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Precision measurements on the hydrogen molecule are of fundamental importance in understanding
molecular theory. Comparison of accurate experimental data and theoretical results are used to test the
quantum electrodynamics theory and determine physical constants used in the calculation. We review
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1. Introduction

The hydrogen molecule, as one of the simplest and calculable
two-electron systems, is a benchmark for quantum theory of
chemical bonds. In 1927, Heitler and London calculated the
dissociation energy of the electron ground state by solving the
Schrédinger equation of the hydrogen molecule." The work
successfully revealed the nature of molecular bonds based on
quantum mechanics, which announced the beginning of mod-
ern quantum chemistry. In principle, energy levels of the
hydrogen molecule (and its isotopologues) can be calculated
with high precision based only on quantum electrodynamics
(QED) and some fundamental physical constants, such as the
Rydberg constant Ry, the fine structure constant o and the
proton-to-electron mass ratio mp/me. In the past, it was thought
that the calculated energy levels of the hydrogen molecule
could hardly reach a precision comparable to that of the
hydrogen atom. The main difficulty comes from calculating
QED corrections up to the order of «*Ry and the exact solution
of the non-relativistic Schrodinger equation for the hydrogen
molecule. However, recent progress in both issues indicates
that the vibration-rotation state energies in the electronic
ground state of the hydrogen molecule could be calculated to
the order of 107® em™".>* At this precision, the comparison
between theoretical and experimental results can be used to
test the QED theory," determine fundamental physical
constants,”® and even search for new physics beyond the
Standard Model.>” Moreover, due to the overlap of the electron
orbital with the nuclei, the finite-nuclear-size (FNS) effect also
yields a measurable contribution to the energies of molecular
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recent advances and perspectives in the precision spectroscopy of molecular hydrogen, representing
state-of-the-art molecular spectroscopy methods and cutting-edge high-precision calculations.

hydrogen. Consequently, precision spectroscopy of molecular
hydrogen provides an alternative way to solve the long-standing
“proton size puzzle”.?

As a homonuclear diatomic molecule, H, (and also D,) has
no electric dipole moment transition (E1) in its electronic
ground state, but very weak electric quadrupole moment transi-
tions (E2). Measurement of absorption spectra of H, has been a
challenging and interesting target for spectroscopists in the
past decades. Hydrogen and its isotopologues are classical test
species for theoretical calculations not only for transition
frequencies and energy levels but also for line intensities. The
quadrupole transition probabilities of hydrogen can be calcu-
lated with highly accurate electronic potential energy curves
and electric quadrupole moment curves which makes it an
extremely tractable quantum mechanical subject. There could
be significant deviations as expected between the calculated
state energies for high V and J states and the refinement is
performed typically through an empirical fit to experimentally
accurate state energies. The recent calculations of Roueff et al.
provide the full infrared spectrum of molecular hydrogen at an
unprecedented accuracy in which the quadrupole moment
function was obtained using the Born-Oppenheimer potential
energy including several higher-order correction terms.’ For the
first time, the emission probabilities of both electric quadru-
pole and magnetic dipole transitions were derived in this work.
Moreover, the hydrogen molecule is also the most abundant
neutral molecule in the universe and dominates the atmo-
sphere of gas giants in the solar system and beyond.
Laboratory-measured spectral data of the hydrogen molecule,
including transition frequencies, intensities, and related tem-
perature-/pressure-dependent spectroscopic parameters, are
the basis for modeling the planetary atmospheres.'®'" Spectral
analysis based on these spectroscopic parameters led to the
previous discovery that hydrogen is the main component of the
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atmospheres of Jupiter, Saturn, and other planets,
more accurate data is demanded to improve the analysis.

It is well known that the Voigt profile leads to significant
deviations concerning spectra with high signal-to-noise ratios,
hence IUPAC recommends the Hartmann-Tran profile (HTP) to
interpret line profiles of high-resolution spectroscopic
transitions,"* and the HITRAN database has implemented
non-Voigt profiles of H, since HITRAN2016.">'® However, the
implementation of the HTP requires taking into account var-
ious effects such as Doppler broadening, pressure-induced
broadening and shifting, and additional collisional effects
which include Dicke narrowing, speed-dependent collisional
broadening and shifting, the correlation between velocity-
changing and dephasing or state-changing collisions. There
are strong correlations between these parameters in adopting
HTP in fitting experimental spectra in various studies and
applications.”” Doppler-limited spectra of molecular hydrogen
become an ideal test case for the line shape theory since both
velocity-changing and speed-dependent effects resulting from
molecular collisions are exceptionally pronounced here.'®"?
Moreover, absorption lines of hydrogen are well isolated which
excludes the influence of other nearby transitions, and ab initio
line-shape calculations from quantum mechanical scattering or
classical molecular dynamic simulations (CMDS) for hydrogen
have been established.>>*' Therefore, high-resolution spectro-
scopy of the hydrogen molecule also presents an excellent test
ground for line profile models.

Here we review the latest progress in precision spectroscopy
of the hydrogen molecule. The second section introduces the
theories and high-precision calculation of energy levels of the
hydrogen molecule. The third and fourth sections present
spectroscopy of the vibration-rotation transitions in the elec-
tronic ground state and electronic transitions, respectively.
Conclusions and perspectives are given in the last section.

