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Distance functions between points in a domain can be used to automatically plan a
gradient-descent path towards a given target point in the domain, avoiding obstacles that
may be present. A key requirement from such distance functions is the absence of spurious
local minima, and this has led to the common use of harmonic potential functions. This
choice guarantees the absence of spurious minima, but is well known to be slow to
numerically compute and prone to numerical precision issues. To alleviate the first of
these problems, we propose a family of novel divergence distances. These are based on
f-divergence of the Poisson kernel of the domain. Using the concept of conformal invariance,
we show that divergence distances are equivalent to the harmonic potential function on
simply-connected domains, namely generate paths which are identical to those generated
by the potential function. We then discuss how to compute two special cases of divergence
distances, one based on the Kullback-Leibler, the other on the total variation divergence,
in practice by discretizing the domain with a triangle mesh and using Finite Elements
(FEM) computation. We show that using divergence distances instead of the potential
function and other distances has a significant computational advantage, as, following a pre-
processing stage, they may be computed online in a multi-query scenario up to an order
of magnitude faster than the others when taking advantage of certain sparsity properties
of the Poisson kernel. Furthermore, the computation is “embarrassingly parallel”, so may
be implemented on a GPU with up to three orders of magnitude speedup.

© 2018 Published by Elsevier B.V.

1. Introduction

Path planning in a planar domain containing obstacles is an important problem in robotic navigation. The main challenge
is for an autonomous agent to move from one point (the source) in the domain to another (the target) along a realistic path
which avoids the obstacles, where the path is determined automatically and efficiently based only on knowledge of the
domain and local information related to the current position of the agent. This important problem has attracted much

attention in the robotics community and

is the topic of ongoing research, some of the most important techniques being the

classical Dijkstra algorithm (Dijkstra, 1959), the A* and D* search algorithms, configuration space sampling algorithms and
potential functions. The interested reader is referred to the recent survey by Goerzen et al. (2010) and Souissi et al. (2013)

for more details. The family of path pla

nning algorithms most relevant to our work is that based on so-called potential

functions, inspired by the physics of electrical force fields, first proposed in the late 1980s by Khatib (1986) and developed
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by Kim and Khosla (1992), Rimon and Koditschek (1992), and Connolly and Grupen (1993) soon after. The idea is, given
the target point, to construct a scalar function on the domain, such that a path to the target point from any other source
point may be obtained by following the negative gradient of the function. While elegant, Koren and Borenstein (1991) have
identified a number of significant pitfalls that these methods may encounter, the most important being the presence of
so-called “trap” situations - the presence of local minima in the potential function. To avoid this, the scalar function must
have a global minimum (typically zero-valued) at the target, and be void of local minima elsewhere in the domain. The
presence of “spurious” local minima could be fatal, since the gradient vanishes and the agent becomes “stuck” there. Other
critical points, such as saddles, are undesirable but not fatal, since a negative gradient can still be detected by “probing”
around the point.

Designing and computing potential functions for planar domains containing obstacles has been a research topic for
decades. Perhaps the most elegant type of potential function is the harmonic function (Kim and Khosla, 1992; Connolly
and Grupen, 1993), which has very useful mathematical properties, most notably the guaranteed absence of spurious local
minima. Alas, the main problems preventing widespread use of these types of potential functions are the high complexity
of computing the function, essentially the solution of a very large system of linear equations, and the fact that very high
precision numerical methods are required, as the functions are almost constant, especially in regions distant from the target.
This paper addresses the first of these issues. We describe a family of new functions, which, while quite distinct from the
harmonic potential function, generate exactly the same gradient-descent paths. However, they do this at a tiny fraction of
the computational cost.

In practical path planning scenarios, the planar domain is described by a set of polygons representing the domain bound-
ary and the obstacles within, which can be quite complicated. A good potential function should be “shape-aware”, in the
sense that it should produce paths which naturally circumvent the obstacles. The agent is armed with an automatic al-
gorithm relying on auxiliary data structures which, given its current position in the domain, can efficiently compute the
direction in which it should proceed towards the target. As we shall see later, there is a tradeoff between space and time
complexity in achieving this goal.

Although the classical term is “potential function”, in this paper we use the more generic term “distance function” for
the guiding scalar function. We believe this is more appropriate, as in a sense, the function measures a scalar distance value
between the source and the target, which the path-planner tries to decrease as it advances towards the target. Although not
identical to the classical shortest-path distance (also known as “geodesic” distance), this distance also takes into account the
geometry of the domain and the obstacles.

The rest of this paper is organized as follows. We start with a mathematical analysis of a number of distance functions on
continuous planar domains: In Section 2 we consider distance functions used for path-planning which are common in the
literature, based on various forms of the Laplace operator, including the classical harmonic potential function. In Section 3
we introduce our new family of divergence distance functions, and show (in Appendix A) that they are all equivalent to the
Green’s function and the Poincaré metric on the disk. In Section 4 we direct our attention to the more practical case of a
discretized planar domain and provide explicit algebraic expressions and computation methods for the distance functions.
There we show how divergence distance functions may be computed much faster than any of the traditional distances.
In Section 5 we provide more experimental results and insights. We conclude in Section 6 with a summary and open
questions.

2. Laplacian-based distance functions

The Green’s function

Classical potential functions are based on harmonic functions, which satisfy the second-order linear differential Laplace
equation

V2f=0 (1)

where VZ = % + % is the Laplace operator, also called the Laplacian. These are particularly attractive since a harmonic

function satisfies a “minimum/maximum principle” - it obtains its minimum and maximum on the domain boundary,
implying that the domain interior contains no local extrema. Beyond this, harmonic functions have many other “nice”
properties and have been studied extensively for decades. Rather than providing a detailed exposition here, we refer the
interested reader to the book by Axler et al. (2001) and the related text by Garnett and Marshall (2005), which contain a
wealth of information, including all the classical results we use here. Denote by Q2 an open bounded planar domain, by 92
its boundary, by g the source point, and by p the target point. Note that the mathematical translation of “obstacles” in the
domain, is to “holes” in €. If there are no obstacles, €2 is simply connected and has a single exterior boundary loop. If there
are obstacles, 2 is multiply connected having a single exterior boundary loop and multiple interior boundary loops. For
convenience, we identify the plane R? with the complex field C, and much of our notation and formula will use complex
number algebra. For example, a point (x, y) € R? is identified with the point z=x + iy € C, its conjugate is Z = x — iy, its
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Fig. 1. Paths from green source point to red target point generated by following the negative gradient of various distance functions in the Convex Holes
domain. (left) Green’s function with (top) D = Dirichlet and (bottom) N = Neumann boundary conditions. (second from left) Heat kernel using t = 103
with (top) HD = Dirichlet and (bottom) HN = Neumann boundary conditions. (second from right) Spectral distances. (top) Resistance distance R. (bottom)
Biharmonic distance B (with Neumann boundary conditions). Domain is color-coded with function value. White curves are function contours (level sets).
Note how these are parallel to the boundary in the Dirichlet case and normal to the boundary in the Neumann case. (right) Our divergence distance
functions: (top) TV, (bottom) KL. Note that both paths are identical to the path generated by D. (For interpretation of the colors in the figures, the reader
is referred to the web version of this article.)

absolute value is |z| = v/zZ = /%2 + y2, its Wirtinger derivatives are % = %(% — i%), % = %(% + i%), the vector gradient
operator is V = 2% and the scalar Laplacian is V2 = 4%;2

The harmonic potential function is derived from the classical Green’s function, which plays an important role as a kernel
function in solving the Poisson equation. A Green’s function D with Dirichlet boundary conditions is a symmetric scalar

bivariate function on the domain:

VZD(W,Z)=8(W—Z) Yw,zeQ (2)
st. D(w,2)=0 YwedQorze a2

where the Laplacian may be applied to either of the two variables.
In the plane with no boundary, it is well known that the Green’s function (or fundamental solution) is the logarithmic
potential:

1
D(w,z)=——1Ilog|w —z|
21
When  has a boundary, it is also well known that for any fixed w, D may be written as:
1
D(w,2) =hw(z) — 5—log|w —Z| 3)
2

where h,, is a harmonic function of z on . We say that the resulting D has a pole at w. In practice, h,, is obtained by
solving the following Laplace equation with Dirichlet boundary conditions:

