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Abstract

Transfinite barycentric kernels are the continuous version of traditional barycentric coordinates and are used to define inter-
polants of values given on a smooth planar contour. When the data is two-dimensional, i.e. the boundary of a planar map, these
kernels may be conveniently expressed using complex number algebra, simplifying much of the notation and results. In this
paper we develop some of the basic complex-valued algebra needed to describe these planar maps, and use it to define similarity

kernels, a natural alternative to the usual barycentric kernels.

We develop the theory behind similarity kernels, explore their properties, and show that the transfinite versions of the popular
three-point barycentric coordinates (Laplace, mean value and Wachspress) have surprisingly simple similarity kernels.

We furthermore show how similarity kernels may be used to invert injective transfinite barycentric mappings using an iterative
algorithm which converges quite rapidly. This is useful for rendering images deformed by planar barycentric mappings.

Categories and Subject Descriptors (according to ACM CCS): 1.3.5 [Computer Graphics]: Computer Gemetry and Object Model-
ing—Boundary representations; G.1.1 [Numerical Analysis]: Interpolation—Interpolation formulas

1. Introduction

1.1 Polygon barycentric coordinates

Barycentric coordinates are typically used to interpolate a real
function given on the boundary of a two-dimensional polygon,
where the values of the function are specified on the polygon ver-
tices and assumed to vary linearly along the edges. The objective
is to generate for any interior point in the polygon a real value
which is some natural combination of the values at the vertices.

More concretely, let P be a planar polygon with vertices p =
(xj,yj),j =1,..,n. Given real values f; at p;, what should the
value f(p) at a point p = (x,y) interior to P be ? One way to
achieve this is to associate with the j’th vertex a barycentric co-
ordinate function B;(p) which satisfies a number of natural con-
ditions, and then define

@ =) B, (1)
j=1

In the field of computer graphics and image deformation, this in-
terpolation method has been used to generate mappings between
two 2D polygonal regions by associating a 2D vector f; =
(uj, vj) with each vertex p; of P instead of the usual scalar value.
This implies that the edges of the source polygon P =
(p1,..,py) are linearly mapped to the edges of the target polygon
F = (f1,.., fn) and, through (1), the barycentric coordinate func-
tions B;(p) define the 2D image f (p) of an interior point p € P.
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In recent years, many formulae for B; have been proposed, the
most prominent being the Laplace (also called discrete harmonic
or cotangent) [PP93], mean value [Flo03; HF06], Wachspress
[Wac75] and harmonic [JMD*07]. The first three are given in
closed form for any interior point, while the harmonic coordi-
nates must be computed numerically, typically using a Finite-El-
ement Method (FEM) resulting in a discrete Laplace equation
with appropriate Dirichlet boundary conditions on P. The reader
may consult the recent survey by Floater [Flo15] for a compre-
hensive overview of many barycentric recipes.

1.2 Transfinite barycentric kernels

The concept of barycentric coordinates of a polygon P may be
generalized to the case of a closed simple planar contour C, which
may be treated as the limit of a polygon with an increasing num-
ber of vertices. Thus the discrete index j becomes a continuum
(represented by the parameter c), the value of f is given at all
points of C (the so-called boundary values), the discrete sum is
replaced by a boundary integral, the finite set of barycentric co-
ordinate functions B;(p) is replaced by a kernel function K (c, p),
and (1) becomes:

fo) = fc K(c,p)f (©)ds @

namely, the value of f at an interior point p is defined as some
weighted average of the continuum of values of f on the bound-
ary C. The quantity ds is the usual arc-length differential of C.

In general, it seems to be difficult to obtain closed formulae for
the continuous kernels of most discrete barycentric recipes, even
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those for which closed forms are available in the discrete case.
Belyaev [Bel06] and others (e.g. [STWO07, DF09]) were able to
express the kernels in some limited cases, showing that one of the
most basic kernels is the mean value kernel, and other members
of the so-called three-point family are generalizations of this
basic kernel. However, their formulation is complicated some-
what by the fact that the integral (2) is computed using the density
implied by a unit circle centered at p:

fo) = f K(c,p)f (c)d6 ®)
C

where the differential d6 is the projection of ds onto this unit cir-
cle and quite difficult to work with.

1.3 Contribution

Our contribution in this paper is mostly theoretical. Representing
2D vectors using complex numbers, we develop in Theorem 1 the
complex algebra needed to conveniently and compactly describe
planar transfinite barycentric kernels. This is achieved by intro-
ducing the key quantity h(w, z) related to the geometry of the
source contour. We then introduce in Section 4 the concept of
similarity kernel, which allows an alternative description of tran-
finite barycentric mappings using the complex dw and df differ-
entials (on the source and target contours, repectively). After ex-
ploring the properties of similarity kernels, we use the quantities
of Theorem 1 to compactly express the similarity kernels of the
popular three-point barycentric coordinates in Theorem 10. De-
spite the theoretical focus of this paper, we make a practical con-
tribution in Section 7 by showing how to use the developed the-
ory to efficiently invert 2D mappings based on transfinite bary-
centric coordinates, in particular the mean value mapping. This
inversion is important in texture mapping and image deformation
applications. Proofs of all Theorems and Corollaries are provided
in the Appendix.

2. Complex Barycentric Coordinates

In the planar scenario, it is convenient to represent 2D vectors
(x,¥) € R? as complex numbers z € C. Thus, analogously to (1),
the mapping of the interior of a source polygon W whose vertices
are (wy, .., wy) to the interior of a target polygon whose vertices

are (fy,.., f) is:
&) = B@f; 0)
j=1

where z is a point in the interior of W, and the B; should satisfy:
Cl1. Constant precision:
n

Z Bi(z) =1, vz € int(W)
j=1

C2. Linear precision:
n

Z ziBj(z) = z, Vz € int(W)
j=1
C3. Lagrange property:
Bj(zk)=6jk, j,k=1,..,n
Weber et al. [WBGO09] showed that it is possible to express any
barycentric coordinate function using a set of complex-valued

functions y; associated with the j’th edge (j = 1,..,n):

5@ =102y 122,
B, ”
Bi(z
Bi(z) = —31—2 5
@ =55 o ©

7;(2) is the difference w; — z and e; is the edge vector wj,, — w;.
See Fig. 1. Weber et al. [WBGH11] show that the so-called
“three-point coordinates” - Wachspress, mean value and Laplace
- may be obtained for

y(2) = ——2 (|r,.+1(z)|" - |r].(z)|p) ©)

Im(7(2)7541(2) \ 1741(2) 7(2)

with p = 0, 1, 2, respectively.