2. Theoretical energy levels

In 1927, almost one century ago, Heitler and London" first
derived the dissociation energy of the hydrogen molecule H,
using the variation method, but the result has a considerably
large deviation, about 2 eV less than the experimental value.
Several years later, James and Coolidge®>*® dramatically
improved the calculation accuracy and gave a value of D, =
4.454(13) eV, which is only 0.024 eV higher than the present
accurate value. In the 1960s, Kolos and Wolniewicz took
systematic calculations of rovibrational energy levels in the
electronic ground state of H, (and other isotopologues) within
the framework of the adiabatic approach.>® By taking into
account adiabatic and relativistic corrections, they obtained a
dissociation energy of D, = 36117.4 cm ' for H, with uncer-
tainties below 1 cm™'.252® However, the value was 3.8 cm ™!
larger than the experimental value given by Herzberg and
Monfils in 1961, which contradicts the variation principle.
The puzzle remained for one decade until Herzberg?® and
Stwalley>® reported new experimental values, which were
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36118.3 cm™ " and 36118.6(5) cm ™", respectively. Kotos, Wol-
niewicz and their colleagues continued to improve ab initio
calculations of the energy levels of the hydrogen molecule.**™
In 1993, Kotos and Rychlewski reported*® a theoretical disso-
ciation energy of 36118.049 cm ™ for the ground state H,, and
the value reported by Wolniewicz*"** was 36118.069 cm .
After that, high-order relativistic and QED corrections were
included in the calculation, and the precision of theoretical
calculations of the energy levels of molecular hydrogen was
successively improved in recent two decades by Pachucki and
his colleagues.”*°>°°?
Energies of the hydrogen molecule, as of any light bounded
system, can be expanded® in powers of the fine structure constant «,

E(CZ) = O(ZE(Z) + OC4E(4J + OCSE(SJ + OCGE(G) + 17E(7)+. o (1)

The leading term E® is the non-relativistic energy, which has
been calculated to a precision at the 10~° cm™" level for the
ground electronic state> using the explicitly correlated expo-
nential (ECE) basis functions. For the calculation for a highly
excited state, the nonadiabatic perturbation theory (NAPT)
gives an accuracy of about 10* em™*.5%%3

The next coefficient £ is the leading relativistic correction.
It has been calculated for the ground electronic state ('Z)
using the nonadiabatic explicitly correlated Gaussian (ECG)
functions with a precision below 10° cm™".°* The excited state
can be calculated with NAPT to about 10~ cm ™ *. Regarding the
leading quantum electrodynamics correction E®), it has been
calculated within the Born-Oppenheimer (BO) approximation,
which contributes the leading uncertainty of 2 x 10~* em ™" to the
calculated result. The next-order correction E® is also known
within the BO approximation, giving an uncertainty of the order of
10 cm 1% The last term £7) has been estimated according to the
atomic hydrogen values, and the uncertainty is at the order of
107> em ™!, giving the second largest contribution to the uncer-
tainty budget. Further corrections like the finite nuclear size have
been estimated with an accuracy below 10 ecm ™.

Using the NAPT method, Pachucki and his colleagues cal-
culated the ro-vibrational state energies®>°>°” and dissociation
energy’"®* of molecular hydrogen in the electronic ground state
with an accuracy of about 0.001 cm™". The dissociation energy
of H, was calculated to be 36 118.0695(10) cm ™", agreeing well
with the experimental result of 36118.0696(4) cm ™" given by
Liu et al®°® The independent calculation without using the
Born-Oppenheimer approximation is also helpful to check
both theoretical and experimental results.®® The list of transi-
tions of H, and HD given in the HITRAN database’ is also
based on these calculated results. The most recent™ theoretical
D, value of H, is 36118.069632(26) cm !, and respective
values®” for D,, T,, HD, HT and DT are given in Tables 1 and
2. The theoretical treatment for HD is the same as that for H,
and D,, a much larger (more than 3¢) discrepancy between the
experimental and theoretical dissociation energies of HD® is
found and later resolved with carefully analyzing the g/u-
symmetry breaking of the Rydberg state during the process of
obtaining the dissociation energy.”® On the other hand, the
comparison of the vibrational transition energy between theory
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Tablel Some precise frequencies of H,, D, and T,. The Raman, Doppler,
Beam, CARS and Lamb dip mark the Raman spectroscopy, Doppler-limited
spectroscopy, beam experiment, coherent anti-Stokes Raman spectro-
scopy and Lamb dip measurement, respectively

(V, N') « (V, N) Frequency, MHz Note Ref.
H,
(0,1) « (0, 0) 3552145.28(4) Cale. 73
3552144.0(15) Exp. 74
3552145.0(30) Exp. 75
(1,0) < (0, 0) 124748 622.0(8) Cale. 73
124748 629.1(45) Exp. 76
(1,1) < (0,1) 124 571 373.89(78) Calc. 77
124 571374.73(31) Exp., Raman 78
(2,2) < (0,0 252016 358.5(15) Cale. 77
252016 361.16(6) Exp., Doppler 79
(2,3) < (0,1) 257 947 882.1(15) Cale. 77
257947 884.67(3) Exp., Doppler 79
(3,5) « (0, 3) 376 531814.7(24) Cale. 73
376531814.1(16) Exp., Doppler 80
Dy™° 1082792 487.3(8) Calc. 59
1082792 486.5(9) Exp. 81
Dy 1079240 344.3(8) Calc. 59
1079240 344.2(7) Exp. 82
1079240342.4(3) Exp. 74
D,
(1, 0) < (0, 0) 89746381.31(27) Cale. 83
89746381.7(45) Exp. 76
(1,3) < (0,1) 94925100.0(4) Cale. 73
94925 100.487(17) Exp., Beam 84
(2,2) < (0,0) 180914 269.04(72) Cale. 73
180914 269.55(30) Exp., Doppler 85
(2,4) « (0,2) 187104 298.90(63) Cale. 83
187104 300.04(39) Exp., Doppler 86
A 1101688187.4(8) Cale. 62
1101688185.6(6) Exp. 87
T,
(1, 0) « (0, 0) 73883 975.7(18) Cale. 88
73 883 969.4(200) Exp., CARS 89
(1,1) < (0,1) 73 849 326.0(18) Cale. 88
73 849 320.3(126) Exp., CARS 89
Dy~° 1110086 390.5(8) Calc. 62

and experiment shows a disagreement about 2 times standard
deviation,”"”? indicating more investigations are necessary. As
a summary, some of the recently calculated ro-vibrational
frequencies are also given in Tables 1 and 2.