VZhy(z) =0 VzeQ (4)

st. hy(2)= L log|lw —z| VzedQ
21
Given a target p, the potential function, whose negative gradient is followed, is actually the negative of D(p, z), which is
harmonic on all of € except p, and goes from 0 on the boundary to —oo at p. Note the very important fact that D must be
computed anew if p is changed. See an example of a Dirichlet Green’s function and the gradient-descent path it generates
in Fig. 1 (top left). These paths tend to stay away from boundaries. Note that a Dirichlet Green’s function will typically be
very flat (i.e. almost constant) away from the target point, which, as we will see later, may cause numerical issues when
computed.
An interesting variant of the potential function is the lesser-known Green’s function with Neumann boundary condi-
tions — N (also called the Neumann Green’s function or just Neumann’s function of the domain). Here the situation is a little
more complicated (Franklin, 2012): the Laplace equation becomes the more general Poisson equation and the vanishing
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boundary conditions are replaced by vanishing normal derivatives on the boundary. By the normal derivative of a function,
we mean the component of its gradient vector in the outward direction normal to the boundary:

V2N(w,z):8(z—w)—% (5)

oN
s.t. %(w,z) =0 VweodQorzed

where A is the area of Q. It is obvious from (5) that for all w # z € Q, N(w, z) is superharmonic (i.e. has a positive
Laplacian) in z, and is subharmonic for z = w. Since superharmonic functions also have a minimum principle (Axler et al.,
2001), N(w, z) has no local minima in €. It is less obvious, but rather easy to prove, that

Yw e Q, jf N(w, z)da, =0
Q

where da, is the area element by z. As opposed to the Dirichlet Green’s function D, the Neumann Green’s function N
will not be symmetric and will have a healthy spread of positive and negative values over the domain. Another important
distinction between the paths generated by the Neumann Green’s and those generated by the Dirichlet Green’s function is
that the Neumann Green’s path tends to be attracted to domain boundaries. An example of a Neumann Green’s function
and the gradient-descent path it generates may be seen in Fig. 1 (bottom left).

We conclude by noting that it is possible to build hybrid Green’s functions by mixing Dirichlet and Neumann boundary
conditions to form so-called Robin’s boundary conditions. The interested reader is referred to Garrido et al. (2010) for a
qualitative comparison of the gradient-descent paths generated by these types of Green functions and the pure Dirichlet
and Neumann cases.

The heat kernel

Just as the Green’s function, which is a kernel function for the Poisson equation, may be used for path planning, other
kernels for more complicated linear differential equations may also be used. A useful kernel is the so-called heat kernel
(Berline et al., 2004), which is the generic solution to the heat equation, having two spatial parameters z and w and a
temporal parameter t:

oH ,
E(sza t):V H(W,Z, t) (6)

lim H(w, z,t) =8§(w — 2)
t—0

In the plane with no boundary, the heat kernel (or fundamental solution) is the Gaussian:

1 lw — 2|
H(W,Z,t): %exp —T .

When @ has a boundary, the heat kernel of €2, as with the Green’s functions, may be defined with either Dirichlet or
Neumann boundary conditions similarly to (2) or (5).

The heat kernel turns out to have properties which make it useful as a distance function. As shown by Varadhan (1967),
for a given target point p and very small t, the gradients of H(z, p,t) parallel the gradients of the domain geodesics to p.
Crane et al. (2013) take advantage of this to efficiently compute geodesic distances within a domain. In practice, H(z, p,t)
may be computed for a given t and target p by solving the following differential equation, in which the derivative by t has
been approximated by a single backward Euler step:

H(z) —tV?H(z) =8(z — p) (7)
H(z)=0 VzeodQ (Dirichlet)
%(z) =0 Vzed (Neumann)

Conveniently, the solution to this particular differential equation also has a maximum principle (Protter and Weinberger,
1984), hence the distance function, which is actually the negative of H, is void of local minima within the domain. We
denote by HD the distance function based on Dirichlet boundary conditions, and by HN that based on Neumann boundary
conditions. See an example of HD and HN and the paths they generate for t = 10~3 in the second column of Fig. 1. Note
that both decay very rapidly away from the target, which, as with the Dirichlet Green’s function, may lead to numerical
issues. The main qualitative difference between the two, as with the Greens’ functions, is that HD tends to be repelled from
the boundaries and HN tends to be attracted to boundaries. However, as noted by Crane et al. (2013), in regions distant
from any boundary their behavior is very similar. The observant reader will notice that the Green’s functions may also be
obtained as a special case of the solution to (7) as t — oo.
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Spectral distances

A number of other shape-aware distance functions have been proposed in the literature based on the eigenstructure of
the Laplacian on the domain. The generic form of such a distance function is:

Sw.2) =Y FOu (W) — di(2)* (8)

k=1

where (¢, A) is the k-th eigenfunction and eigenvalue of V2.

The most well-known such distance function is the so-called diffusion distance (Coifman and Lafon, 2006), which, simi-
larly to the heat kernel-based distance, has a temporal parameter t. Here f(x) = exp(—2tx). Other distances are the resistance
distance (Klein and Randi¢, 1993) f(x) = 1/x and the biharmonic distance f(x) = Xlz defined by Lipman et al. (2010). It is
easy to see that the diffusion distance is equivalent to the L, distance between two heat kernels with parameter t centered
at z and w, respectively. The resistance distance may not be well-defined using (8), since the infinite sum may not converge,
so the correct way to define it is as an extremal length, which is known to be a conformal invariant (Duffin, 1962). As we
shall see later, the resistance distance has a very simple equivalent definition in the discrete case (Klein and Randi¢, 1993),
which has been used extensively in network analysis. For an extensive discussion and comparison between these spectral
distances, the interested reader is referred to Patané and Spagnuolo (2013).

The resistance and biharmonic distances may also be defined in terms of the kernel function of their respective linear
differential operators, the Laplacian V? or the bi-Laplacian V*, namely, if 4 is the operator and K is the solution to:

K (W, 2)=8(z—w) (9)
—<(W, 2)=0 VYweoQorzed (Neumann)

on
then the distance is:

dw,z)=K(z,z) + K(w, w) — 2K(w, 2) (10)

Note that for the resistance distance K is no other than the Green’s function. We will denote the resistance distance by
R and the biharmonic distance by B. Due to the infinite values K(z,z) and K(w, w) of the Green’s function, defining R
through (10) is quite unstable, resulting in noisy distances, as can be seen in the third column of Fig. 1. In contrast, defining
B through (10) works well in most cases, although this distance has two distinct disadvantages: (1) it does not come with
a guarantee of no spurious local minima, and (2) it is quite expensive to compute for a given target w = p, since K(z, z) is
required for any z. As demonstrated by Lipman et al. (2010), the spectral definition (8) implies an efficient computation of
a spectral distance by discarding the eigenvectors with small eigenvalues, but this is still quite expensive. The third column
of Fig. 1 shows the gradient-descent path generated by the biharmonic distance.

3. Divergence distances

In this section we introduce a new family of distance functions which, although different from all the distance functions
mentioned in the previous section, generate gradient-descent paths identical to the Dirichlet Green’s function D. When this
happens, we say that the distance functions are equivalent to D. It happens because their gradient vector field is identical
in direction, but not in magnitude, to the gradient vector field of D. Moreover, as we will see, the new distance functions
are much easier to compute. Our point of departure is Green's theorem (Axler et al., 2001), which implies that the unique
harmonic function h(z) on © having given boundary conditions b(d€2) may be computed as the following boundary integral:

aD
h(z) = g‘j 2= (s, 2)b(s)ds (11)
J o on
Q
where, as in the previous section, D is the Dirichlet Green’s function and % is its normal derivate at the boundary point s.
The kernel function P(s, z) = %—g(s, z) relating boundary points s to interior points z is called the Poisson kernel (Axler et al.,

2001) of . Strictly speaking, the term Poisson kernel is usually used when the domain is the unit disk, but here we will
be more liberal with the terminology. P(s, z) may also be obtained directly as the solution to:

V2P(s,2)=0 VzeQ (12)
P(s,t)=6(s—t) Vs, tedQ
from which it is easy to see that

gﬁp(s,z)dszl VzeQ (13)
02
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Fig. 2. Poisson kernels of two points inside a multiply-connected domain. The red and green comb plots along the boundaries indicate the relative magnitude
of the Poisson kernel (on a logarithmic scale) along the boundary for the red and green interior points, respectively.

meaning that for all z € @, P(s, z) may be thought of as a probability density on d<2. Fig. 2 shows an example of the Poisson
kernel function P(s, z) for two points inside a multiply connected domain.
For a subset E of the boundary, the quantity

w(E, Q) =g‘jp(s, 2)dsE C 99
E

is called the harmonic measure of E (Garnett and Marshall, 2005), and can be interpreted as the probability that a random

walk in © starting at z will exit Q for the first time through E.
Conversely, if we know the Poisson kernel of €2, the Dirichlet Green’s function may be obtained from (3) and (11) as the

boundary integral:
DW.2) = —— log|z — w| + — gSP(s 2)log|w — s|ds (14)
B =T 0% 27 2108
Q
To illustrate, we note that in the special case where €2 is the unit disk, we have closed formulae for the Green’s functions

and Poisson kernel:

D(w,z) = og LW
A= T om BT " w
N(w,z)= l1o (Iw —z||1 —zw]) (15)
2)=—5_log
1— |z|?
P(s,2)=c———
5,2) 27 |s — z|2

Unfortunately, for any other non-trivial domain, there is no closed formula for these functions, and they are typically com-

puted numerically, as we will elaborate on in the next section.
We now define a new family of distance functions using boundary integrals. These are based on the concept of

f-divergence introduced by Csiszar (1961), which is used in statistics and information theory as a way to measure the
difference between two probability measures. Assume that f : RT — R is a continuous convex function such that f(1) =0.
The divergence distance between w and z is the f-divergence of the two Poisson kernels P (s, z) and P(s, w):

P(s,w
DV(w,z):gSP(s, 2f (2" g
‘ P(s,2)
9Q
The integral is a contour integral over the domain boundary, s is a point on the boundary and ds is the corresponding

length differential on the boundary.