The advantage of using the complex formulation is that many of
the formulae become very simple. For example, Weber et al.
[WBGO09] showed that the so-called Green coordinates intro-
duced by Lipman et al. [LLCO8] to generate conformal mappings
may be expressed very simply in the complex formulation, essen-

tially by integrating the very simple kernel K(w, z) = ﬁ fea-
turing in Cauchy’s integral formula [Ahl79] over each polygon
edge (with the complex differential dw).

Wijt1

Wj_1

Figure 1: The terminology of discrete complex barycentric co-
ordinates.

Interpreting (4) and (5) in a different way, Weber et al.
[WBGHI11] observed that there is a more natural way of express-
ing the planar barycentric mapping. Consider a source edge vec-
tor ej = wj,1 — w; and its corresponding target edge vector & =
fj+1 — fj- This pair of edges defines a unique similarity mapping
(translation, rotation and scale) of the plane
5 =IO _ G,y

j j

and the barycentric mapping can be defined as a weighted aver-

age of these edge-to-edge similarities. It turns out that the equiv-
alent to (4) with the B;(z) as defined in (5) is:

_ Z?=1 Vj(Z)Sj(Z)

f(2) e

@

so (after normalization), the y;(z) are the correct way to weight
the edge-to-edge similarities. Note that, as opposed to the bary-
centric coordinate functions B;(z), which are real-valued func-
tions, the y;(z) functions will typically be complex-valued. We
will return to this interpretation in Section 4, when we generalize
it to the transfinite case using similarity kernels.
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3. Complex Transfinite Barycentric Coordinates

When the discrete polygon W of Section 2 is replaced with a con-
tinuous contour C, the finite set of barycentric coordinate func-
tions B;(z) is replaced by a bivariate transfinite barycentric ker-
nel K(w, z). The kernel should satisfy conditions analogous to
conditions C1-C2 above:

C1. Constant precision:

fK(W, z)dw = 1,Vz € int(W)
c
C2. Linear precision:
le{(w, z)dw = z,Vz € int(W)
c

In an attempt to express the transfinite version of a number of
popular barycentric coordinate schemes, Belyaev [Bel06]
showed that the easiest way to do this was to introduce a new
differential d@, the projection of the ds differential on the unit
circle centered at z (see Fig. 2). Defining r = w — z, Belyaev
showed that, for a convex curve C, the (un-normalized) kernel of
the mean value coordinates is:

1
Kyy(w, 2)ds = md@ (8)
so the mean value interpolant is
1
I ppf e
f@=—0g— €))
[T =do
o |r|

as the interval [0,27] represents the extent of the @ variable,
which, in the convex case, is positive and monotone as the bound-
ary is traversed. While this is elegant, it does not generalize well
to the non-convex case. Belyaev overcomes this in the same way
that Hormann and Floater [HF06] overcome it in the discrete
mean value case (and this is also applicable to the non-convex
case for the Gordon-Wixom coordinates [GW74]), by consider-
ing all intersections of a ray originating at z with the contour.
Dyken and Floater [DF09] express the transfinite mean value ker-
nel using vector algebra, but have the same problem as Belyaev
for non-convex contours. It turns out that it is much more natural,
and simple, to address the non-convex case using true boundary
integrals, in particular contour integrals of complex analysis. This
was done, albeit for the discrete case, by Weber etal. [WBGH11],
who showed that using complex-valued expressions, it was pos-
sible to simply capture also the non-convex case. In the sequel,
we extend Weber et al’s approach to the transfinite case, using
complex contour integrals with the complex differential dw.

3.1 The basic quantities

To facilitate the complex approach, we introduce the height func-
tion, h(w, z): C X int(C) - C, the difference between z and its
projection onto the tangent line to C at w, which will play a cen-
tral role in everything we will do from now on. See Fig. 2 for an
illustration.

The following key Theorem summarizes the properties of h and
relates it to the other known quantities and differentials expressed
in the algebra of complex numbers. Many of the quantities are
functions of variables, but from now on, and throughout the paper,
for compactness sake we will drop some of the variables where
they are obviously implied. For example r(w,z) =w —z is a
function of w and z, but we will just write r. Similarly h(w, z) is
also a function of w and z, but we will mostly write just h. Note
that we also use the d@ differential, which is always a real-valued
quantity, but in the general non-convex case may be negative.
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Figure 2: The terminology of complex transfinite barycentric
mappings.

Theorem 1: Let C be a simple closed planar contour in counter-
clockwise orientation, and z a point within C. For any point w €
C, denote r =w — 2,0 = arg(r), namely r = |r| exp(if), A =
the (signed) area swept by r, and h = the difference between z
and its projection onto the tangent line to C at w. Then

(a) h(w,z) = %(r - Z—;F)
(b) hdw = —hdw = ilm(rdw),

(r — h)dw = Re(rdw)
() dA =2|r|?d6 = - hdw = SIm(Fdw)

@  df =—isdw=1Im (%) =m (L),

2
dlog|r| = Re (dTW)
(e) §, hdw = 2iArea(C) = § W dw
® Re (dTW) =0
€] Re (%) =1
(h) dir| = |r|Re(d7W),_§= ~La(2)
@ aigz = a(zgz =

3.2 The polar dual

To illustrate some of the concepts introduced in the previous sec-
tion, we look at some special cases. First we observe that the po-
lar dual used by Schaefer et al. [SJTW07] in their investigation of
transfinite barycentric coordinates may be expressed very simply
using h. The polar dual p(w, z) of a point w on a given contour
C relative to an interior point z is defined as the vector orthogonal
to dw having unit scalar product with w — z.

Corollary 1: The polar dual of a contour relative to a point z is
1/h.

3.3 The unit circle

We now examine the simplest possible contour — the (unit) circle.
First we derive a simple expression for h in this case:

Corollary 2: If C is the unit circle, then
r
h(w,z) = wRe(fw) = wRe(rw) = wRe (W)
= w(l - Re(wZ))

The interested reader is also referred to the end of Section 5.2 for
an alternative expression for h on the unit circle.
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It is well known that the harmonic barycentric kernel on the unit
circle is the so-called Poisson kernel [Bel06], given in complex
form as:

11— |z[?
2n |r|?