If a precision of 107 em™" could be achieved in the calcula-
tion, uncertainties in present fundamental constants like the
proton-to-electron mass ratio or the proton charge radius will
play a role.'® Therefore, precise energies of molecular hydrogen,
alternative to atomic hydrogen, can be explored to determine
these constants from properly selected transitions. The depen-
dence between a particular transition frequency v and a physical
constant C could be interpreted with a coefficient:

g ®
As an example, the f§ coefficients for the R,(1) transition (J=2 « 1,
V = 2 « 0) of HD have been calculated by Pachucki and
Komasa,'”" and they are given in Table 3 together with the
CODATA 2018'” recommended constants. If the theoretical
calculation agrees with the experimental measurement with an
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Table 2 Some precise frequencies of HD, HT, and DT. The experimental
methods are marked as in Table 1

(V, N) « (V,N) Frequency, MHz Note Ref.
HD
(0,1) < (0, 0) 2674 986.073(18) Cale. 83
2674 986.094(24) Exp., Lamb dip 90
(1,0) < (0, 0) 108 889 429.4(6) Calec. 83
108 889 433.0(66) Exp. 76
(1,1) < (0, 0) 111448 814.5(6) Cale. 73
111448815.477(13) Exp., Beam 91
(2,2) < (0,1) 214905 333.3(11) Cale. 77
214905 335.185(20) Exp., Doppler 92
(2,2) < (0,1) 217105 180.2(9) Calc. 83
217105 181.901(76) Exp., Doppler 93
217105 181.901(50) Exp., Lamb dip 94
217105 182.11(24) Exp., Lamb dip 95
217105 182.285(27) Exp., Lamb dip 71
217 105 181.898(20) Exp., Doppler 92
(2,0) < (0,1) 209 784 240.1(10) Cale. 73
209 784 242.007(20) Exp., Lamb dip 96
(2, 3) < (0,2) 219042 854.9(9) Calec. 83
219042 856.621(28) Exp., Lamb dip 97
(2,4) < (0, 3) 220704 303.2(9) Cale. 83
220704 304.951(28) Exp., Lamb dip 97
220704 305.23(24) Exp., Lamb dip 95
A 1091417 901.4(8) Calc. 62
1091 417 937.0(108) EXp. 98
HT
(1,0) < (0, 0) 102973 113.1(130) Cale. 88
102 973 087.6(159) Exp., CARS 88
(1,1) < (0, 1) 102 876 046.3(130) Cale. 88
102 876 033.1(159) Exp., CARS 88
Dy~° 1094 608205.6(8) Calc. 62
DT
(1,0) < (0, 0) 82243 316.3(33) Cale. 99
82243 315.4(120) Exp., CARS 99
(1,1) < (0, 1) 82195 060.2(33) Cale. 99
82195 054.5(99) Exp., CARS 99
A 1105 672 994.5(8) Calc. 62

Table 3 Calculated®? coefficients between the R,(1) transition frequency
of HD and the Rydberg constant Ry, the fine structure constant «, the
proton mass my, the deuteron mass myg, the electron mass me, and the
sum of proton and deuteron charge radii squares r? = r4? + rpz. Values of C
and uncertainties 5C/C are taken from CODATA 20182

Constant  Value 3c/C p

Ry 109737.315681 60(21) em™ " 1.9 x 107 1

ot 137.035999084(21) 1.5x107"° 43 x10°°
mp/me 1836.15267343(11) 6.0 x 107" —0.314
malme 3670.48296788(13) 3.5x 107" —0.157

r? 5.2363(63) fm* 0.0012 —2.9 x 107°

uncertainty of 2 x 10~ "', measurement of the transition frequency
will lead to a determination of the mp/m. value with a precision as
same as presented in CODATA 2018.

3. Ro-vibrational spectroscopy
3.1 Doppler-limited spectra

At room temperature, the ro-vibrational transitions of the
hydrogen molecule in the infrared are Doppler broadened to
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several hundred MHz to a few GHz. The accuracy of the
measurement will be mainly limited by the signal-to-noise ratio
(SNR) of the spectrum, which can be roughly estimated by
dividing the linewidth of the transition by SNR. We have
collected the precise transition frequencies of the H, and HD
molecules in Tables 1 and 2 from the literature. Due to space
limitations, only the results with the best accuracy so far are
given here.

H,. In 1938, Herzberg proposed'® to use the quadrupole
transitions of H, to identify the hydrogen content in hydrogen-
rich planetary atmospheres. It was not until 1949 that he
realized the first measurement of the transitions in the V =
3 « 0 overtone band near 0.8 um in laboratory,'®* which is also
the first measurement of molecular quadrupole transitions. He
used a 22 meter-long sample cell containing hydrogen gas with
pressure as high as 10 atm, and an absorption path length of up
to 55 km was realized by 250 passes in the cell. In total, 8 lines
in the V=2 « 0 and 3 « 0 bands were detected with a
frequency accuracy of 10> cm ™.