58 R. Chen et al. / Computer Aided Geometric Design 66 (2018) 52-74

The most important property of DV motivates its use as a distance function for our purposes:

DV(w,z)>0 and DV(w,z)=0 iff z=w

In Appendix A we provide an extensive mathematical analysis of divergence distances, and the most important result there
is the Equivalence Theorem (Theorem A6), which proves that all distance functions based on f-divergences are equivalent
to the Dirichlet Green’s function, i.e. generate exactly the same gradient-descent paths. The advantage, however, of working
with divergence distances is that they may be computed much more efficiently. Computation of DV involves a pre-processing
stage where the Poisson kernels P(s, -) are computed for all s. Then, given arbitrary z and w, computing DV (w, z) becomes
a simple boundary integral.

To be concrete, in the sequel we focus on two specific members of the divergence distance family which we believe are
sufficiently different and representative: The first, called the Total Variation divergence, corresponds to f(x) =|1 — x|, and is
simply the L, distance between the values of the Poisson kernel on z and w:

V(w,z) = g§|P(s,z)—P(s, w)|ds (16)

The range of TV is [0, 2]. The second distance function is the Kullback-Leibler divergence (Kullback and Leibler, 1951) be-
tween the Poisson kernels:

P(s,z
KL(w,2) = § P(s, ) log SLI (17)
P(s, w)
Q2
This divergence (sometimes called the discrimination information or relative entropy) corresponds to f(x) = —logx, and its

range is [0, c0).
In contrast to D, which is a harmonic function everywhere except at the target point, all divergence distances are
subharmonic, i.e. have non—negative Laplacians. This is a direct consequence of the convexity of f:

ViDv(w,z) = gﬁ (s, )f( P(( VZV))>

_ P(s, w)
o 56 owow (P(S’Z)f< P(s,2) ))ds
Q

2 2
(s ()| e () e
s \PG.2) P(s,2) ow P(s,z) )] dwow

_ §ﬁ( 1 f,,<P(s, w))lap(s, w) |2
A P(s, 2) P (s, 2) ow
The last equality is because P(s, w) is a real harmonic function of w. In general, a subharmonic distance function could
be bad news, as a subharmonic function possesses only a maximum principle, which prevents the occurrence of spurious
local maxima, but not of spurious local minima. However, as the Equivalence Theorem shows, DV is equivalent to D, namely,
has no spurious extrema and has gradient vector fields identical in direction to the gradient vector field of D. Consequently,
they generate gradient-descent paths which are identical to those generated by D, as demonstrated in Fig. 1. The proof of
the Equivalence Theorem is based on the fact that all three distance functions are conformal invariants of the domain.
Furthermore, Section A.2 of Appendix A shows that in the special case of the unit disk, the paths generated by D and
DV are hyperbolic circles, which are symmetric in the source and the target, namely, swapping the roles of these two points
results in the same path, which is a desirable feature, and carries over to general domains. The same cannot be said for the
other distances not equivalent to D. Some of these paths for the unit disk are shown in Fig. 9 in Appendix A.

+ O)ds > 0.

4. Discrete distance functions

Sections 2 and 3 described a number of scalar functions, all based on the Laplacian, which could be used as domain-
aware distance functions to generate gradient-descent paths to a given target point in the domain. While D, N, HD, HN, TV
and KL have been shown to have the necessary properties, the proof relies heavily on the fact that the domain is continu-
ous and it is not obvious that these properties carry over to practical implementations where the domain is discretized. In
this section, we explore the discrete setting. As in the continuous setting, the key player is the Laplacian operator and the
related notion of harmonicity, which fortunately is well defined also in the discrete setting.

Assume a planar domain  discretized into finite elements by a triangulation T having n vertices in its vertex set V, of
which k are in the set B of boundary vertices and m are in the set I of interior vertices. The discrete Laplacian of  is a
linear operator on the triangulation vertices — a sparse symmetric n x n matrix L whose non-zero entries corresponding to
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triangulation edges are given by the cotangent formula (Pinkall and Polthier, 1993), and each diagonal entry is the negative
of the sum of the corresponding row entries:

1 o
LS = 5(cotOtij +cotBi) i#j
Li==2 L

j

where «;j and B;; are the angles opposite the edge between vertices i and j.

This formula is the classical conformal Laplacian. It is well known that if T is a Delaunay triangulation (de Berg et al.,
2008) of the domain, the entries of L corresponding to interior edges are guaranteed to be positive, which is a critical
property of a Laplacian.

For the matrix to best approximate the continuous Laplacian in the plane, a more accurate version is the non-symmetric
matrix:

1
Lij= Z_C'lj(COtaij + cot Bjj)
Li=— Lj
j

where q; is the area of the dual Voronoi cell (de Berg et al., 2008) of the i-th vertex. In practice, a; is approximated as one
third of the areas of the triangles incident on the i-th vertex. In a more compact form, this can be written as:

L=A"1L¢, A=diag(a)

where a = (a1, ...,ap) is a vector of the areas. The literature also contains a “normalized” non-symmetric version of the
Laplacian:

["=z"'1° Z=diag(L)

which is common in probabilistic scenarios, e.g. random walk theory. Obviously L" has a unit diagonal.
If, without loss of generality, we assume the following block structure for L:

L L
L (L L (18)
Lg; Lpp

then the notion of harmonicity of a real function f defined on the vertices of the triangulation (represented as a vector) is:

Liyfr+Ligfg=0

where f; is the subvector of f corresponding to the interior vertices and fp is the subvector of f corresponding to the
boundary vertices.

The Dirichlet Green’s function

The Green’s function of T with Dirichlet boundary conditions is the function (matrix) D : V x V — R, such that:

( Lip L ) ( g:{ ) =1 harmonic at interior vertices except “poles” (19)

Dp; = D,TB =0 vanishing boundary conditions

The main difference between this definition and that of the continuous case (1) or (2) is that the matrix D is not necessarily
symmetric and its values are all finite, also on the diagonal (since the continuous singular Dirac delta function is replaced
by the discrete finite Kronecker delta). It is easy to see that the unique solution to (19) is the m x m matrix:
-1
D= L” (20)

so, given an interior vertex p € I, it is possible to compute Dy, - the Green’s function of T with pole at p - or alternatively,
the p-th column (or row) of D - by solving the following linear system:

(L Lip\(Dp\_(0
L”Dlp_(Lp] Lpp Dpp ) \1 (21)

where ] is the set of interior vertices excluding p, and 0 is a column vector of m — 1 zeros, whose solution is:
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1 1
Dpp=—————> Djp=—L7 LDy (22)
Lpp — LPJL]j Ljp
It is interesting to note that Dy, is equivalent to the harmonic potential function Q j, obtained by solving the Laplace equation
on T with boundary conditions Q,, =1 and Qpp =0:

Qp
(Lyy Lyp Lp)| 0 |=0
1
whose solution is:
Qp=—Lj Ly (23)

which is identical to D, in (22) up to the constant factor Dp,. Both are discrete harmonic on J. In practice, we obtain
Dyp by directly solving (21). The advantage of this is that Cholesky pre-factorization of L;; enables to efficiently solve (21)
for different p’s without inverting L;; by back-substitution (Press et al.,, 1992). This is because changing the identity of p
changes only the righthand side of the equation.

It is also interesting to note that using either of L, L or L™ when computing D or Q merely changes the individual
columns of these matrices by constant factors, giving essentially the same result for all target vertices. It is computationally
advantageous to use the symmetric L¢ matrix, as this allows using efficient sparse Cholesky factorization.

The Neumann Green’s function

With Neumann boundary conditions, the requirement of vanishing boundary values is replaced by the requirement of
vanishing “normal derivative” values at the boundary vertices. In practice, in the discrete setting, this is approximated by
the extension of the harmonic requirement also to the boundary vertices, effectively eliminating any boundary conditions.
Thus, in principle, we should have

N=L""
but since L is singular, the closest alternative is:
a
N=L*=(L-E)"+E', E=ﬁeT (24)
a
where LT is the pseudo-inverse of L, a is a column vector of the vertex areas and e is a constant column vector of ﬁ

which is equivalent to:

aa’

la?

