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A.-W. Liu,2 S.-M. Hu,2 and P. Wcisło1,b)

AFFILIATIONS
1 Faculty of Physics, Institute of Physics, Astronomy and Informatics, Nicolaus Copernicus University in ToruńGrudziądzka
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ABSTRACT
Information about molecular collisions is encoded in the shapes of collision-perturbed molecular resonances. This connection between molec-
ular interactions and line shapes is most clearly seen in simple systems, such as the molecular hydrogen perturbed by a noble gas atom. We
study the H2–Ar system by means of highly accurate absorption spectroscopy and ab initio calculations. On the one hand, we use the cavity-
ring-down-spectroscopy technique to record the shapes of the S(1) 3-0 line of molecular hydrogen perturbed by argon. On the other hand,
we simulate the shapes of this line using ab initio quantum-scattering calculations performed on our accurate H2–Ar potential energy surface
(PES). In order to validate the PES and the methodology of quantum-scattering calculations separately from the model of velocity-changing
collisions, we measured the spectra in experimental conditions in which the influence of the latter is relatively minor. In these conditions,
our theoretical collision-perturbed line shapes reproduce the raw experimental spectra at the percent level. However, the collisional shift, δ0,
differs from the experimental value by 20%. Compared to other line-shape parameters, collisional shift displays much higher sensitivity to
various technical aspects of the computational methodology. We identify the contributors to this large error and find the inaccuracies of the
PES to be the dominant factor. With regard to the quantum scattering methodology, we demonstrate that treating the centrifugal distortion
in a simple, approximate manner is sufficient to obtain the percent-level accuracy of collisional spectra.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0139229

I. INTRODUCTION
Molecular hydrogen is a benchmark system for studying non-

classical effects due to its large molecular rotational constant. Colli-
sions involving H2 display many atypical features, since H2 does not
provide any inelastic scattering channels at temperatures up to sev-
eral hundred K.1 Due to this, collision-induced spectroscopic effects
in the molecular hydrogen spectrum are dominated by velocity-
changing collisions.2 Thus, the rovibrational lines of H2 are strongly
affected by the Dicke narrowing.3,4 Moreover, the speed dependence
of collisional broadening and shift5,6 as well as their interplay with
the velocity-changing collisions4 are unusual in the spectral lines of
molecular hydrogen.

Due to its simplicity, the H2 molecule is accessible for the cal-
culations from first principles, which makes it a perfect system to
study the entire methodology of ab initio line-shape calculations,
from intermolecular potential-energy surfaces (PES) to the quan-
tum scattering calculations, velocity-changing collisions models, and
spectral line-shape profiles.1,7–12

Experimental measurements of the H2–H2 interaction, as well
as interactions with noble gas atoms, have been performed for
decades.13–17 Recently, Perreault et al. measured rotationally inelas-
tic scattering of HD with molecular deuterium18 and with helium
atoms19 in supersonic beams at 1 K. Subsequent quantum scattering
calculations20 found very good agreement with the measurements.
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In this paper, we report an analysis of a more complex system, i.e.,
H2 perturbed by argon. The interaction with a 20-times-heavier per-
turber hampers the modeling of the velocity-changing collisions.
Indeed, this problem has already been addressed in Refs. 4 and 9
and required a separate treatment of speed and velocity-changing
collisions. Here, we adjust the experimental conditions in order to
diminish the importance of the velocity-changing collision model
and focus on the still-unresolved problem of the difference between
the theoretical and experimental line shift.4

This work analyzes the S(1) 3-0 transition in molecular hydro-
gen perturbed by argon. We perform highly accurate cavity ring-
down spectroscopy (CRDS) measurements to collect the collision-
induced spectral line shapes. Simultaneously, we perform fully
ab initio quantum scattering calculations on our accurate H2–Ar
PES to simulate the theoretical line profiles.

We consider several different approaches to describing the the-
oretical spectral line-shape profiles, gradually adding subsequent
corrections to the model. Starting from the base case, we refine
our methodology by including the effects of centrifugal distortion
in a simplified manner (simple CD), a more complete treatment of
centrifugal distortion (full CD), and the effects of vibrational cou-
pling (VC). Neglecting these effects in our calculations results in
the 6% error of the pressure broadening and shift parameters, γ0
and δ0. (Note that error in other line-shape parameters has a much
smaller impact on the resulting spectra.10 Although for molecular
hydrogen the effect of the Dicke parameter is non-negligible, its
value is insensitive to CD and VC corrections.) Both the full CD
treatment and inclusion of the VC significantly increase the com-
plexity of the calculations. Additionally, for VC, the computational
cost is significantly increased relative to simpler cases. We find that
just the inclusion of the simplified CD already accounts for the
majority of the corrections and reduces the error in the line–shapes
parameters from 6% to below 1%. This finding would result in a sig-
nificant reduction of the numerical cost of future ab initio line-shape
calculations. One should, however, perform additional tests prior
to generalizing this observation to other transitions and molecular
collisional systems.