Since Herzberg’s pioneering work, with the development of
spectroscopic techniques, especially the application of Fourier-
transform (FT) spectroscopy combined with multi-pass absorp-
tion cells, spectroscopy of molecular hydrogen has been
improved in both accuracy and sensitivity. In the 1980s, Jen-
nings and Brault'®® measured FT spectra of pure rotational
transitions of H,. While in the meantime, Bragg et al. presented
the results of 22 transitions of H, to ro-vibrational states of V=
1, 2, 3, and 4 and reported the line intensities, as well as the line
centers and pressure-induced line shifts.'® Ferguson et al.
measured the S(1) line in the V=5 « 0 band using a dye laser
and a White cell,'” which is the highest overtone transition of
H, experimentally measured so far.

In recent years, the emergence of highly sensitive cavity-
enhanced spectroscopy techniques, such as cavity ring-down
spectroscopy (CRDS),"® has greatly advanced the study of weak
molecular transitions. The infrared spectra of molecular hydro-
gen have been detected under relatively low pressures benefit-
ing from that. Consequently, pressure-induced broadening and
shift were reduced, better signal-to-noise ratios were achieved,
and the accuracy of transition frequencies has been signifi-
cantly improved in the last decade. The review of the observa-
tions of H, absorption lines available in the literature up to
2012 is presented in Table 3 of Campargue.®” The first overtone
V =2 « 0 band of H, was measured by the Grenoble group led
by Campargue®” using CRDS, and the second overtone V =
3 « 0 band was measured by Robie and Hodges"'*® and also by
the authors’ group at Hefei.''®'!" Using a highly stable etalon
and the rubidium atomic transition as the frequency reference,
we have successfully improved the frequency calibration accu-
racy around 0.8 um to within 1 MHz,""* and determined the
center of the S(3) line in the V=3 « 0 band with an accuracy of
1.6 MHz (fractional uncertainty 4 x 10~°).%% It is worth noting
that the S; (5) (V=3 « 0,/=7 « 5) transition has a strength of
only 9.2 x 107*' ¢cm mol™', which is among the weakest
transitions observed so far by absorption spectroscopy. For
stronger lines in this band, such as S(1), the line strength
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derived from experimental data''’
result®” within 2%, while the previous measurement
discrepancy as large as 20%.

The collisional effects and their consequences in line pro-
files are exceptionally sound in the hydrogen molecule due to
its large rotational constant and the lack of low-temperature
inelastic channels in H, scattering, which makes it a perfect
subject for testing the collision-induced line shape models.**?
The collision-induced translational velocity changes for Q(1)
lines in pure H, and H,-Ar mixtures were presented with both
ab initio molecular dynamics simulations (MDSs) and the
Billiard-ball (BB) model by Wcisto et al.*® The collisional line-
shape effects of H, lines perturbed by rare gases were investi-
gated by Stowinski et al.'** and Thibault et al.,"** and compared
to ab initio calculations.>*?!

D,. For another homonuclear isotopologue D,, the transi-
tion strength is weaker than that of H,, and fewer infra-red
transitions have been reported. In 1978, McKellar and Oka''®
measured 11 lines in the V=1 « 0 band with a frequency
accuracy of 0.004 cm™ ' using frequency-modulation spectro-
scopy, and determined rotational constants of the V=0, 1 state
of D,. The V=1 « 0 band of D, was also investigated by
Maddaloni et al.'*” using CRDS calibrated by an optical comb.
The V = 2 « 0 band of D, was measured by CRDS by the
Grenoble group.®®®>**'18 Frequencies of several lines in this
band were recently determined with sub-MHz accuracy.®® The
S(1) line in the fundamental band of D, was measured in a
molecular beam by Fast and Meek,** and the transition fre-
quency was determined to be 94 925 100.487(17) MHz, agreeing
well with the theoretical result” of 94 925 100.0(4) MHz.

HD. Because of the mass difference between proton and
deuteron, the HD molecule has a weak electric dipole, therefore
dipole transitions are allowed among vibration-rotation energy
levels of HD.

In 1950, Herzberg first measured 13 electric dipole transi-
tions of HD''? in the vibrational bans of V=3 « 0and V=4 «
0, and the transition frequencies were determined with a
fractional uncertainty of 7 x 10~%. Durie and Herzberg mea-
sured 23 lines in the bands from the fundamental to the third
overtone of HD with the grating spectroscopy.'?° McKellar and
his colleagues'*"'** derived the centers and intensities of 39
lines with the vibrational quantum number up to 6 from FT
spectra. The research group led by Shy from National Tsing Hua
University measured the very weak P(5) line in the V=2 « 0
band.'*® It is worth noting that Drouin et al.’° measured the
pure rotational R(0) line of HD with terahertz spectroscopy, and
the relative frequency accuracy reached 10~ %,

CRDS measurement of HD transitions was carried out for

agrees to the calculated

199 gave a

the fundamental band'** at 2.7 pm and the first overtone
band®*'****” pear 1.4 um. Not only electric dipole transitions
(E1) with selection rules of AJj = +1, but also quadrupole
transitions (E2) of AJ = +2 lines were measured."*