1 w+z
KY(w,z)ds = —Re (—) ds =
21 w—z

ds (10)
The superscript N means that this kernel is normalized:
gic KY(w,z)ds = 1 for all z. It is possible to superficially sim-
plify this formula by noticing that some of it is a function of z
only, thus may be omitted:

1
Kp(w, z)ds = st (1

and recovered as part of a standard normalization procedure, i.e.
given boundary values f(w), the Dirichlet problem on the unit
disk may be solved as
§. Ko (w, Df (w) ds

$.Kp(w,z) ds
If a given transfinite barycentric coordinate scheme reduces to
the Poisson kernel for the special case that the contour is the unit
circle, we say that the coordinates are pseudo-harmonic. Belyaev
[Bel06] has shown that the three-point coordinates, in the contin-
uous limit, are not pseudo-harmonic, but a number of others, most
notably those introduced by Gordon and Wixom [GW74], are.
Recently, Chen and Gotsman [CG15] have shown that the Mov-
ing Least Squares (MLS) coordinates introduced by Manson and
Schaefer [MS10] are also pseudo-harmonic.

H(z) =

As an exercise, we may use Corollary 2 to prove Belyaev’s
[Bel06] observation that the Poisson kernel Kp may be expressed
very simply using h:

Corollary 3: On the unit circle, the (un-normalized) Poisson ker-
nel is

1
Krds = —d6@
LTy

4. Similarity and Anti-Similarity Kernels

4.1 Motivation

When constructing barycentric coordinates, a relevant and natu-
ral transformation of the plane is the similarity transformation (i.e.
scale, rotation and translation), which, in complex-valued algebra,
is just a simple linear transformation. Similarities are also the fun-
damental building block of conformal maps, which locally are
just similarities. The guiding principle will be then, given a
boundary mapping f: C — F and z, to identify and blend all sim-
ilarities relevant to z and the given mapping, resulting in f(z).

The main question is how to derive relevant similarities from the
boundary mapping, i.e. the source contour and its target image.
Recall that a planar similarity is defined by the images of two
points, namely two corresponding line segments. Fig. 3 illustrates
two possibilities, given a point z € int(C), to glean similarities
from the data related to an aribitrary point w on C: The first
method is to consider the line segment through w and some other
point u € C. Both w and u have images on the target contour —
f(w) and f () respectively. Thus the line segment [f (w), f(u)]
relative to the line segment [w,u] defines a unique similarity
transformation Sfl (2), called a boundary similarity, which may
be applied to z. An interesting special case is when w and u are
antipodes relative to z, namely z € [w, u]. This will force f(z) €

[f(w), f(w)]. We call Sfl in this case an antipodal similarity. The
second method is to consider a small portion of C at w, and the
corresponding image of this portion at f(w). Essentially these
are the differentials dw and df, defining a unique similarity
transformation S (z), which may be applied to z. We call Sf a
differential similarity. The precise formulae for these two simi-
larities are:

57 =10 = = IR0 = p - PRI
7 df df
Sf(Z)zf(W)_(W_Z)EZf_rE

where df is the differential of f along the contour, which can be
expressed mathematically as df = g—‘i dw + :—‘; dw.

When constructing transfinite barycentric coordinates using sim-
ilarities, the key questions are, given z, which similarities to use,
and how to blend them in order to satisfy properties C1-C2 of
Section 1.2. Probably one of the earliest attempts to do this was
by Gordon and Wixom [GW74], who considered all possible an-
tipodal similarities of z. These were blended (i.e. integrated) us-
ing the angular differential d@ to generate f(z). In the sequel we
will work exclusively with differential similarities, showing that
these are a quite natural way to describe transfinite barycentric
mappings.

Figure 3: (left) Boundary similarity defined by [u,w] and
[f (W), f(W)], (righy) differential similarity defined by dw and
df.

4.2 Similarity kernels

We now show how to use differential similarities to construct
transfinite barycentric coordinates, analogously to what Weber et
al. [WBGH11] did with edge-to-edge similarities in the discrete
case (as described in Section 2). Assume that, given z, we want
to blend all possible differential similarities using a complex
dw integral with weighting function a(w, z), which we call a
similarity kernel relating a boundary point w with an interior
point z. Dropping the superscript of sz, f(2) is defined as a nor-
malized complex contour integral of the form:

) = ¢C o(w,z)Sp(w, z)dw

_cﬁc o(w, z)dw

Note that, since z can be considered a constant, dw = d(w —
z) =dr,

(12)

Spdw = fdr — rdf = —r’d (}r:) (13)
Thus (12) becomes
f(2) § o(w,z)dw = fa(w, z)(fdw —rdf)
C C

© 2016 The Author(s)
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implying, since f(z) can be considered a constant:
0= fa(rfdr —rdry) = — f orid (r—f)
C C r

where 77 = f(w) — f(2). By the derivative product rule
(d(fg) = fdg + gdf), this is equivalent to:

T'f 2

—d =0
$Lacor?)

C
This means that blending differential similarities with density

adw to obtain f(z) (as in (12)) is equivalent to defining f(z)
such that:
§Laor?)
f@) = —F—— (14)
9SC ra d (0-72)
Example: As we shall see later, the transfinite mean value bary-
centric coordinates can be generated using differential similari-
ties with the similarity kernel o = # So (14) implies that the

mean value coordinates satisfy:

£d<i) gﬁcf L dH_éc%dH

_ e T\[rf) _erdfr]
S i g ¢ Lag
SﬁCF (m) crifr| Clr|

where the second equality is due to Theorem 1(h). This is con-
sistent with Belyaev’s [Bel06] formula (9) for the transfinite
mean-value coordinates.

In general, (14) can be considered a formulation analogous to that
of Schaefer et al. [STWO07]. Whereas they express general bary-
centric coordinates as a Shepard-type integral (using the 1/|r|
kernel and ds differential) over an auxiliary contour, we express
the coordinates as a Cauchy-type integral (using the 1/7 kernel
and dw differential) over the auxiliary contour 72,

4.3 Anti-similarity kernels

Analogously to the use of differential similarities, we could use
differential anti-similarities:
¢ a(w,2)As(z)dw
f@) == (15)
_cﬁc a(w,z)dw

where Ag(z) is the differential anti-similarity function

_ _df
Ar(w,2) = f(w) =

and a(w, z) is an anti-similarity kernel. Analogously to (13),
ArdW = fdF — Fdf = —72d (5) (16)
We say that the similarity kernel o and the anti-similarity kernel
a correspond if they generate identical mappings, i.e. for all con-
tours C and all boundary mappings f:
gﬁc o(w,z)Sp(w, z)dw gﬁc a(w,2)As(z)dw

gﬁca(w, z)dw gﬁca(w, z)dw

4.4 Boundary interpolation

In many applications, barycentric coordinates are used for inter-
polating a given boundary mapping. Thus it is essential that ap-
plying the similarity kernel in (12) or anti-similarity kernel in (15)
reproduce the given boundary conditions, which is not at all ob-
vious. The following theorem characterizes when boundary map-
ping reproduction occurs.