Unfortunately, this system is singular because of L, but recalling that the rows of L sum to 0, it is equivalent to the
non-singular system

<LJV)N:<11V_a|{1_az> (25)
1 0

where J is the set of all vertices excluding an arbitrary vertex r. For a given target vertex p #r, we immediately see that
Nyp - the p-th column of N - is superharmonic at every vertex but p, where it is subharmonic. Ny, is obtained from (25)
by solving a slightly simpler but symmetric system (for M)

IN=1—EET =1

2
4y

C
L,,M:ap(ap—W>, Nyp = (Iv; —ee})M (26)

where ai is the vector of squared entries of a;. The advantage of using (26) is that only the righthand side depends

on p, therefore similarly to (21), the system may be solved efficiently for different p’s without inverting L? J by Cholesky

pre-factorization of LS I and back-substitution for different righthand sides. The only caveat is that r can never be the target
vertex.

It is worthy to note that despite the implicit Neumann boundary conditions, the normal derivative of N, as computed in
(24) or (25), does not vanish on the boundary. For example, when the domain is the unit disk and p =0, (15) implies that
D and N are identical and their normal derivative on the boundary is % When t moves away from the origin, the normal
derivative of N on the boundary diminishes. The left column of Fig. 4 shows gradient-descent paths generated by D and N

for a low-resolution triangulation of the domain of Fig. 1.
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Fig. 3. Triangle-based (T) vs. edge-based paths (E) in a triangle mesh of the Convex Holes domain at high and low resolutions: (left) n =5, 815 and (right)
n=175. Note how the triangle-based paths are much smoother than the edge-based paths.

Gradient-descent path generation

In the discrete setting, the source point g and target point p are vertices of the triangulation and the distance function
is a scalar per triangulation vertex. The simplest way to generate a gradient-descent path from q to p is to move from a
vertex to the neighbor of that vertex which decreases the distance value the most (assuming this neighbor exists because it
is not a local minimum). The resulting path is then along edges from q to p. However, a smoother path may be generated
by cutting through triangles, at the price of a more complex computation. This is achieved by realizing that the three values
of the distance function on a triangle define a unique gradient vector for that triangle. Starting at g, the steepest gradient at
an adjacent triangle may be followed into that triangle, exiting at one of its edges into a new triangle. (For some vertices,
especially in a low-resolution mesh, such an adjacent triangle may not exist. In that case, we simply pick the adjacent edge
having the largest gradient of the distance, follow it to an adjacent vertex and start the process there.) The gradient of the
new triangle may then be followed from that point, and the process repeats. If the path intersects an edge incident on the
target, the path terminates along that edge at the target. As with the simple edge-based path tracing procedure, should any
of the vertices in the vicinity of the path be a local minimum, this process may get stuck. Assuming that this does not
happen, the fact that p is a global minimum guarantees that this path will eventually reach p. Fig. 3 compares between the
two types of paths. All the paths in the figures in the sequel relating to the discrete case were generated using the second
method.

The heat kernel distance

Computing the heat kernel distance in the discrete setting involves solving a linear system, the equivalent to (7):

H—tIH=1 (27)

The Dirichlet boundary conditions

Hip=HL =0, Hpp=0

lead to:

HDyp = (I —tLy) ™! (28)

and the Neumann boundary conditions lead to:

HN=(I—tL)"! (29)

As pointed out by Crane et al. (2013) (and is the case with Green’s functions), the resulting linear system is equivalent
(up to a constant factor) to a linear system that can be pre-factored and back-substituted on demand for different p’s. The
second column of Fig. 4 shows the resulting gradient-descent paths on a triangulation as compared to those generated by
the discrete Green’s functions. As mentioned above, the Green’s function are obtained when t — oo (and in this case H is
no longer full rank, thus the pseudo-inverse should be used).

The spectral distances

Resistance distance is defined between two vertices in a graph as the effective resistance between these two vertices
if each edge is modeled as a unit resistor (Klein and Randi¢, 1993). This is sometimes called the commute time, as it is
equivalent to the expected time to perform a random walk from one vertex to the other and back (averaged over all possible
paths). The analog in the continuous case is called extremal length and is known to be a conformal invariant (Duffin, 1962).

In the discrete setting, if we view the triangulation as a planar graph, the resistance distance between vertices p and q
has the following simple expression (Lipman et al., 2010):

+
Rpg=Gpp +Ggg —2Gpg. G = (L) (30)
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Fig. 4. The discrete setting, where the Convex Holes domain is represented by a low resolution Delaunay triangulation with n = 175. The paths from green
source point to red target point were generated by following through triangles the negative (piecewise-constant) gradient of the distance function from the
target. (left) Green’s function. (top) D = Dirichlet boundary conditions. (bottom) N = Neumann boundary conditions. (second from left) Heat kernel using
t =1073. (top) HD = Dirichlet boundary conditions. (bottom) HN = Neumann boundary conditions. Domain is color-coded with function value. Curves are
piecewise-linear function contours (level sets). (second from right) Spectral distances. (top) R =resistance distance, (bottom) B = biharmonic distance (with
Neumann boundary conditions). Note that the path based on resistance distance encounters a local minimum almost immediately, thus gets “stuck”. (right)
Divergence distances: (top) TV and (bottom) KL. Domain is color-coded with function value. Curves are function contours (level sets). Note that the paths
generated by TV and KL are visually identical to the path generated by D.

In contrast to both Green’s functions, the resistance distance cannot be solved efficiently for a given p, since the diagonal
value Ggq is required for the different g’s, which in turns implies that the entire matrix G is required, as it is difficult to
compute the diagonal without computing the entire matrix.

Similarly, the discrete biharmonic distance between p and g has the following analogous expression using the pseudo-
inverse of the squared Laplacian (Lipman et al., 2010):

Bpg=Spp + Sqq — 2Spg,  S=(L°ATTLE)" (31)
The divergence distances

As described above, the TV and KL distances are defined via the Poisson kernel. In the discrete setting, the Poisson kernel
is a n x (n —m) non-negative matrix P with unit sum rows (one “Poisson kernel” vector for each triangulation vertex). The
i-th column of P represents the i-th boundary vertex, and is a harmonic function on the triangulation with boundary value
vector which is the binary indicator vector of that boundary vertex. With the notation of (18), this means

P
(Li L,B)< ;B>=o (32)
where [ is the (n —m) x (n —m) identity matrix. Thus:
P _
P= ( I'B > , Pip=-L;;'Lip (33)

Note that identical results are obtained if L, L® or L" are used to define P. Given the Poisson kernel vectors, the TV and KL
distances are n x n matrices with the following entries:

V=" |Pp — Pgp| (34)
beB
P
KLpg=Y  Ppplog =2 (35)
Py
beB

Fig. 4 shows the paths generated using the TV and KL distances in the discrete setting. Note that they are identical to the
paths generated by D in the same figure.
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5. Experimental results

We have implemented all the distance functions described in this paper on a variety of domains: convex and non-convex,
with and without holes. The domains were discretized at various resolutions using a Delaunay triangulation generated by
the Triangle software package (Shewchuk, 1996).

Computational complexity

One of the practical problems with the classical Green’s functions D and N, as with the heat kernel distances HD and
HN, given a target point p, is that they are difficult to compute. In the discrete setting, as elaborated in the previous section,
they involve solving a sparse linear system, which may be solved using either iterative methods, e.g. Gauss-Seidel, which are
slow but require modest space, or direct methods (Press et al., 1992), which are faster but have more storage requirements.
Indeed, in the early days, direct methods on large linear systems were prohibitive. With the advent of efficient numerical
solvers, sufficient resources and parallel processing hardware, these have become more accessible and a popular method
to solve sparse linear systems is by prefactoring the positive-definite system matrix using e.g. Cholesky decomposition, and
then solving for an arbitrary righthand side using back-substitution, which makes for a relatively efficient O (nlogn) method.
However, it also means that for a given target vertex p of the triangulation, the distance function for the entire vertex set
is solved for, which is obviously unnecessary, as the distance at only the vertices relevant to the path is really required.
Using the TV or KL distances avoids this unnecessary computation, as once the Poisson kernel vectors have been computed
in a pre-processing stage (independent of the identity of p), the boundary sum definition (34), (35) allows to compute
the distance between any two vertices relatively efficiently (in O (4/n) or less, depending on sparsity) on demand. We have
implemented prefactorization and backsubstitution required for computing D on the CPU using the Intel Math Kernel Library
(MKL) (Intel Inc., 2018) and on the GPU using the NVIDIA cuSOLVER package (NVIDIA Inc., 2018). Computation of the KL
and TV distances on the CPU is straightforward and on the GPU may be done easily in CUDA thanks to its embarrassingly
parallel nature.