T,, HT, DT. For a long time, due to the radioactive property
of tritium (¢, ~ 12 y), there is a paucity of high-accuracy
investigations on the tritium-bearing species of molecular
hydrogen. The relativistic and QED effects are completely
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unstudied for tritiated isotopologues. Handling tritium-
containing samples in a spectroscopy laboratory is restricted
to minute amounts, thus ruling out the use of molecular beam
techniques, while cavity-enhanced techniques have severe dif-
ficulties in material degradation with tritium exposure. Preci-
sion tests on T,, HT, and DT have been performed with
coherent anti-Stokes Raman spectroscopy (CARS). The CARS
technique offers excellent sensitivity and has been applied to T,
at 2.5 mbars, which is small enough to avoid the risk of
radioactivity. The experimental configuration can be found in
ref. 89. As shown in Table 1, the fundamental vibration split-
ting for J = 0-5 rotational levels of T, has been determined with
an uncertainty of 10-20 MHz, corresponding to a 50-fold
improvement over a previous measurement. The result allows
for the extraction of relativistic and QED contributions to T,
transition frequencies. Later in 2020, similar measurements
determined the transition frequencies of the fundamental vibra-
tional band of HT and DT with uncertainties below 15 MHz**%°
(see Table 2). All measured transition frequencies are in very good
agreement with the latest ab initio calculations based on NAPT
theoretical framework.

3.2 Doppler-free spectroscopy

Precision spectroscopic measurements need to give the transi-
tion frequencies of “free” molecules. However, it is difficult to
eliminate collisions among gas-phase molecules, which leads
to the broadening and shift of the observed spectra. For
molecules in thermal equilibrium, the spectra of molecules at
different pressures are measured and a linear extrapolation of
the obtained frequencies may give the line position at the zero
pressure limit. The linearity has been demonstrated for most
molecules in the pressure range of 10°-10° Pa. However, when
the pressure line shift is much smaller than the Doppler
broadening at low pressures, due to the lack of experimental
precision, no line profile model has been verified to the
accuracy at the 0.1% level of the line width. Therefore, the
reliability of this linear extrapolation is questionable. Wcisto
et al. concluded'® that the presence of nonlinearity at low
pressures may induce a deviation of several MHz on the center
of the S(3) line in the V=3 « 0 band of H,.

In order to reduce the possible deviation caused by the
uncertainty of the spectral line shape, the best method is to
reduce or even eliminate the Doppler broadening. The most
commonly used method is saturated absorption spectroscopy.
The saturation intensity of an infrared transition can be calcu-
lated as:'*®

8nhe I'?
s = 7)737 (3)

where 7% is the Planck constant, ¢ is the speed of light, 4 is the
wavelength of the transition, A4 is the Einstein A-coefficient of
the transition, and I' is the width (FWHM) of the saturated
absorption line. For molecules in a static cell, the width I’
mainly comes from the transit-time broadening, the collision
broadening, and the natural width. When the measured mole-
cular transition is very weak, the natural width is negligible,
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while the transit-time width is around several hundred kHz at
room temperature. Therefore, a very strong laser is required to
saturate the transition. Taking the R(1) line in the V=2 « 0
band of HD near 1.4 pm as an example, the saturation intensity
is as high as 3 x 10° W em™2,

High-finesse cavities used in cavity-enhanced spectroscopy
not only enhance the detection sensitivity but also significantly
increase the intra-cavity laser power, which is necessary for
saturation spectroscopy measurement. Various cavity-enhanced
saturated absorption spectroscopy techniques'****' have been
employed to measure saturated spectra (Lamb dips) of weak
molecular ro-vibrational transitions.

Because of the relatively strong transition dipole and avail-
able mature diode lasers in the near-infrared region, lines in
the V=2 « 0 band of HD are the best candidates for saturated
absorption spectroscopy of the hydrogen molecule. Cavity ring-
down spectroscopy of Lamb dips of HD was first implemented
by the group in Hefei. By using continuous-wave diode lasers of
10 mW and resonant cavity with a finesse of about 1.2 x 10°, an
intra-cavity laser power of about 200 W was realized, leading to
a saturation parameter of about 0.001 for the R(1) line in the
V =2 « 0 band. A Lamb “dip” with a depth of about 5 x
10 em ! and a width of about 0.9 MHz was observed,'’*
which was fitted by a Lorentzian profile and gave the line center
with an uncertainty below 0.1 MHz. To the best of our knowl-
edge, this is also one of the weakest molecular transitions
measured by saturated absorption spectroscopy at that
moment. The same line was also observed by the Amsterdam
group?” led by Ubachs using the noise-immune cavity-
enhanced optical heterodyne molecular spectroscopy (NICE-
OHMS) method."*> However, the position given by the Amster-
dam group differs from that given by the Hefei group by
0.9 MHz, which is almost 10 times the combined uncertainty
of both groups.

Such a big discrepancy has driven considerable efforts to
search for potential causes, either technical or physical. Both
the Amsterdam and Hefei groups have measured a C,H, line
close to the HD line with respectively same methods used to
record the HD spectra, and positions of this C,H, line deter-
mined by two groups agree within 10 kHz. Later an Italian
group at Caserta measured the Doppler-broadened spectrum of
the R(1) line and gave the position as 217 105 181 581(94) kHz."*°
Since the Doppler width of the HD line is about 1 GHz, various
interference needs to be considered in the Doppler-broadened
measurement, including the influence due to a nearby HDO line
which is 410 MHz red-shifted to the HD line. Recently the Italian
group remeasured the spectrum and took into account the
hyperfine structure’**™** in the fitting, and the revised result is
given® as 217105181901(76) kHz. The Campargue’s group’’
measured the Doppler-limited spectrum of R(1) transition at
80 K and gave the position as 217105181 898(33) kHz. Using a
molecular beam, Fast et al.”" reported the R(0) line in the V =
1 <« 0 band and conclude an absolute frequency of
111448 815 477(13) kHz. Saturated spectroscopy of the R(1) line
was also remeasured by the Amsterdam group®* using the NICE-
OHMS method, and they found that the spectrum actually
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Fig. 1 Saturated absorption spectra of the R(1) V = 2 « 0 line of HD at
1380.86 nm (right panels) and a nearby C,H, line at 1381.26 nm (left
panels). Three different spectroscopy methods were used: CRDS (a) and
(d), wavelength-modulated CEAS (b) and (e), and wavelength-modulated
NICE-OHMS. [Reprinted/Adapted] with permission from ref. 95 © The
Optical Society.