While we achieve agreement at a level of 1.6% between theory
and measurement in terms of the shape of the line, the experimen-
tal and theoretical values of the shift parameter, δ0, differ by 20%.
We consider various factors both on the theoretical and experimen-
tal side to explain this discrepancy. We find that the δ0 parameter
is exceptionally sensitive to various computational aspects of our
ab initio methodology and that the major contribution to this
difference originates from inaccuracies of the PES.

II. CAVITY-ENHANCED MEASUREMENTS
We perform the cavity ring-down spectroscopy (CRDS) mea-

surements of the S(1) 3-0 line of H2 perturbed by Ar using the
experimental setup presented in Fig. 1. We use a 1-m long optical
cavity with a finesse equal to 63 000. The reflectivity of the cavity
mirrors is 99.995%, and one of the two mirrors is attached to a piezo-
electric servomechanism in order to match the cavity modes with
the probe laser frequency. We use a Ti:sapphire laser source (Coher-
ent 899-21) pumped by a 532-nm solid laser (Verdi-18). A beam
from the probe laser after the acousto-optic modulator (AOM2)

FIG. 1. Cavity ring-down spectrometer in Hefei laboratory. AOM and EOM are
the acousto- and electro-optic modulators, respectively, and Verdi-18 is the laser
source used for Ti:Sapphire laser pumping. The frequency of the laser is stabi-
lized to the ultra-low-expansion (ULE) etalon, allowing us to reach the stability of
10 MHz.

and the electro-optic modulator (EOM) is locked to a temperature-
stabilized (ΔT ≈ 10 mK at 302 K) ultralow expansion (ULE) etalon
with the Pound–Drever–Hall method.21 In this way, the probe laser
frequency could be tuned with sub-MHz resolution. The absolute
frequency is calibrated by a wavemeter with an accuracy better than
10 MHz. The cavity ring-down spectra are recorded in step-scan
mode. A single step usually consists of 100 ring-down events initi-
ated by chopping the laser beam with the AOM1. We apply a least
squares fitting procedure to fit the exponential curve to the ring-
down signal to retrieve the absorption coefficient at a given point.
See Refs. 22 and 23 for the detailed description of each subsystem of
the setup.

The spectra are collected at room temperature for different pro-
portions of the H2 to Ar partial pressures, i.e., 1:1, 1:2, 1:4, and
1:7, with the H2 pressure being kept 12.4 kPa. The accuracy of the
pressure gauge is 1%.

III. AB INITIO LINE-SHAPE CALCULATIONS
This section discusses the theoretical analysis of the shape of the

isolated S(1) 3-0 rovibrational spectral line of H2 perturbed by Ar.
We perform fully ab initio calculations within the framework of the
generalized Hess method (GHM).24–26 In the following subsections,
we provide details of the potential energy surface (PES), quantum
scattering calculations, generalized spectroscopic cross sections, as
well as calculations of the line-shape parameters and line-shape
model.

A. Potential energy surface
We use our H2–Ar potential energy surface (PES)4 calcu-

lated by means of the spin-restricted coupled-cluster with sin-
gle, double, and perturbative triple excitations [CCSD(T)] method
employing the large aug-cc-pCVQZ basis set.27–30 This basis was fur-
ther extended with a set of 3s3p2d2f 1g1h midbond functions,31,32

denoted as 332 211, with exponents of 0.90, 0.30, and 0.10 for s and
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p, 0.60 and 0.20 for d and f , and 0.30 for g and h functions that were
placed in the middle of the van der Waals bond.

The interaction energies corrected for the basis set superpo-
sition error using the counterpoise (CP) method33 were evaluated
using the MOLPRO program 2010.134 and 2012.135 versions. In the
calculations, all electrons were correlated.

To accurately reproduce features of the H2–Ar PES, the cal-
culations of intermolecular interaction energy were performed for
2960 geometries of the system. The intermolecular distance R was
varied in a range from 1.70 to 20.00 Å (37 points in total) covering
some part of the repulsive wall (up to about 20 000 cm−1), the entire
van der Waals well and long-range (interaction energy slightly above
−5 × 10−3 cm−1) regions. The values of the θ angle were chosen to
correspond to the abscissas of nine-point Lobatto–Gauss quadra-
ture. Because of the symmetry of the system, the calculations were
done only for five different angles. The H–H bond length rHH was
stretched from 0.30 to 1.8 Å in steps of 0.10 Å.

Our PES is expanded in the basis of even Legendre polynomials
up to the 8th order. To include the effects of centrifugal distor-
tion (CD) and vibrational coupling (VC), the matrix elements for
the collisional coupling between the rovibrational wavefunctions
of H2, ⟨ν′j′∣V l(R, rHH)∣ν′′j′′⟩, were calculated for ν′, ν′′ = 0, . . . , 5
and j′, j′′ = 1, 3, . . . , 15, where ν and j stand for the vibrational and
rotational quantum numbers, while ′ and ′′ mark the final and initial
states, respectively.

Finally, we have repeated the PES calculations, taking into
account relativistic effects. To do so, the CCSD(T) calculations were
performed using the second-order Douglas–Kroll–Hess (DKH)
Hamiltonian36–38 with the aug-cc-pCVQZ-DK basis set.39 The
basis set was also enhanced with the 332 211 midbond functions
placed in the middle of the van der Waals bond. The calcula-
tions were done for all the 2960 geometries of the system. In
Sec. IV, we compare the results obtained with these two versions
of PES.