When computing on the CPU, the KL and TV distances are computed only for relevant vertices along the generated path,
whereas the D distances are inevitably computed for the entire mesh. When computing on the GPU, the entire distance
field is computed for a given p even for KL and TV since, as in many parallel computing scenarios, it costs almost the
same as computing the values only along the path. Furthermore, the sparse nature of the Poisson kernel vectors may be
used to accelerate the KL computations. Tables 1 and 2 show CPU and GPU performance timings in computing paths on
different domains using the D, KL and TV distances. The domains are a variety of shapes and sizes, where the boundary size
(in vertices) ranges between 2.5% (the disk) and 33% (the maze) of the total triangle mesh size. Computing D and KL/TV
efficiently both require preprocessing which is independent of the target vertex p, and online processing which is dependent
on p. For D the preprocessing consists of Cholesky decomposition, and the online processing is back-substitution. For TV
and KL, the preprocessing consists of computation of the Poisson kernel vectors, and the online processing is computing the
sums (34) or (35). The tables list also the preprocessing times, but since this is performed only once per input domain, they
are of minor importance. The more important figure is the online processing time. When using the CPU, on all domains
but the maze (see Fig. 8), we observe a speedup in the online processing time of anywhere between 2x and 100x. On the
maze, in which a long path may effectively cover the entire domain, the online computation of TV and KL was 3x slower
than the online computation of D. However, when employing the approximation to KL possible because of the sparsity
of the Poisson kernels, a speedup of 22x was obtained for the maze, and anywhere between 15x to 180x on the other
domains. The sparsity in this maze was the best (99%) and in the disk was the worst (0%). On the other domains it was in
the vicinity of 90%.

When using the GPU, the speedup of the online computation of TV and KL relative to D is quite significant. Interest-
ingly, probably due to the inherent serial nature of both the decomposition and the back-substitution operations, their GPU
implementations seem to be much slower than their CPU implementation, further boosting the speedups of the online com-
putation of TV and KL relative to D. For TV it is anywhere between 42x and 780x, and for KL anywhere between 35x and
1100x. The sparse approximation for KL did not improve this significantly.

Precision

One of the other practical problems with the Dirichlet Green’s function D is that it is very flat, almost constant, when far
away from the target point, as evident in Figs. 1 and 3. This makes its computation highly sensitive to numerical precision
issues and in some cases can even make the result unusable. Wray et al. (2016), who use an iterative Gauss-Seidel method
to compute D, show how to modify the iteration so that essentially log D is computed with sufficient precision (of course,
this new method is far superior to computing D and simply applying the logarithm to the result). It is based on the
well-known principle that it is best to compute the logarithm of a product of very small numbers as the sum of the
individual logarithms. Our KL distance function, which we have shown to be equivalent to the Dirichlet Green’s function,
suffers from the same precision problem since the Poisson kernel vectors are computed similarly to D. As a remedy, the
method of Wray et al. (2016) may be applied here as well to obtain the vectors log P. These are easily combined in the
sum (35), after the matrix P is sparsified by eliminating very small values below a threshold. We found that a threshold of
1/4/n is sufficient for an acceptable approximation, resulting in a typical 90% sparsity pattern.
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Table 3

Table 1
RUNTIME ON THE CPU. For TV and KL, only distances to those vertices relevant to the path are computed.
Domain #vertices D vV KL
Total Boundary Preproc. (ms) Online (ms) Preproc. (ms) Online (ms) Preproc. (ms) Dense online (ms) Sparse online (ms) #vertices on path Sparsity (%)
LoRes Man2 1,886 492 0.003 0.168 0.045 0.067 0.045 0.086 0.011 219 89
HiRes Man2 7117 951 0.032 2.255 0.382 0.334 0.382 0.410 0.029 386 91
HiRes Man1 6,939 903 0.021 1.929 0.371 0.292 0.371 0.338 0.036 378 90
Concave 8,319 499 0.040 2.873 0.309 0.121 0.309 0.143 0.016 295 88
Concave Holes 6,646 567 0.019 1.489 0.268 0.143 0.268 0.152 0.016 322 90
Maze 18,929 6,167 0.046 2913 5.264 8.826 5.264 8.565 0.133 1,407 99 -
Convex Holes 5,815 491 0.027 0.997 0.188 0.131 0.188 0.148 0.016 282 84 A
Disk 16,002 397 0.077 5.296 0.515 0.052 0.515 0.067 0.056 155 0 §
o
s
Table 2 5
RUNTIME ON THE GPU. From one target vertex to all other vertices. _§
=
Domain #vertices D vV KL g
Total Boundary Preproc. (sec) Online (ms) Preproc. (sec) Online (ms) Preproc. (sec) Dense online (ms) Sparse online (ms) Sparsity (%) g
LoRes Man2 1,886 492 0.016 2.589 1178 0.062 1178 0.074 0.064 89 2
HiRes Man2 7117 951 0.129 17.792 15.298 0.089 15.298 0.052 0.063 91 §
HiRes Man1 6,939 903 0.155 16.310 13.482 0.051 13.482 0.051 0.074 90 8
Concave 8,319 499 0.248 26.196 12.328 0.052 12.328 0.052 0.057 88 a
Concave Holes 6,646 567 0.156 18.889 10.086 0.058 10.086 0.051 0.059 90 g
Maze 18,929 6,167 0.094 16.902 90.525 0.081 90.525 0.063 0.059 99 ©
Convex Holes 5,815 491 0.096 15.238 6.885 0.055 6.885 0.053 0.057 84 =
Disk 16,002 397 1.793 58.106 25432 0.074 25432 0.053 0.093 0 IR
S
&
@
IN

Statistics of the Routing Paths. The length of the path £, and the maximum turning angle

triangle-based.

L (in degrees), for the paths shown in the paper. N/A denotes when the path does not deliver to the target. All paths are

Domain vV KL N D R B HD HN Approximate geodesic
4 L 14 L 14 L 14 L 4 L 14 L 4 L 4 L 4 L
Fig. 1 0.821 225 0.820 22.6 0.819 325 0.820 213 N/A N/A 0.847 33.0 0.814 20.8 0.764 219 0.749 83.6
Fig. 4 0.836 59.2 0.832 51.0 0.739 64.8 0.836 59.2 N/A N/A 0.745 835 0.829 46.1 0.737 775 0.728 83.5
Fig. 6 0.843 412 0.843 42.4 0.892 101.2 0.845 441 0.844 87.8 0.883 102.7 0.840 412 0.805 379 0.776 70.7
Fig. 7 0.793 215 0.790 24.5 0.798 393 0.790 229 0.905 82.6 0.810 36.4 0.778 223 0.754 12.0 0.724 413
Fig. 8 N/A N/A 1702 69.1 1689 86.2 1703 67.7 1547 59.0 N/A N/A N/A N/A N/A N/A 1410 90.0
Fig. 9 0.981 204 0.982 25.0 0.983 115 0.982 115 N/A N/A 0.982 238 0.983 14.6 0.983 14.6 1.001 376
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Fig. 5. Convex Holes shape at low resolution (n = 175). Spurious local minima for (left) resistance R (center) biharmonic B and (right) TV distances on a
low-resolution triangle mesh of Fig. 4. The red point is the target and the cyan points are local minima.

Heat Spectral Divergence

Fig. 6. HiRes Man2 shape (n =7,117).

Low resolution discretizations

Obviously the higher the resolution of the triangulation, the more the discrete setting approaches the continuous case,
for which we prove the equivalence of our distance functions TV and KL to the Dirichlet Green’s function D. For low
resolution triangulations, it is not obvious that a similar equivalence result holds, even if the discrete functions in principle
have properties analogous to their continuous counterparts. The main issue is spurious local minima.

The discrete Green’s functions D and N, as the heat kernels HD and HN, have maximum principles, so will never contain
spurious local minima. It is not so obvious what happens with the resistance distance R, the biharmonic distance B, and
the TV and KL divergence distances. It seems that R, B and TV all suffer from this affliction when the resolution of the
discretization is too low. See Fig. 5. We did not encounter spurious minima at all in any of our experiments with KL.

More examples

Figs. 6 and 7 compare the different paths generated on a high resolution discretization of some interesting 2D shapes.
The results are quite consistent with what we observed on other domains: The equivalence of D, TV and KL, the very flat
character of D, HD, HN and TV, and the noisiness of R.

Maze-type domains, as explored in the robotics community, are especially challenging inputs. This is because they are
typically “one-dimensional” or “long and skinny” simply-connected domains, and the paths generated are quite long. Fig. 8
shows our results on the maze featured in Fig. 3 of Wray et al. (2016). On these types of domains, the fact that any
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Fig. 7. Concave Holes shape (n = 6,646).