consists of a dip and a peak, which could not be described by a
symmetric Lorentzian profile. The Amsterdam group applied a
hypothesis of a mechanism refilling the ground state population
among the hyperfine sub-levels and gave a revised R(1) position of
217105181 901(50) kHz based on numerical simulations.

After improving the experimental sensitivity, the Hefei group
also remeasured the Lamb “dip” spectrum of the line using all
three different cavity-enhanced spectroscopy, CRDS, NICE-
OHMS, and CEAS.°>™' All three methods gave consistent
results for both the R(1) line of HD and a nearby line of
C,H,, and the results are shown in Fig. 1. We can see that
the CRDS data of C,H, (Fig. 1a) shows a normal Lamb “dip”
feature, while the wavelength-modulated (wm) CEAS spectrum
(Fig. 1b) resembles the first derivative of the absorption spec-
trum, and the wm-NICE-OHMS spectrum (Fig. 1c) gives the
second derivative of Fig. 1a. However, the CRDS spectrum of
the HD line (Fig. 1d) has a dispersion-like profile, while the wm-
CEAS and wm-NICE-OHMS spectra (Fig. 1e and f) remain to be
the first and second derivatives of the CRDS spectrum. The
result clearly shows that the spectrum of HD is totally different
from the normal saturated spectrum of other molecular transi-
tions. The abnormal feature gives the reason for the previous
disagreement between the Hefei and Amsterdam results.””**
The latest results of the transitions in the V=2 « 0 band of HD
are presented in Table 2. We can see a deviation of almost
2 MHz between the experimental and theoretical frequencies,
which is roughly twice that for the V=1 « 0 band. Although
such a systematic shift is insignificant (20) compared to the
present theoretical uncertainty, it indicates that further inves-
tigation is needed to eliminate the discrepancy between the
theory and experiments.

The HD gas has a large vapor pressure at low temperatures,
and saturated absorption spectra of R(0) and R(1) at sample
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temperatures as low as 20 K were measured. The R(1) transition
was measured at 76 K and the measured Lamb-dip signal shows
an asymmetric line profile, as shown in Fig. 2. The asymmetric
line profile in the measurement can be proved by quantum
optics theory and described with the Fano model proposed in
ref. 136. The line profile is fitted and the line center was
measured to be 217 105 182 284(11)a¢(27)sys kHz after systema-
tic corrections.”* Note that Lamb dip measurements reduce the
statistical uncertainty but do not exclude systematic errors,
which needs carefully treatments. Recently the Lamb dip of a
quadrupole transition in H, is observed that leads to more
interests for understanding the line shape of the Doppler-
reduced measurements."’

An alternative choice is to measure high overtones, such as
the V=4 « 0 band of HD, which turns out to be difficult since
the transition moment is extremely small. However, it is
possible to access the V = 4 state with the double resonance
method. This method needs to lock the two lasers onto a high-
reflectivity cavity and maintain a high intra-cavity power, which
is not easy to achieve in experiments. We have demonstrated
cavity-enhanced double resonance spectroscopy measurements
for CO, and CO, and the details can be found in ref. 138 and
139. We obtained a result in HD using the wavelength-
modulated cavity-enhanced method because the signal-to-
noise ratio is a bit better than CRDS. The V-type double
resonance spectrum of P(1) and R(1) was measured and it is
shown in ref. 72, where the sum of R(1) and P(1) transition
frequencies wg, + wp, is determined as 426 889 423 917(26) kHz.
In the V-type double resonance measurement, complicated
photon-molecule interaction leads to possible exists systematic
effect, requiring more investigations. If the systematic error is
clearly derived or even eliminated and the theoretical calcula-
tion reaches the corresponding precision, the vibrational tran-
sition measurement will lead to a determination of the
fundamental constant such as the proton-to-electron mass ratio
with a precision of 11 digits.
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Fig. 2 Saturated absorption spectra of the R(1) V = 2 « 0O line of HD.
Reprinted figure with permission from the ref. 71, Copyright (2023) by the
American Physical Society.
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4. Precise electronic spectroscopy

The dissociation energy (D,) of the electronic ground state of
the hydrogen molecule, which is the lowest amount of energy
that is needed to dissociate the molecule from the ground state
into two separate neutral hydrogen atoms in their ground state,
is one of the best calculable energy intervals of the hydrogen
molecule. More than a century ago, before the development of
quantum mechanics, the first experimental determination of
Do(H,) was reported by Langmuir."*® Langmuirs experiment
involved heating up H, gas, and measuring how much energy
was needed to dissociate the molecule. He was measuring
power consumption to maintain the wire sensor in the gas at
the given temperature. In 1926, Witmer was the first to deter-
mine D, by determining the vibrational splittings in the ground
state of H, from measurements of the Lyman bands in a
discharge cell.'*' In 1927, just after the birth of quantum
mechanics, Heitler and London were the first to show that
molecular binding is a direct consequence of quantum
mechanics and published the first theoretical value of the
dissociation energy.' This is the first modern explanation of
the chemical bond between two neutral atoms and is one of the
earliest applications of quantum chemistry theory. Despite
their calculated dissociation energy being off by some 30%
from the contemporary experimental value, their pioneering
quantum mechanical calculation for the stability of molecular
hydrogen ushered in the era of quantum chemistry. Theoretical
and experimental physicists inspired each other in the follow-
ing decades to decrease the uncertainty in Dy, as shown in
Fig. 3.