Theorem 2: A similarity kernel o reproduces a given boundary
mapping f(w) of dC iff the following conditions are satisfied for
every u € 9C:

© 2016 The Author(s)
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(@) lim | §.a(w,z)dw | = o0
zZ-Uu
(b) lim | §.ro(w,z)dw | < o
zZ-u
() Vx#u lim|o(x,z)| <o
zZ-Uu

4.5 Affine Reproduction

A fundamental requirement from the similarity and anti-similar-
ity kernels is that it they have the correct precision, namely re-
produce constant, similarity and affine functions. Constant preci-
sion is immediate if the kernel is normalized to unity. It is also
easy to show (in analogy to the discrete case treated by Weber et
al. [WBGHI11]) that any similarity kernel automatically repro-
duces similarity functions f(z) = az + b and any anti-similarity
kernel automatically reproduces anti-similarity functions f(z) =
az+b:

Theorem 3:

(1) Every similarity kernel o reproduces similarity transfor-
mations.

(2) Every anti-similarity kernel a reproduces anti-similarity
transformations.

Reproduction of affine functions, namely reproduction of both
f(z) =z and f(z) = Z is not guaranteed for all similarity or
anti-similarity kernels. The following theorem characterizes
when this happens.

Theorem 4: A similarity kernel o reproduces affine transfor-
mations iff (for every z € C)

3€a(w, z2)h(w,z)dw =0
c

The following theorem provides an alternative characterization
of affine reproduction based on the relationship between the sim-
ilarity kernel ¢ and its conjugate 4.

Theorem 5: ¢ is an affine reproducing similarity kernel iff ¢ is
an affine reproducing similarity kernel.

The following theorem provides a family of similarity kernels
which are affine-reproducing.

Theorem 6: Any similarity kernel of the forms:

o,(w,z) = integer k + 1

o,(w,z) = T integer k # 1
as(w, k) = T
os(W, k) =—

|77

is aftine-reproducing.

4.6 Conjugate Reproduction

Similarly to affine reproduction, it is natural to ask under which
conditions is the conjugate function f reproduced by a similarity
kernel o if we know that o reproduces f.
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First we characterize the conjugation relationship between a sim-
ilarity kernel o and its corresponding anti-similarity counterpart
a.

Theorem 7: If a similarity kernel o satisfies
Re(adr) + dRe(or) =0
then a corresponding anti-similarity kernel is a = &.

Now we can see when a similarity kernel reproduces conjugates:

Theorem 8: Under the conditions of Theorem 7, if ¢ reproduces
f, then o also reproduces f.

4.7 Uniqueness

The following Theorem shows that a similarity kernel of a bary-
centric mapping is not unique:

Theorem 9: If ¢ is a similarity kernel of a barycentric mapping,

then so is ¢’ = ao + %, for any complex functions a(z) and
T

b(z) that depend only on z.

5. Transfinite three-point coordinates

We now ready to state a central theoretical result of this paper,
namely that using similarity kernels allows us to express the
transfinite versions of the popular “three-point” barycentric coor-
dinate schemes in a surprisingly simple form. Some of them in-
volve the h(w, z) function introduced in Section 3.1.

5.1 Discrete three-point coordinates

Given a simple planar polygon W having vertices (in complex
form) w;, j = 1,..,n, the discrete three-point schemes mentioned
in Section 2 express B;(z) — the un-normalized barycentric co-
ordinate function associated with w; as a function of just
W;j_1, W}, Wj4q (and of course z). This is reflected also in (6). For
example, the Laplace coordinate function is just the sum of the
cotangents of the two angles formed by (wj,w;_4,z) and
(wj,wj+1,z): @j_q and B; in Fig. 1. Similarly, the mean-value
and Wachspress coordinates involve only angles and edge
lengths in these two triangles.

The mean value coordinates are particularly interesting as they
are derived by trying to mimic the mean value property of har-
monic functions [Flo03]. Yet, as Belyaev [Bel06] notes, they are
not pseudo-harmonic, and neither are the Wachspress or Laplace
coordinates. In contrast, when the polygon is a square, both the
Wachspress and Laplace coordinates are exactly the harmonic bi-
linear coordinates. For the square whose vertices are
(1,i,—1,—1), these are:

1
B, (2) = Z((1 +zi1™8)?2), k=1,..4

This was noted by Floater et al. [FHK06], who also noted that
these two coordinates coincide for any circular polygon, i.e. a
polygon whose vertices all lie on a circle, including the regular
polygons (those having equal edge lengths).

5.2 Similarity kernels of three-point coordinates

We now show that the transfinite versions of the three-point co-
ordinates may be expressed very simply using similarity kernels.

Theorem 10: The similarity kernels of the three-point barycen-

tric coordinates are:
1

e Laplace: o) = n
1

e Wachspress: oy = =—
P w h‘r12

e Mean value: oyy = e

Note that these kernels are affine-reproducing by Theorem 6, Fur-
thermore, the conditions of Theorems 7 and 8 also hold:

Laplace: Re(o.dr) + dRe(o,1) = Re (dTW) + dRe (%) =0+
d1l = 0 by Theorem 1(f) and Theorem 1(g).

Mean-Value: Re(oyydr) + dRe(ayyr) = Re (ﬂ) +

rir|

T 1 dar 1 1 1
dRe (m) = —Re (%) + di=zdlr| = 5dlr| =0 by
Theorem 1(h).
Wachspress: Re(oy, dr) + dRe(oy 1) = Re (%) +

are () = e+ 24 () 24 (2) = ne (- 2)
L) +2a2) = ne (20 () = e (e 3) =

e (4 (5) = F) = 7 (dRe (7) — Re (7)) = a1 -
0) = 0 by Theorem 1(f) and Theorem 1(g).

To show one simple consequence of Theorem 10, we now prove
the continuous equivalent of the result of Floater et al [FHKO06]
that the Wachspress and Laplace mappings are equivalent on a
circular polygon.

