality

TILT

conferen®®

on

13th Intenational
on Computer Visi

Zhang, Liang, and Ma, in ICCV 2011



Object Recognition: Rectifying Pose of Objects

Input (red window 1))

Output (rectified green window A )

o

Zhang, Liang, Ganesh, Ma, ACCV’10 and IJCV’12
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Object Recognition: Regularity of Texts at All Scales!

Input (red window D )

.
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Zhang, Liang, Ganesh, Ma, ACCV’10 and IJCV’12



Recognition: Street Sign Rectification

4
min ) [|Aill« + AllEill

=1

subj Dot =[Ay--Ag + [Er - Edl.

Xin Zhang, Zhouchen Lin, and Ma, PR 2012



Sk SVD

* https://zhuanlan.zhihu.com/p/36546367

* https://zhuanlan.zhihu.com/p/29846048

* https://www.zhihu.com/question/22237507

* https://zhuanlan.zhihu.com/p/360980054

* https://math.mit.edu/classes/18.095/2016IAP/lec2/SVD Notes.pdf



https://zhuanlan.zhihu.com/p/36546367
https://zhuanlan.zhihu.com/p/29846048
https://www.zhihu.com/question/22237507
https://zhuanlan.zhihu.com/p/360980054
https://math.mit.edu/classes/18.095/2016IAP/lec2/SVD_Notes.pdf

& [k Low rank

e Robust PCA

 Emmanuel J. Candeés, Xiaodong Li, Yi Ma, John Wright. Robust principal component analysis? Journal of the ACM, 58 (3),
2011.

* https://arxiv.org/pdf/0912.3599.pdf
* https://dl.acm.org/doi/10.1145/1970392.1970395
* https://proceedings.neurips.cc/paper/2009/file/c45147dee729311ef5b5¢c3003946c48f-Paper.pdf

* Repairing Sparse Low-rank Texture
* Xiao Liang, Xiang Ren, Zhengdong Zhang, and Yi Ma, European Conference on Computer Vision (ECCV), October 2012.

* https://people.csail.mit.edu/zhangzd/papers/recover low-rank_texture final.pdf

e TILT: Transform-Invariant Low-rank Textures,

* Zhengdong Zhang, Arvind Ganesh, Xiao Liang, and Yi Ma, Volume 99, Number 1, page 1-24, the International Journal of
Computer Vision (IJCV), August 2012.

* https://arxiv.org/pdf/1012.3216.pdf



https://arxiv.org/pdf/0912.3599.pdf
https://dl.acm.org/doi/10.1145/1970392.1970395
https://proceedings.neurips.cc/paper/2009/file/c45147dee729311ef5b5c3003946c48f-Paper.pdf
https://people.csail.mit.edu/zhangzd/papers/recover_low-rank_texture_final.pdf
https://arxiv.org/pdf/1012.3216.pdf
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