Direct measurement of dissociation energies in H, turned
out to be difficult. By using a large vacuum spectrograph to
study the far UV absorption edges of H,, Herzberg determined
the second dissociation limit, i.e. the energy where dissociation
results with one of the atoms in the n = 1 state and the other in
the n = 2 state.”” From this energy, a significantly improved
experimental value for D, is derived by subtracting the energy
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Fig. 3 History of the uncertainty in the dissociation energy of H,. The
Langmuirs result is not shown.
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required to excite the atom to the n = 2 state. After the invention
of lasers, the accuracy of D, was improved dramatically. Eyler
et al.*® and Zhang et al.**® studied the second dissociation
limit to determine D, using double-resonance laser spectro-
scopy. All these techniques revolved around getting as close to a
dissociation limit as possible. However, since there is no
discrete quantum state at the dissociation limit, these methods
are fundamentally limited by the accuracy of the D, value.

The so-called ‘“‘thermochemical cycle” was applied to cir-
cumvent this problem by Liu et al®®'** for H, and D, and
Sprecher et al.’® for HD. As shown in Fig. 4, the D, value could
be determined from the ionization energies of the neutral
molecule Ef{H,), the molecular ion E(H,"), and the atom
E,(H). According to this thermochemical cycle, we have:

Do(H,) = Ei(H,) + Ey(H,") — 2 x Ey(H),
and similarly for HD:
Do(HD) = E;(HD) + E;(HD") — E;(H) — Ey(D).

Following the equations, the dissociation energies can be
determined if we know the ionization energies of the atoms
and molecular ions. Since the H and D atoms and the H,", D,",
and HD" molecular ions are single-electron systems simpler
than respective neutral molecules, their ionization energies
could be calculated with a better precision.'*>**® The calcu-
lated energies of these single-electron systems have been tested
to the kHz accuracy."*”'*® Ionization energies of H and D
atoms have been experimentally determined with an accuracy
of 3 kHz.'*® Ionization energies of the H,", D,", and HD"
molecular ions are known with an accuracy of 18 kHz.'*®
Therefore, the accuracy of the dissociation energies currently

260
250 ) e+ H
240f
250 E(H)
200 g (Hy)
= 210}
'E H* + H(1s)
)
]
=}
hat
> e cr—————
S e
g Ei(H)
w
H(1s) + H(1s)
Dy(H,)
1 10

Internuclear distance (A)

Fig. 4 Potential energy diagrams of the X'z}, EF'E], and GK'E] states in
H, and the xzz; in Ho*. Horizontal lines indicate the lowest three vibra-
tional levels and the lowest three rotational levels in the v = O level of the
X12$ state of Hj, the first vibrational level of the inner well of the EFlzg
state and that of the GK'Z} state of Hy, and the first vibrational level of the
XZZQ state of H,*. Arrows illustrate how the Dg value of H, can be obtained
from E;(H>), Ei(H>") and E,(H).
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depends on the accuracy of the ionization energies of the
neutral molecules.

Liu et al®® determined the ionization energy of the H,
molecule at a relative accuracy of 10°, involving two-photon
laser excitation to the EF'X; (V= 0, N = 1) intermediate state,'*’
one-photon ultraviolet excitation from EF'E, (0, 1) to the 56p1,
Rydberg state,’® and millimeter-wave (MMW) spectroscopy of
high-lying Rydberg states"*® allowing for an extrapolation to the
ionization energy by the Multi-Channel Quantum Defect theory
(MQDT)."" The first measurement on high-lying Rydberg states
to extrapolate the ionization potential was carried out by
Herzberg and Jungen®® in 1972. Since the Rydberg series have
infinite states with increasing principal quantum number #, it
is reasonable to converge to the ionization limit and there is no
fundamental limit to how close a state can be. However, the
Rydberg electron interacts with the vibrational and rotational
modes of the H," core. This heavily perturbs the Rydberg states.
The method of MQDT, by which the ionization limit of a
(measured) Rydberg series can be extrapolated, was extended
to molecules to account for these perturbations,?®'>* which is
the principle limitation of this method and the thermochemi-
cal cycle. In this way, the accuracy of the determinations of the
dissociation energy of the neutral molecules by the Ziirich-
Amsterdam collaboration was improved to 11 MHz for H, and
HD, and to 20 MHz for D,.?%14%153

In 2018, an alternative excitation scheme was adopted to
determine D, (H,) through the GK'Z, (1,1) intermediate state as
shown in Fig. 4, which offers the possibility of using
continuous-wave (CW) infrared laser excitation to high-n Ryd-
berg states.'>* Experimental results from two laboratories are
combined: the measurement of the Doppler-free two-photon
transition GK(1,1) < X(0, 1) in Amsterdam, and the determina-
tion of the interval between GK(1,1) and the 56p1; Rydberg
state by near-infrared (NIR) CW-laser spectroscopy in Ziirich.
The accuracy of DY * (H,) was then improved to 0.75 MHz.**
Similar method was used for Dy ° (H,)*" and D§~° (D,)"* with
uncertainties of 0.78 MHz and 0.97 MHz, respectively. The
former result, compared with Dy ' (H,), was used to test the
nuclear-spin-symmetry conservation in molecular hydrogen.®"
A new technology of Ramsey-comb method**® has been applied
to improve the dissociation energy D§ ' of H, and the accuracy
reached 0.34 MHz,”* which is so far the best dissociation energy
measurement.