Theorem 11: The similarity kernels of the Wachspress mapping
and the Laplace mapping (as expressed in Theorem 10) are equiv-
alent on the unit circle.

It is worth mentioning that the normalization integrals for the La-
place and Wachspress similarity kernels on the unit circle may be
computed using Cauchy’s Residue Theorem [Ahl79] based on

the observation:
1+./1—|z? 5
—_—,a
Z

zZ
h= _E(W_a)(w_b) where a,b = )
=1Llal>1,]p| <1

which leads to:

dw 2mi
Laplace: R
¢ (1 —1z]»)2
dw 2mi
Wachspress: =

— =
h -1z
5.3 The Cauchy kernel

It is worth comparing the situation for the three-point barycentric
coordinates to that of the “Cauchy coordinates” of Weber et al.
[WBGO09], inspired by the celebrated Cauchy integral theorem of

complex analysis, which makes use of the so-called “Cauchy ker-

1 dw .

nel” Kcdw = ——. Defining
2mi r

© 2016 The Author(s)

Computer Graphics Forum © 2016 The Eurographics Association and John Wiley & Sons Ltd.



R. Chen & C. Gotsman / Complex Transfinite Barycentric Mappings with Similarity Kernels

2mi r
yields a g which is always holomorphic. If f is the boundary
mapping of a holomorphic function, then g = f, otherwise g is
the projection of f onto the linear space of holomorphic func-
tions.

9(2) =iff(w)dw
C

When used in the discrete barycentric setting, Cauchy coordi-
nates always generate a conformal map which does not always
interpolate the given target boundary. Nonetheless, it is interest-
ing to observe that for these special coordinates, the similarity
kernel is identical to the Cauchy kernel:

1 ((fdr—rdf) 1 (f 1 _ B
2_7l'l'£—7‘ —Z—mi;dw—z—midf—g(Z) 0
=9(2)

6. Relating the barycentric kernel and the similarity ker-
nel

In the previous two sections we introduced the concept of a sim-
ilarity kernel as a simpler alternative to the conventional barycen-

tric kernel. In this section we relate between the two.

6.1 The differential equation

Theorem 12: If B is a barycentric kernel (generating f using the
complex dw contour integral), and o satisfies

Bdw = 20dw + rdo
then o is a similarity kernel corresponding to B.

To illustrate, it is easy to use Theorem 12 to verify that for the

Cauchy kernel B, = ﬁ, we have B = a¢. It is also easy to

verify Theorem 9, namely that both ¢ and a(z)o + % corre-

spond to the same B.

Now let us examine a little more closely the mean value similarity

1 _3_1 .
kernel: o)y = — = r 27 2. Observing that

||
3 _5__1 1 3__3 1(3dw , dw
doyy = —grer 2dw —gr T 2dw = _5(r2_|r|+W)’ The-
orem 12 implies
l/dw dw
Byydw = 20yydw + rdoyy = E(m - m)
i dw
(2]
7| r

So that, by Theorem 1(d),
ffB d '3§f11 (dw) 'fflda
w=i¢ f—Im(—)=id f—
¢ ¢ Il r ¢ Il

which is equivalent (up to normalization) to Belyaev’s [Bel06]
mean-value integral (9).

7. Inverting Barycentric Maps

We now present an application of similarity kernels, which arises
when using barycentric mappings in a real-world application.
Suppose we wish to render a deformation of a digital image given
within a source contour, where the deformation is described using
a barycentric mapping of the interior of the source contour to the
interior of a target contour. This rendering is typically done using
texture mapping, which involves generating the resulting image
one pixel at a time. For each such pixel in the resulting image, the
so-called pre-image of the pixel in the source image is found and

© 2016 The Author(s)
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this area is filtered. In order to determine the pre-image, it is nec-
essary to invert the mapping.

Inverting a barycentric mapping is not straightforward. The sim-
plest version of the problem — inverting the bilinear map of a unit
square — has been treated since these mappings are frequently
used in computer graphics. The exact solution reduces to a quad-
ratic equation, which involves computing a square root [Quil6].
While this in principle should not be difficult, it is known to suf-
fer from numerical imprecision in single-precision shaders. Thus,
in practice, the bilinear map is inverted using an iterative algo-
rithm. The interested reader is referred to details in [S14].

We are not aware of any existing algorithm to invert a general
barycentric mapping. We now describe an iterative Newton algo-
rithm which achieves this, taking advantage of the similarity ker-
nel concept. Given u = f(z), and assuming f is injective, we
would like to compute z, namely solve the equation u — f(z) =
0 for z. The Newton method over the field of complex numbers
implies the following iteration scheme, given an initial guess z:

(u - f(Zn))a - (u - f(Zn))b

Zn+1 = Zn |a|2_ |b|2 (17)
where the key quantities are the gradients of f:
of of

a= a(zn)' b= ﬁ(zn)
The observant reader will note that the expression |a|?> — |b|? in
(17) is the Jacobian of f at z,,. Computing the gradients of f as a
linear combination of gradients of the traditional barycentric co-
ordinates is not that easy, and the formulae for the mean value
case, when using the usual barycentric formulae, as derived by
Thiery et al. [TTB14] for the discrete case and by Dyken and
Floater [DF09] for the transfinite case, are quite complicated.
While numerical computation of the gradients is a possibility, it
is always better to use analytic formulae, especially if they are
simple. Indeed, the main advantage of using our similarity and
anti-similarity kernels is that the resulting formulae are quite sim-
ple. This is thanks to the fact that the mappings involve integrals
using only the dw and df differentials, which are independent
of z, thus permit differentiation under the integral sign. Contrast
this to Belyaev’s formula (9) for the mean value mapping, which
although simple, involves the d@ differential, which depends on
both w and z, thus cannot be differentiated under the integral sign.