Spectral Heat Green

Divergence

Fig. 8. Maze shape (n = 18,929).

interior point q is quite close to some boundary point has two interesting and quite significant consequences: 1) KL(q, p) ~
log D(q, p), 2) Most of the Poisson kernel vector P(p) is negligible, thus may be approximated well as a sparse vector,
significantly saving time in the computation of KL. As mentioned above, for these types of examples, it is easy to run into
precision problems when computing some of the distance functions. The heat functions H decay so rapidly that they are
effectively zero at any precision, yielding no gradient. The Dirichlet Green’s function D also decays very rapidly but the
floating-point mechanism is still able to yield a meaningful gradient. TV is not as lucky in this respect. Table 3 lists the
lengths and smoothness, measured by the maximum turning angle along the path, of the paths generated by different
algorithms. It includes the approximation of a geodesic, generated by computing edge-based shortest path distances to
each vertex with the Dijkstra algorithm (Dijkstra, 1959), and then applying the triangle-based gradient descent process, as
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described in Section 4, to that distance function. Note that for the disk domain Dy with target at the origin, the divergence
distance produces the same (straight) path as the Green function and the heat kernel. The geodesic approximation converges
to the same path in the limit under mesh refinement, but much slower. Therefore, for Dy meshed with 16,000 vertices in
Fig. 9, the approximate geodesics are slightly longer than the other paths that route to the target, as they have not yet
sufficiently converged.

6. Conclusion and open questions

We have introduced a new family of planar distance functions based on the concept of f-divergences (Csiszar, 1961)
which may be used to generate gradient-descent paths useful in robotic path planning. These distance functions make use
of the concept of Poisson kernels (or harmonic measure) P(t, z) on the domain boundary:

P,
dﬂw,z):gﬁP(t,z)f(%)dt
A (t,2)

where f is a convex function such that f(1) =0. We show that all f distance functions based on f-divergences are equiv-
alent to the Dirichlet Green’s function, i.e. generate exactly the same gradient-descent paths, but may be computed much
more efficiently. We have focused on two specific members of the family which are sufficiently different and representa-
tive: TV (Total Variance) is the simple L, distance between two Poisson kernel vectors and KL is the more sophisticated
Kullback-Leibler divergence between two probability vectors. A natural generalization of the TV distance is to use

fG)=11-x7
for integer p > 1. The special case p =1 coincides with TV, and the special case p =2 with the well-known Chi-Squared
(x?) distance. A natural generalization of the KL distance ( f(x) = —logx or f(x) = xlogx) is the a-divergence for o # +1:

4 l+a
X)=——(1—-x"72
f0 = 3= )
There are many more examples of interesting and popular f-divergences in the literature, e.g. the Helliger divergence:

) =Wx=1)

It remains to be seen which f-divergence is optimal for path-planning, where a major concern is its sensitivity to discretiza-
tion.

Our Equivalence Theorem (Theorem A6 in Appendix A) has been proven for the case of a simply connected domain using
the conformal invariance property. The analogous proof for the more general case of multiply connected domains seems to
be more complicated and alludes us presently. However, we are confident, based on our experimental results, that the claim
is true for this case too. Perhaps the notion of universal covers could be applied to analyze this case.

We have proved the Equivalence Theorem for the continuous case, and it has been experimentally observed to be true
also when the domain is discretized by a dense triangulation and a discrete Laplacian used instead of a continuous one.
We have detected a number of cases where spurious minima emerge in low resolutions. We speculate that there exists a
condition on the minimal triangulation resolution such that the claim holds also for the discrete case above that resolution.
This is an interesting topic for future research.

All of the theory and experimentation in this paper has been on planar domains. However, there exists a conformal
theory (the so-called uniformization theorems (Nehari, 1952)) for manifold surfaces embedded in three dimensions (see
also the computational theory in Gu and Yau, 2008; Zeng and Gu, 2013). Thus we speculate that results similar to ours
could be obtained for path-planning on these types of surfaces, in particular terrains. We leave this line of investigation for
future research, as we do the case of path-planning in full three- or higher-dimensional (configuration) space.

Finally, we note that another application of the conformal invariant distance functions could be in shape matching, as
explored by Bronstein and Bronstein (2011).
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Appendix A. Conformally invariant distance functions
A.1. Conformal mappings and invariance
A distance function on a domain  is a non-negative real function d : 2 x 2 — R such that Vz € , d(z,z) = 0. In this

Appendix we focus on conformally invariant distance functions in a simply connected domain €2, namely a distance function
d® such that
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d®(p,q) =d““Y(C(p), C(q))

where p, g € 2 and C: Q — ' is a conformal mapping. In a nutshell, we say that a complex-valued function C is conformal
iff it is holomorphic (sometimes called analytic), namely a function of z alone (and not of z), and, in addition, its derivative
never vanishes in Q. Conformal mappings are a cornerstone of complex analysis and have many important properties. We
refer the interested reader to the classic textbook by Nehari (1952) on this subject. In general, the superscript of d makes
explicit which domain is referred to. When this is obvious, the superscript may be omitted.

The Green’s function

A simple and well-known example of a conformally invariant function is D - the Green’s function of & with Dirichlet
boundary conditions mentioned in Section A.2:

Theorem A1 (Nehari, 1952; Garnett and Marshall, 2005). D is a conformal invariant, namely, if C is a conformal mapping on 2 and
D, q € 2, then

D%(p,q) =D“Y(C(p),C(g)) O

Although not strictly a distance function, D is used as such for path planning based on gradient-descent.
In the special case where the domain is the unit disk, there is another well-known distance function which is a conformal
invariant - the hyperbolic distance. This distance is actually a metric:

HB(w, z) = 2 tanh™! (L__Z') (A1)
[T —wz|

The divergence distances

Let Q be a general simply connected domain and let P$(t,z) be the Poisson kernel of €2, where t is a point on 9,
namely, for each t € 9Q, P9(t,z) = PtQ (z) is the solution to the following Laplace equation with Dirichlet boundary condi-
tions:

VvZp2 =0
PE|,q =8(0)

PS¥(t, z) is also known as the density of the harmonic measure (Garnett and Marshall, 2005) of 2, namely, for a subset
E C 992 of the boundary, the harmonic measure of E relative to z is:

% (E, 2) = / PS¢, z)dt
E

w%(E, z) is well known to be equal to the probability (density) that a random walk starting at z will first exit Q through E.
As expected, by definition:

w%}Q,z):/P%,z)dt:l, VzeQ
Q
Harmonic measure is well known to be, like the Green’s function, a conformal invariant. Namely if C is a conformal map
on €2, then

w®*(E,2) = 0D (C(E), C(2))

We focus now on the family of divergence distance functions, namely, those based on applying f-divergences (Csiszar, 1961)
to the Poisson kernel:

PSY(t, q)
Dve(p,q) = b P, <7>dt
.9 392 t.pf Pt p)

where f:R*T — R is a strictly convex real function such that f(1) =0.

We note that although the f-divergence distance between two arbitrary probability distributions is not necessarily a
symmetric function, the special nature of our divergence distance implies that the divergence distance between p,q € Q is
symmetric:

DV®(p,q) =DV®(q, p)
The KL distance function is obtained as the special case f(x) = —log(x) and the TV distance function as the special case

f=11-x|.
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Theorem A2. DV is a conformal invariant, namely, if C is a conformal mapping on Q and p, q € 2, then
DV¢(p, q) = DV (C(p), C(9)

Proof. The relationship between the Green’s function and the Poisson kernel is through the normal derivative at the bound-
ary (Axler et al., 2001):

Q oD
P¥(t,2) = —(t,2)
an

So, applying Theorem A1l and invoking the chain rule for a holomorphic function

D% 9D
Pt 2) = 69 ="——(CO,C@)|C®]= PC@(C), C@)|C'®)]
where C(t) is the function obtained by restriction C : 9Q2 — dC(£2). Consequently
PE(t, q)
pv¥(p, q) = ¢ P, ——— 7 )dt
(.9 855 ( p)f(PQ(t’p))

= qS PE@(co), c(p)|C’®|f

ac(Q)

(PC(Q)(C(t), C(Q))IC’(t)|> dc(®)
PEE(C (), C(p)IC' O] IC'(©)]

PE@ (1), C(q)) )dC(f)

PEO(C(p), C(p))f<—PC(Q)(C(t)’ o)

AC(Q)
=DV*®@(C(p),C(@) O

We are mostly interested in the behavior of the gradient of the divergence distance. We start by stating a simple rela-
tionship between the gradients of a conformally invariant distance function on two conformally related domains:

Theorem A3. If C is a conformal mapping on Q and d is a conformally invariant distance function (from a fixed point p € Q) on <,
then

vd®(q) = vd“? (C()) — (@)

aC
0z
Proof. Recall that the gradient of d as a complex number is Vd = 2‘;:5

tion. O

and apply the chain rule for a holomorphic func-

A gradient-descent path between two points is generated by following the (direction of the) gradient of the distance
function, which is possible iff that gradient does not vanish. We now show that, if it exists, the gradient-descent path of a
conformally invariant distance function d is also a conformal invariant:

Theorem A4. Denote by fo(p, q) the gradient-descent path between p and q in a simply-connected domain 2, generated by a
conformally invariant distance function d. If C is a conformal mapping on Q and p, q € 2, then:

c(cf(p. @) =GP (Cp). C@)

Proof. Let z € fo(p,q). By definition, the tangent to fo(p,q) at z is —Vd®(z). Consider the point C(z) € C(fo(p,q)) -

C(S). The tangent there is —Vd*(2)/ 2 (z), which, by Theorem A3, is just —Vd““?(C(g)). O
A.2. Some special cases

A.2.1. The unit disk and p =0

We may analyze the behavior of the divergence distance functions and obtain exact expressions for these and other
distance functions and their gradients when € = D (the unit disk). We start with the canonical case that p = 0, and call this
domain DO.
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The Green’s function
It is well known that
1
pPo 0,2)=——1log|z A2
0, 2) o g |z| (A2)

and

VD™ (2)=rp(|zl)z, rp(x) = (A3)

27 X2
This indicates that the gradient of D on the unit disk, when the target is the origin, is radial and never vanishes (for z # 0).

The hyperbolic distance

Based on (A.1), we conclude that on DO:

1
HB(0,z) =2tanh™!|z| = 10g<] + :i:) (A4)
and
2
VHB™ (z) = , =—— A5
@ =rup(Izl)z, THp(X) A=) (A5)

So HB has behavior similar to D. Note that although the distance has a global minimum of 0 at z =0, the gradient is
undefined there since the distance is not differentiable.

The divergence distances

The following theorem proves that general divergence distances on D° behave similarly to the Green’s function D and
the hyperbolic distance HB.

Theorem A5. If DV is a divergence distance based on f, then
DV (0, 2) = g(|2)
and

vz£0, VDP(0,2)#£0
Proof. The Poisson kernel on the unit disk D (z € D, w € D) is:

PP(w,2) = Ll i
T 2m lw —z)?

It is easy to see that PP(w, 0) thus

=L
- 2’

1 2 1 ||2
— |z
pyPo 0,z :—/ —— |dO
©.2) 2 f(|e’9—z|2>
0

For brevity, we will drop the first argument of DVPo. Assume z = |z|e'®, and substitute ¢ =6 — «:

1 2 1 | |2
— |z
pvPo(z) = — : : do
@ = / ! (1—|z|e1<9—a>—|z|el<a—9>+|z|2>
0
2 —«
1 1—z2
= — T 3 d
27 / f(l — |z|ei® — |z|e~i® + |z|2 ¢
2w

. 1|z B
Com f<1—2|Z|cos¢+|z|2>d¢—g(lzl)
0

The equality of the last two integrals is because both integrate the entire unit circle. Thus DVP0(z) is a function of |z| only.
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For the gradient of DVP?, we will show that Vx € (0, 1), g'(x) > 0. Indeed, if

0 _ 1—x?
*. ) = 1 — 2xcos ¢ + x2
then
17 oh(x, @)
‘)= — | f anx @)
gw=o [ £ ™y
0
Noticing that
_ [ohx,¢) 2sing
H(X’d))_/ ax d¢_1—2xcos¢+x2
and integrating by parts:
2
P p=2r 1 , dh(x, ¢)
g (X) - E.f (h(xv ¢))H(X, ¢)|¢:0 - E / .f (h(xv ¢)) 8¢ H(Xa ¢)d¢

0
Since
H(x,0)=H(x,2m)=0
and

dh(x,¢) 201 — x%)xsing
d¢p 1—2xcos¢ + x>

we finally have

4(1 — x2)xsin’ ¢ ”
1 — 2xc0s ¢ + x%)2

2
’ _ 1 "
g(X)—E/f (h(x,¢))(
0

For x € (0, 1):

4(1—x%)xsin’¢ > 0
and

1—2xcosp+x>>1—-2x+x>=(1-x2%>0
Since f is strictly convex, f” > 0, resulting in

g'x) >0

Going back to the gradient of DVPo:

0DV>(2) _ g(lzhvz _ g'2)z

0z 2.z 2|z
and
apvDo !
VDVDO(z>=2( > (z))zrnv(|z|)z, v = £

Since g’(x) > 0 in (0, 1), we conclude that VDVPo(z) 0 for |z| € (0, 1).

For the special case KIP° we have f(x) = —logx, thus

21

1 1— |z )
KL ()= — | —1 de = —log(1 —
@ 271/ Og(l —2|z|cos¢+|z|2> ¢ og(1 ~ |2°)
0

71
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Thus

VKL™(2) = ria(Izl)z,  ria(x) = (A7)

1—x2

For the special case TVP? we should be more careful, because f(x) =|1 — x| is not strictly convex everywhere and not dif-
ferentiable at 0. Thus the general derivation of Theorem A5 is not applicable and we must resort to an explicit computation:

2 2
b P | 1-
vre= /‘ o —zp|? = 2m/‘ w—2zP

The integrand changes sign at two points wi and wy on the unit circle. Geometrically these are the two points where a
circle through 0 and q is tangent to the unit circle. By solving a quadratic equation, these points are:

Wig = —|(|z| +i/1—|z]?)

lz
We note that ""’Z = (72) leading (after much tedious algebra) to:

w2
1 11—z . 4
D, _ _ 1
TV (z2) = m/(l—m)d _q X (log( ,/1—|z|2+l|z|))_;sm |z| (A8)
w1

with derivative:

dw

aTV>(2) 2 1 5
0z Tizy1-|z)?
leading to:
4 1
VTV (2) =111 (|2])z, rmx):—(—) (A.9)
( ) T\ xv/1— x?

As with the Poincaré hyperbolic metric, TV has a global minimum at 0 but its gradient is undefined there.
Comparison

To summarize, these are the relevant entities for the distance functions mentioned above.

d f g r®)

D - t prd

HB - 2tanh™'x XA

DV strictly convex =1 f (W)dlﬁ #

KL —logx flogo —x) e

x? X =1 12:()32 ﬁ
-

v 1-x adin ey e

Note that since all the r functions are positive real functions, the negative gradient of the distance functions always points
towards p = 0, albeit with different magnitudes. This means that the contours of the distances to p = 0 are concentric circles
around O and the gradient-descent paths are always a straight line towards p. Note also that (a) for TV and KL, the gradient
grows infinitely as g approaches the boundary and (b) when z is close to the boundary, namely |z| is close to 1, we have
log D(z) ~ KL(z). Most importantly, all the distance functions but D monotonically increase from 0 on (0, 1), so have a global
minimum at p =0 and no local minima in the unit disk. D monotonically increases from —oo.

A.2.2. The unit disk and p #0

The more general case where p # 0 can also be analyzed relatively easily thanks to the conformal invariance of the
distance functions. This gives us an explicit form for gradient-descent paths between any two points in the unit disk.

The Riemann Mapping Theorem (Nehari, 1952) guarantees that there exists a conformal mapping C : © — D° from any
simply connected domain € to the unit disk such that C(3€2) = aD® and C(p) = 0. In general this conformal mapping
cannot be obtained in closed form, but for the unit disk it is known to be the Mobius transformation M : D — D°: one that
maps the unit disk to itself such that p is mapped to 0:
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——Green Dirichlet, KL, TV
—— Green Neumann
—— Heat Dirichlet
Heat Neumann
Resistance
~—— Biharmonic

Fig. 9. Gradient-descent path generated by different distance functions between pairs of points on the unit disk. Green point is source and red is target.

N
C@=1—=
C(2) 1—|pf?
9z~ (1—pz)>? (A10)
implying, by Theorems A1 and A2:
9C(q) 1—|pl? 1—|pl* (g—p
vdP(q) = vd™(c — = C C(qQ——— = C —_( _) Al1l
@ (C@) % ra(|C@]) Oy ra(| (q)l)u_pq|2 T (A11)

So, here again, all distance functions have a unique minimum at q = p, as expected.
Gradient-descent paths

Let us now determine the common gradient-descent paths of all the distance functions between two points ¢ and p in
the unit disk D. In the case p = 0 (the special domain D), Theorem A5 has shown that the paths are just the straight (radial)
lines between g and the disk center. Theorem A4 implies that these are mapped through the same Mébius transformation to
the general case of p # 0. Since circles (including straight lines, which are circles of infinite radius) are invariant to Mdbius
transformations, we conclude that all gradient-descent paths in the disk are circles. It is easy to see that the path between
p and q is the hyperbolic geodesic between q and p in the Poincaré hyperbolic disk model, namely the arc of the circle
through p and g which is orthogonal to the unit circle. This will be a straight line only if p and g are on a diameter of the
unit disk. Moreover, if q is close to the boundary, the gradient will always be radial, independent of p.