The non-zero nuclear spin in the molecular hydrogen sys-
tem, the vector of which is denote as I, leads to a hyperfine
splitting for low-lying rotational state from a few kHz to
hundreds of kHz, which is considered as a part of the uncer-
tainty contribution in the transition measurement. Because the
electronic transitions of the neutral hydrogen molecule can be
determined to an accuracy at the MHz level, the rotationless
fundamental ground tone, i.e., the vibrational energy splitting
between the (V=1, J=0) and (V= 0,/ = 0) states, is possible to be
determined to the similar accuracy utilizing the differences
between electronic transitions. The rotationless fundamental
ground tone is an ideal test system for several reasons. The total
electronic angular momentum is zero for the X'Z, ground state
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and the total nuclear spin for the rotationless J = 0 state of para-
H, is also zero resulting in a simple spectrum without hyperfine
splitting. The hyperfine splitting is extremely small in HD (or
D,) in the absence of an I-J interaction for the J = 0 ground state.
Energy contributions in the calculation almost cancel the
fundamental ground tone, leading to a significant reduction
in the uncertainty, thereby allowing for accurate QED tests.
However, in the absence of rotation, a one-photon transition
between the (V =1, J = 0) and (V = 0, J = 0) states is strictly
forbidden by nonrelativistic quantum mechanics. It is the
nuclear spin-rotation coupling that makes this transition pos-
sible for D, and HD, but the oscillator strength is extremely
small, and it remains zero for H,. Therefore, an experimental
approach is adopted to measure this quantity via the combi-
nation difference of separate two-photon transitions involving a
common electronically excited state (EF'Z,, V = 0, J = 0) has
been performed.'” The rotationless fundamental ground tone
frequencies of H,, HD and D, were determined to 4164.166
32(18) em ™%, 3632.160 54(24) cm " and 2993.617 13(17) cm ™,
respectively. The results could be improved by another factor of
ten if the Ramsey-comb technique'*® is used.

5. Conclusion and perspective

The hydrogen molecule is a four-body system consisting of two
electrons and two nuclei. Its energy levels can be calculated
with high precision based on quantum electrodynamics and a
few fundamental physical constants without using any adjus-
table parameters. The comparison between theoretical calcula-
tions and precision spectroscopy experiments can test theories
and determine fundamental physical constants. The accuracy
of theoretical and experimental measurements of the hydrogen
molecule, especially in its electronic ground state, has been
continuously improved in the last 80 years. So far the quantum
electrodynamics correction to the energies of the hydrogen
molecule has been evaluated and the accuracy reaches the level
of 1 MHz for the dissociation energy, agreeing well with the
most recent measurements in H, and D,. Further investigation
of the high-order nonadiabatic £, E®) energy terms will make
molecular hydrogen a cornerstone in quantum mechanics,
which has not yet been accomplished for any other systems
except the hydrogen atom and molecular hydrogen ion.
Doppler-broadened infrared laser spectroscopy of molecular
hydrogen has reached a fractional accuracy of 10~°, but further
improvement is limited by the broad linewidth and the
presence of collision-induced shifts. Understanding the line-
shape model needs massive work, both in experiments and ab
inito calculations.">® Measurements based on the Doppler-free
saturated absorption spectroscopy are currently only possible
for relatively strong electronic dipole transitions of the HD
molecule. However, the asymmetric line profile complicates the
determination of the center frequency toward the 10~ '° accu-
racy. Using the Ramsey-comb technique, the electronic transi-
tion of EF-X has been improved to an accuracy of 73 kHz, which
represents the best measurement of electronic transitions of
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molecular hydrogen. This advanced technology provides new
opportunities to reach more accurate dissociation energy and
requires higher precision measurement of the energy interval
between the EF state and molecular hydrogen ion. The latter
difficulty is even more pronounced in the HD molecule due to
the mixing of Rydberg states of g and u symmetry through the
dipole of the HD" core arising from the separation of the center
of mass from the center of charge.”®"'*°

Besides precise energies of molecular hydrogen, other
microscopic properties of the hydrogen molecule, such as
transition strengths among the vibrational states and static
polarizabilities of low-lying states, are also possible test
grounds for high-precision calculations. The transition
moments are useful for understanding wavefunctions of the
molecule. Polarizabilities are related to many physical quanti-
ties, such as the refractive index, dielectric constant, and van
der Waals constant. As an example, accurate theoretical polar-
izability of the molecular hydrogen allows for primary pressure
standard based on the measurement of refractive index.

Regarding the possibility of determination of the funda-
mental physical constants, an outstanding target in the spot-
light is the proton charge radius. In atomic hydrogen, there is
no other narrow transition except the 1s-2s transition, and the
present determination based on the electronic hydrogen atom
(e-H) relies on an average of many transitions with much larger
natural linewidth. The neutral hydrogen molecule has more
than 300 ro-vibrational states with lifetimes of several days. In
principle, these transitions could be measured with 20-digit
accuracy.'® Precision spectroscopy of different isotopologues
of the hydrogen molecule, and comparison to different sub-
stitutions of e-H, such as the muonic hydrogen (p-H) and anti-
hydrogen (H), could be used to test the violation of lepton
universality and search for new physics beyond the
Standard Model.
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