We proceed by exploiting the similarity and anti-similarity kernel
formulations (12) and (15), differentiating under the integral sign:

_of _ 90 ﬁca(fdw_rdf)

O W(w)
5 do
_ $.5, fdw —rdf) + §,odf ~ $.o(fdw —rdf) §. 57 dw
.‘ﬁc odw (ﬁc wa)z

- ﬁcadw
6~ F@) Zdw + 6, (0 - 927) af
- sﬁcadw

_of . _ 9 ($alfdw—7df)
b=—-() _G_Z<CS5T>
G @) Baw+ § (o« - 327)af
} Sﬁcadv_v

These expressions may be significantly simplified for the three-
point coordinates, as follows:

(18)

(19)
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Laplace: Recall that o = % Thus
do 1 ( 1) 1 a?
oz h2\ 2/ 2nr2 2

3 1
Mean value: Recall that ¢ = # =r 27 2. Thus
do _ 3 5 1 3 30
2r

E = Er 27 2 = Er_2|r|_1 =
Wachspress: Recall that o = # From
W

= 1(_ aw d -
h= —(r - —Wr) we conclude that 2 — = |r|? — 2rh, so
2 dw dw

_ 1dw -1 —
—_-2(_ 22 — 2 _ 2
=—0 ( 2rh+r ZdW) o <2rh 2|r| +rh)

_ 1 3 1
— 2 o2 = a2 (2
g (3rh 2|TI ) g (Jr 2|r| )

30 o?|r|?
T2
In all of the above, a« = &, thus
da a6 /0oy
9z 0z (&)

The same method applies to the discrete (polygon) case using the
y; functions of (5): Denoting

TE W= 2,6 = Wi — W, & = fiug — fj

N

4., 1y s _ 5 0
_Of(z) 9 %Sy _Zfe]-yl +2iSia; —fLigy

9z 0z Xjv; N
é; ay;
_Zj(e—j.Vf*'(Sj—f)a—Z])
- X
é 9 _ 9
_ofz) 9 z,-A,.y,-_Zf(?,Vf”fﬁ— E)
-0z 0z %7 Y7
é; dy
Zj <3=ij +(4;-f) (a—zj)>
- 27

For the three-point coordinates, (6) implies

i (Il Il
yi==—"—"——"
Do\ s

resulting in

7 P 5 U P Y e
0z 2 f_lj Tj41? 7’]-2 Zf_ljzej Tj+1 Tj

In particular, for the Laplace coordinates (p = 2), this simplifies
to

and for the Wachspress coordinates (p = 0):

'y. = —
TRyt

7.1 Experimental results

We implemented the Newton-Raphson scheme described above
for inverting injective transfinite mean value mappings. The iter-
ation was initialized using the reverse mean value mapping, i.e.
the mapping obtained when the roles of the source and target con-
tours are reversed. Of course, this mapping can be arbitrary far
from the desired inverse, and will typically not even be injective.
Nonetheless, it serves as a good initialization. We did experience
some numerical instability, especially in regions close to the
boundary (where the kernels are singular), which may be some-
what mitigated by making smaller steps (e.g. by making just half
the step size implied by (17)). Figs. 4 and 5 show the convergence
of the iteration on two example inputs. In both cases, we show
the source and the target contours with the mean value mapping
between their interiors computed on a triangulation of the source
domain (a constrained Delaunay triangulation generated by the
Triangle library [She05] based on a polygonal sample of the
source contour), meaning that the mapping was computed on the
vertices of the triangulation and then linearly interpolated within
each triangle. We then applied the inversion algorithm on the ver-
tices of target triangulation in an attempt to reproduce the vertices
of the source triangulation. The contour integrals required for the
computation of a and b in (18) and (19) were computed using a
simple sum, sampling the contours at 10,000 points. The itera-
tions are numbered, with 0 meaning the initialization to the re-
verse mean value mapping. The source was texture-mapped using
a color code reflecting distance from a central point to illustrate
the mapping. We measured the approximation of the inverse by
the average distance between the source vertex and the inverse
computed on the target vertex. As is evident in the figures, the
iteration converges in less than 6 iterations, with the approxima-
tion measure dropping more than 4 orders of magnitude. This is
consistent with the theory that Newton-Raphson converges at a
quadratic rate under very mild conditions on f [SMO03].

8. Conclusion

We have showed how complex-valued algebra simplifies the ex-
pression of barycentric kernels in the plane, and even more so
when we use similarity kernels instead of the traditional kernels.
This allows us to express the transfinite versions of the popular
three-point coordinates very simply and invert the resulting map-
pings efficiently.

It would be interesting to determine which other transfinite bary-
centric coordinates can be expressed simply using similarity ker-
nels, and if this is related to them (not) being pseudo-harmonic.

Although complex-valued algebra is not natural in 3D space,
there are still analogous expressions using 3D vector calculus,
and we wonder whether a similar formulation to that presented
here could be extended also to higher dimensional spaces.
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Source Target 0
2.1e-2
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3.1e-3 2.8¢-4 1.8e-5

4 5 6
2.1e-6 1.9¢-6 1.9¢-6

Figure 4: Inverting the transfinite mean value map. (top left and mid-
dle) Map between two corresponding planar contours (the numbers
on the contours are a sample of the correspondence) computed at the
vertices of a triangulation of 446 vertices including a boundary of 110
vertices. (0-6) Iterations of the Newton-Raphson inversion algorithm
applied to the target, initialized to the reverse mean value map. The
numbers are the number of iterations and the average distance of the
vertices from those of the source. The contours diameter is 1.15.

Source Target
0 1.0e-1
1 9.8e-3 2 3.3e-4 3 2.6e-6
4 1.2e-6 5 8.1e-7 6 1.0e-6

Figure 5: Inverting the transfinite mean value map. (top left and mid-
dle) Map between two corresponding planar contours (the numbers are
a sample of the correspondence) computed on the vertices of a triangu-
lation of 386 vertices including a boundary of 125 vertices. (0-6) Itera-
tions of the Newton-Raphson inversion algorithm applied to the target,
initialized to the reverse mean value map. The numbers are the number
of iterations and the average distance of the vertices from those of the
source. The diameter of the contours is 1.37. Note the inverted
(“flipped”) triangles during the first few iterations.
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Appendix: Proofs of Theorems

Theorem 1: Let C be a planar curve in counter-clockwise ori-
entation, and z a point within C. For any point w € C, denote
r=w —z,0 = arg(r), namely r = |r| exp(if), A = the
(signed) area swept by r, and h = the difference between z and
the tangent to C at w. Then

(a) h(w,z) = %(r - Z—gf)
(b) hdw = —hdw = ilm(rdw),

(r — h)dw = Re(rdw)
(©) dA = §|r|2d9 = %Edw = %Im(Fdw)

@  df=—itdw=1Im (%) = m (%),

|r|? r r

dw
lengl = Re (T)

(e) 5ﬁch dw = 2iAre;(C) = gﬁcv_v dw
w
) Re(%) =0
r —
(© Red(;) ‘dt ,
— awy dae _ _ta(rL
(h dlrl = |r|Re( r ) Irl ~ rd(lrl)
. oh _ R _
@ 920z 0z0z
Proof:
- st = 2
(a) The unit vector tangent to C atw is t = Tl thus t = i

Now since the point u on the tangent closest to w satisfies
2% _ ¢ and also ﬁ = it, this implies w —u = t>(W —u)

lw—u|
and h = u — z = t2(Z—u). Subtracting these two identities re-
sults in (a).