Fig. 9 shows examples of the gradient-descent paths generated by a number of distance functions studied in this paper,
in the unit disk. Note the following: (1) The resistance distance R path is very noisy and gets stuck very quickly. (2) All
other paths are straight lines to the target when it is the origin. (3) The Dirichlet Green’s function D (and the equivalent
TV and KL) paths are hyperbolic circles. (4) The Neumann Green’s function N path is attracted to the boundary. (5) The
biharmonic B path is “wavy”. (6) The heat paths HD and HN are very similar when distant from the boundary.

A.3. Equivalence of the distance functions
We have explicitly shown that the distance functions D, HB and all variants of DV are equivalent on the unit disk D,
namely generate identical gradient-descent paths. This was due to the fact that they are equivalent on DO (all generate radial

paths) and that carries over to D because of the conformal invariance of the distance functions and their gradient-descent
paths. The same logic shows the equivalence of these distance functions on all simply connected domains.

Theorem A6 (Equivalence theorem). If DV is a divergence distance function, then D, HB and DV are equivalent on any simply connected
domain Q.

Proof. In Section A.2.1, including in Theorem A5, we have shown that any of these distance functions d generate valid
gradient-descent paths on DO, i.e. its gradient never vanishes in D? except at the target, namely, for any q € Q:

g#£0 = vd”(q)#0 (A12)

We now show the same for €. Indeed, let C : € — DO be the conformal map (guaranteed to exist by the Riemann Mapping
Theorem) that maps dC to dD° and C(p) = 0. Theorem A3 implies

ac
Vd®(@) = Vd™ (C@)5_@
Since q # p implies C(q) # 0, and the conformality of C implies %(q) # 0, combining with (A.12) implies

aC
q#£p = Vd%(q) =vd™> (C@)5;@#0
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Now consider this valid gradient-descent path generated by d between p and ¢ in Q. By (A.2), (A.4) and Theorem A5, for
all the d’s, the path between C(q) and C(p) =0 in DP is the straight (radial) line segment between C(g) and 0. Theorem A4
then implies, due to the conformal invariance of both distance functions, that all d’s generate the same path between p and
q € Q. Hence all the distance functions are equivalent in Q. O

References

Axler, S., Bourdon, P, Ramey, W., 2001. Harmonic Function Theory. Springer.

Berline, N., Getzler, E., Vergne, M., 2004. Heat Kernels and Dirac Operators. Springer.

Bronstein, M.M., Bronstein, A.M., 2011. Shape recognition with spectral distances. IEEE Trans. Pattern Anal. Mach. Intell. 33 (5), 1065-1071.

Coifman, R.R,, Lafon, S., 2006. Diffusion maps. Appl. Comput. Harmon. Anal. 21 (1), 5-30.

Connolly, C.I, Grupen, R.A., 1993. The applications of harmonic functions to robotics. J. Robot. Syst. 10 (7), 931-946.

Crane, K., Weischedel, C., Wardetzky, M., 2013. Geodesics in heat: a new approach to computing distance based on heat flow. ACM Trans. Graph. 32 (5).
Article 152.

Csiszar, L, 1961. Information-type measures of difference of probability functions and indirect observations. Studia Sci. Math. Hung. 2, 299-318.

de Berg, M., Cheong, O., van Kreveld, M., Overmars, M., 2008. Computational Geometry: Algorithms and Applications. Springer.

Dijkstra, E.W., 1959. A note on two problems in connexion with graphs. Numer. Math. 1 (1), 269-271.

Duffin, R]., 1962. The extremal length of a network. ]. Math. Anal. Appl. 5 (2), 200-215.

Franklin, J., 2012. Green’s functions for Neumann boundary conditions. arXiv:1201.6059.

Garnett, J.B., Marshall, D.E., 2005. Harmonic Measure. Cambridge University Press.

Garrido, S., Moreno, L., Blanco, D., Monar, EM., 2010. Robotic motion using harmonic functions and finite elements. ]. Intell. Robot. Syst. 59, 57-73.

Goerzen, C., Kong, Z., Mettler, B., 2010. A survey of motion planning algorithms from the perspective of autonomous UAV guidance. ]. Intell. Robot. Syst. 57
(1-4). Article 65.

Gu, X.D,, Yau, S.-T., 2008. Computational Conformal Geometry. International Press.

Intel Inc. https://software.intel.com/en-us/intel-mkl/, 2018.

Khatib, 0., 1986. Real-time obstacle avoidance for manipulators and mobile robots. Int. ]. Robot. Res. 5 (1), 90-98.

Kim, J.-0., Khosla, PK., 1992. Real-time obstacle avoidance using harmonic potential functions. IEEE Trans. Robot. Autom. 8 (3), 338-349.

Klein, D.J., Randi¢, M., 1993. Resistance distance. J. Math. Chem. 12, 81-95.

Koren, Y., Borenstein, J., 1991. Potential field methods and their inherent limitations for mobile robot navigation. In: Proc. IEEE Conf. Robotics and Automa-
tion, pp. 1398-1404.

Kullback, S., Leibler, R.A., 1951. On information and sufficiency. Ann. Math. Stat. 22 (1), 79-86.

Lipman, Y., Rustamov, R.M., Funkhouser, T.A., 2010. Biharmonic distance. ACM Trans. Graph. 29 (3). Article 27.

Nehari, Z., 1952. Conformal Mapping. Dover Publications.

NVIDIA Inc. https://developer.nvidia.com/cusolver, 2018.

Patane, G., Spagnuolo, M., 2013. An interactive analysis of harmonic and diffusion equations on discrete 3D shapes. Comput. Graph. 37, 526-538.

Pinkall, U., Polthier, K., 1993. Computing discrete minimal surfaces and their conjugates. Exp. Math. 2 (1), 15-36.

Press, W.H., Teukolsky, S.A., Vetterling, W.T., Flannery, B.P, 1992. Numerical Recipes in C: The Art of Scientific Computing, 2nd ed. Cambridge University
Press.

Protter, M.H., Weinberger, H.F., 1984. Maximum Principles in Differential Equations. Springer.

Rimon, E., Koditschek, D.E., 1992. Exact robot navigation using artificial potential functions. IEEE Trans. Robot. Autom. 8 (5), 501-518.

Shewchuk, J.R,, 1996. Triangle: engineering a 2D quality mesh generator and Delaunay triangulator. In: Lin, M.C., Manocha, D. (Eds.), Applied Computational
Geometry - Towards Geometric Engineering. In: LNCS, vol. 1148. Springer, pp. 203-222. http://www.cs.cmu.edu/~quake/triangle.html.

Souissi, O., Benatitallah, R., Duvivier, D., Artiba, A., Belanger, N., Feyzeau, P, 2013. Path planning: a 2013 survey. In: Proc. 5th IEEE IESM Conf. Rabat.

Varadhan, S.R.S., 1967. On the behavior of the fundamental solution of the heat equation with variable coefficients. Commun. Pure Appl. Math. 20 (2),
431-455.

Wray, K.H., Ruiken, D., Grupen, R.A., Zilberstein, S., 2016. Log-space harmonic function path planning. In: Proc. Intl. Conf. Robotics and Systems. IROS.

Zeng, W., Gu, X.D., 2013. Ricci Flow for Shape Analysis and Surface Registration: Theories, Algorithms and Applications. Springer.


http://refhub.elsevier.com/S0167-8396(18)30106-7/bib31s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib33s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib34s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib35s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib36s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib37s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib37s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib38s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib32s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3332s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib39s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3130s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3131s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3132s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3331s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3331s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3333s1
https://software.intel.com/en-us/intel-mkl/
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3134s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3135s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3136s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3137s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3137s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3138s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3139s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3230s1
https://developer.nvidia.com/cusolver
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3232s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3233s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3234s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3234s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3235s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3236s1
http://www.cs.cmu.edu/~quake/triangle.html
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3238s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3239s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3239s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3330s1
http://refhub.elsevier.com/S0167-8396(18)30106-7/bib3334s1

	Path planning with divergence-based distance functions
	1 Introduction
	2 Laplacian-based distance functions
	3 Divergence distances
	4 Discrete distance functions
	5 Experimental results
	6 Conclusion and open questions
	Acknowledgement
	Appendix A Conformally invariant distance functions
	A.1 Conformal mappings and invariance
	A.2 Some special cases
	A.2.1 The unit disk and p=0
	A.2.2 The unit disk and p<>0

	A.3 Equivalence of the distance functions

	References