(b) Since h and dw are orthogonal:

h o dw
= ===
|R| |dw]
Thus, by squaring both sides of the equation:
hdw = —hdw

But also, using the expression (1) for h
1
hdw = 3 (rdw — dwr) = ilm(rdw)
and then
(r — h)dw = rdw — ilm(rdw) = Re(rdw).

(c) The connection to dA is by definition:

1
dA = E |T|2d0
or, since h is the height of the base dw:
1_
dA = —hdw
2i

which, by (b), gives also:
1
dA = EIm(FdW)

(d) An expression for d@ is obtained by comparing the first ex-
pression in (c) to the second:

de = ;R d
= L|7”|2 w

Moreover, observe that v = |r| exp(if), thus
logr = log|r| + i@
So

dar
- = dlogr = dlog|r| + id6
Implying:

dlog|r| = Re (g) df =1Im (?)
(e) Applying (b) and (c):
jﬂi‘l dw = ijﬂlm(fdw) =2i jﬂdA = 2iArea(C).
The areacenclosed b}E the contour C is Calso well known to be ob-
tained as Zil §wdw.

(f) Applying (b), namely, that h and dw are orthogonal:
(dW) _ Re(hdw) _ 0
R/ h2

(g) Since, by (a):

|h|2—l ||2—R(2—dw) = Re(7h) = Re(rh
=5 erdw—er—e(r)
we conclude that

R (z) _ Re(rh) |

WTThE T

(h) An easy consequence of (d) is:

dw
dlr| = |rldlog|r| = |r|Re (7)
thus
id(r ) _drldr=rdl|r] i (dr d|r|>

L T N Y A

gl 5 rel) = ()

_db

7|

(i) For any w, h(w, z) is an affine function of z, thus harmonic
inz.m

Corollary 1: The polar dual of a contour relative to a point z is

=e

Proof: The polar dual relative to z at contour point w is defined
as the vector p orthogonal to dw having unit scalar product with
r = w — z, namely Re(pdw) = 0 and Re(pr) = 1. Comparing
this to Theorem 1(f) and Theorem 1(g) implies p = % n

Corollary 2: If C is the unit circle, then
r
h(w,z) = wRe(rw) = wRe(rw) = wRe (;)
= w(l - Re(wZ))

Proof:
On the unit circle — = w, hence dw = —d—‘: and d—‘f = —w?, im-
w w daw
plying:
h_l( dw_)_l( F W) = w3 (W + wi)
—zr dvT/r —zr weT —WZTW wr )
= wRe(fw) = wRe(rw) = wRe (—)
w
= WRe((w — Z)W) = w(l — Re(wz‘))
[

Corollary 3: On the unit circle, the (un-normalized) Poisson ker-
nel is
Kpds = ! de
PE T
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Proof: By Corollary 2, on the unit circle

|h| = |Re(fw)| = Re(Fw).
The last equality is because the angle between the vectors r and
w is always acute. Using Theorem 1(d), the fact that dw = iwds,
and Corollary 2 again:

4o = —i 4 _wi_zd _Re(fw)d
CETRES T T
So, combining the two:
! de ! d
— dB = ——ds
1 |2

which is the (un-normalized) Poisson kernel (11). m

Theorem 2: A similarity kernel o reproduces a given boundary
mapping f(w) of dC iff the following conditions are satisfied for
every u € 9C:

(a) lim | §.a(w,z)dw| = oo
zZ-Uu
(b) lim | §.ro(w,z)dw | < oo
VA
(c) Vx #u lim|o(x,z)| < o
zZ-ou

Proof: Consider any u € 9C

d
lim fo(w, 2)a(w,z)dw = limf (f(w) — r—f) o(w, z)dw
z>u J z>u J dw

= lim ff(w)a(w, z) dw
zZ-u c

—lim ¢ ra(w, z) df
zZ-Uu I
We may neglect the second term relative to the first because of
(a) and (b):
_ $. 5w, 2)a(w,2)dw  § f(w)a(w,z)dw
zoon gic o(w, z)dw = gic o(w, z)dw
Define §(x) on dC by:

6(x) = lim (935 o(x,2) )

lim o(x, z)
Z-U

z~u\§_o(w,z)dw ~lim $.a(w, z)dw
zZ-u
Now (a) and (c) and the fact that gic 6(x)dx = 1limply that & be-
haves like a delta function centered at u, thus
Sy (2)o(w, z)dw
S5 @0 D _ § F08Cdx = £
u § a(w,z)dw c
[

Theorem 3:

(3) Every similarity kernel o reproduces similarity transfor-
mations.

(4) Every anti-similarity kernel a reproduces anti-similarity
transformations.

Proof:
(1) It suffices to prove for f(z) = z:

fa(w, z)Sy(w, z)dw = f o (fdr —rdf)
c c

=5£a(wdw—rdw)=fazdw=z§adw
c c c

Hence
. 0Spdw
§.odw
(2) It suffices to prove for f(z) = Z:

ﬁa(w, z)Ar(w, z)dw =§a (fdr —rdf)
c c

=§a(vT/dvT/—de_v) =faz_dv_v=z"§adv_v
c c c
Hence

© 2016 The Author(s)
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¢C aAde _
$adw z
|

Theorem 4: A similarity kernel o reproduces affine transfor-
mations iff (for every z € C)

fcr(w, z)h(w,z)dw =0
c

Proof: It suffices to prove reproduction for f(z) = z. Define

9(z) = iandw =£a (f —r%) dw = £O' (wdw — rdw)

Now, from Theorem 1(a) we have:
2hdw = rdw — rdw

thus
g2 =z‘fadw—2§ahdv_v
c c
So
9(2) =Z'fadw
c
iff
fodez 0
c

implying the Theorem. m

Theorem S: o is an affine reproducing similarity kernel iff ¢ is
an affine reproducing similarity kernel.

Pr_oof: We use the fact that ¢ = 0 iff ¢ = 0 and that hdw =
—hdw (as shown in Theorem 1(b)):

fade: 0 iff f&ﬁdw =0 iff —f&hdw =0

c

Cc Cc
||

Theorem 6: Any similarity kernel of the forms:

o(w,z) = =L integer k + 1
1
o,(w,z) = T integer k # 1
1
os(w, k) = T
1
a,(w, k) = W

is affine-reproducing.

Proof: Since o, and o, are conjugates, and g5 and g, are conju-
gates, it suffices to prove the theorem for o, and o3 and the theo-
rem for g, and g, will follow by Theorem 5. Let us check the
condition of Theorem 4:

_ 1 _ 1
ﬁalhdw = fcﬁhdw = ﬁr—kdw
which, by Cauchy’s integral formula [Ahl79], vanishes iff k # 1.

By Theorem 1(d) and Theorem 1(h):
U S
f@hdw = f—hdw = —lj& —|r|?dg =i p —db
c clrir clrir c T
Irl* (T ||
- —Zd(—)zjgd — =0
c T |7 c r
Theorem 7: If a similarity kernel o satisfies

Re(odr) + dRe(or) = 0
then a corresponding anti-similarity kernel is a = &.
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Proof: Define

B $ oSpdw
Skt v
. GArdw

g(2) = W

We have to prove that f(z) = g(z). Indeed, denote D = fﬁc odw,
then, by the premise on o

Re(D) = Re <§0dw> = —Re (fd(ar)) =
C C

so D = —D. Then
B $ a(fdr —rdf) B $. fodr — §_ordf

D - D
and
B gﬁc a(fdr —rdf) B gSC fadr — 5f>'c aordf
- -D - -D
So

D
E(f -g)= fche(adr) - fcdf Re(or)
=— fdee(ar) — fdf Re(or)
C C
- fd (fRe(ar)) =0 [
C

Theorem 8: Under the conditions of Theorem 7, if ¢ reproduces
f, then o reproduces f.

Proof: Since Theorem 7 implies
f = §a(far —rap)
we have (by conjugation) ‘
= § o(fdr —rdf)
c

namely, that o reproduces f. m

Theorem 9: If ¢ is a similarity kernel of a barycentric mapping,

then so is 0’ = ao + %, for any complex functions a(z) and
T

b(z) that depend only on z.

Proof: If o is a similarity kernel of f, then
%U(fdr —-rdf)=f fadw
C C
For o'

fca'(fdr —rdf) = 55 (aa + ) (fdr — rdf)
= £<a6+b) zd(f)
= —afarzd bf

- q jﬁc ord (’;) =a fc a(fdr —rdf)

But
ffca'dw=fj€(a0+r%)dw=af£0dw+bf£i_‘;v

=af f agdw
C
The last equality is by the Cauchy Theorem [Ahl79]. m

Theorem 10: The similarity kernels of the three-point barycen-

tric coordinates are:

1

e Laplace: g, = W
1

e  Wachspress: oy = E—rlz

e Mean value: oyy = e

Proof: The transfinite three-point similarity kernels are continu-
ous, and their analogous discrete y; functions, as specified in (5),
are defined on the edges of a polygonal contour C = [wy, .., w,].
These y; functions are obtained by integration of o over the j’th
edge [Wj, Wj+1]. Note the key fact that, for a given z, the height
function h(w, z) is a constant h(z) over the entire edge, and also
perpendicular to that edge e; = w;,; — w;. We also use the nota-
tion 7; = w; — z. Note that e; = r;,; — 1;. Thus the area of the

. . 1 i -
triangle formed by z,w; and wj is 4; = Elhllejl = %hej =
i _ 1, _ _
=z hep = Im(547) = 5 (a7 = 17a7)) = Im(7e;) =
17 _ _ 1, _
5 (Fie —138) = Im(fj41) = 5 (Fje16) — 17418))-
So, for the Laplace kernel:
fwjﬂ dw Wi~ W _ ¢ _ &8
Yi= R h h hg

Wj

For the Wachspress kernel:

f“’fﬂ dw fwm dw 1 ( 1 1)
Vi = = = |—
/ wj r2 h h r)’+1 T}

g ( 1 1\ g ( 1 1>
- B I A
Che\n 1) 24\ T

For the mean value kernel:

Wi+t dw Wijt1 dw
A
wj Irir wi (z—w w)2(z—w)2
We use the fact that w = aw + b on the line segment to solve the

integral:
Wijt1

1
27=wW)2

(z —W)%(az+ b—2) w

2 |z — wl]wj+1

_(az+b—z")(z—w)w

_ —2 |14 _ m
(az +b—2)\ 141 T

w; — —Z we have
e;j

. &
Sincea =-Zand b =
€j j

pe (el b
TGzt W —wig — gZ) \Tjv1 T

_ —2¢ <|rj+1| _m> _ 2i<|rj+1| _M)
i(fe—gm)\ e 7 24j\ Tk T

This shows consistency with (5), up to normalization constants.
]

Theorem 11: The similarity kernels of the Wachspress mapping
and the Laplace mapping are equivalent on the unit circle.

Proof: For the unit circle we have w = % and |w| = 1. By Cor-

ollary 1:
h = wRe(7w)
therefore
h = wRe(7w)
© 2016 The Author(s)
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s0 % = w2, Also by Corollary 1,

wZ +wz 1
h =W(1—7> =-(2w - zw? — z|lw|?)
2 2
= E(ZW —zZw? — 2).
So:
1w w-2P+zQw-zw?—2) 1
W T 2 1—|z|? hr?

1 r? +2zh
T 1—zI? hr2

! (1+ZZ>
T 1—|z|2\h " 12

which, by Theorem 9, is equivalent to the Laplace similarity ker-
1
nel o, = L
Theorem 12: If B is a regular barycentric kernel (generating
f using the complex dw contour integral), and o satisfies
Bdw = 20dw + rdo

then o is a similarity kernel corresponding to B.

Proof: First we show that:

%Bdw = fﬂdw

C o

Indeed:
dew = %(Zde +rdo) = f 20dw + 3§rd0
c c c c

= j& odr + fd(ar) = fadw
c c c

Now, to prove the theorem:
() 556 odw = £(2) 3@(: Bdw = ﬁ Bfdw = £ FQodw + rdo)
- jgcafdr + jgc(afdr +rfdo)
- j&cafdr + ifd(ra) - jﬂcafdr + jﬂcd(mf) - j‘)crodf
- jgcafdr 10— £radf

= fca(fdr —rdf) = ﬁan
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