B. Generalized spectroscopic cross sections
and spectral line-shape parameters

The scattering problem was solved at different levels of approx-
imation to estimate the influence of CD and VC. In all the cases,
S-matrices were obtained by solving the close coupling equations
numerically40,41 with the log-derivative propagator42,43 using the
MOLSCAT code.44 The equations were propagated starting at either
the separation distance, R set to 1.01 or 1.7 Å, but we found the
differences between these two cases to be negligible. The maximum
propagation distance was set to at least 20 Å. To determine whether
it needs to be increased, we calculated the position of the furthest
classical turning point in the centrifugal potential, Rcent. If 2.5Rcent
was larger than 20 Å, the maximum propagation distance was set to
2.5Rcent. We verified that increasing the distance beyond that point
(e.g., to 4.0Rcent) resulted in negligible differences. We obtained
the values of ⟨ν′j′∣V l(R, rHH)∣ν′′j′′⟩ for R > 20 Å in two ways. For
ν′ = ν′′, l = 0, the matrix elements were extrapolated with a simple
phenomenological dependence, a/Rn, fitted in the 15 Å < R < 20 Å
region. In the remaining cases, the values of the matrix elements for
distances approaching R = 20 Å were already negligible; therefore,
they were set to zero for R’s beyond that point. The S-matrices were
calculated at kinetic energies up to 2300 cm−1 at 286 points.

In the base case, in which the CD was not accounted for,
the scattering equations were propagated for collisional matrix ele-
ments with j′ = j′′ = 0. Subsequently, CD was partially included by
using the collisional matrix elements with j′ = j′′ = 1 in the ground
vibrational state and with j′ = j′′ = 3 in the excited vibrational state.
Finally, CD was fully accounted for by using the collisional matrix
elements with j′ and j′′ matching the actual rovibrational levels
included in the basis used to perform the calculations. In all the
preceding cases, the scattering problem was solved separately in
the ground vibrational manifold (ν′ = ν′′ = 0) for the initial radia-
tive state (ν, j) = (0, 1) and in the excited vibrational manifold
(ν′ = ν′′ = 3) for the final radiative state (ν, j) = (3, 3). The full CD
calculations were subsequently expanded to include collisional cou-
pling between different vibrational levels (VC). This was done by
performing a separate set of calculations for the (0, 1) state and the
(3, 3) state. The basis for scattering calculations in the former state
included all open channels in the ν = 0, 1, 2 vibrational manifolds
and one closed channel in the ν = 0 manifold. Similarly, the basis
for the (3, 3) state scattering calculations included all open channels
in the ν = 1, 2, 3 vibrational manifolds and one closed channel in the
ν = 3 manifold. The ν = 0 state was not included because the matrix
elements for the collisional coupling to that state from the ν = 3 state
were negligible.

Figure 2 shows the generalized spectroscopic cross sections,
which are calculated directly from the S-matrices.25,45 The depicted
cross sections were calculated with relativistic corrections of the PES
including relativistic corrections, full CD, and VC (the cross sections
are appended in the supplementary material). Unless stated other-
wise, all the calculations within this work were performed with these
cross sections.

We use these cross sections (σq
0 denotes the broadening and

shift cross section, and σq
1 denotes the Dicke cross section) to

calculate the line-shape parameters: the speed-dependent pressure
broadening, γ(v), and shift, δ(v), as well as the complex Dicke
parameter, ν̃opt,

γ(v) + iδ(v)= 1
kBT

v2
pm

π3/2cv
e
−

v2

v2
pm

∞

∫
0

σq
0(vi, ji, vf , jf ; Ekin = xkBT)x2e−x2

× sinh(2vx
vpm
) dx, (1)

ν̃opt =
1

2πc
1

kBT
⟨vr⟩M2

∞

∫
0

dxxe−x(2
3

xσq
1(vi, ji, vf , jf ; Ekin = xkBT)

− σq
0(vi, ji, vf , jf ; Ekin = xkBT)), (2)

where c is the speed of light in vacuum, v is the active molecule speed,
vpm is the most probable perturber speed, ⟨vr⟩ is the mean relative
speed of the colliding partners, kB is the Boltzmann constant, T is
the temperature, and M2 = mp

m+mp
, with m and mp being the masses

of the active and perturbing molecules, respectively.
Figure 3 presents the speed dependences of the pressure broad-

ening and shift obtained from the quantum-scattering calculations.
The solid black curves present the ab initio speed-dependent pres-
sure broadening and shift for the S(1) 3-0 transition in H2 per-
turbed by Ar. The dashed lines mark the pressure broadening
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FIG. 2. Generalized spectroscopic cross sections for the S(1) 3-0 transition in
H2 perturbed by Ar are shown with red curves. (a) Pressure broadening cross
section, PBXS. (b) Pressure shift cross section, PSXS. (c) Real part of the Dicke
cross section, RDXS. (d) Imaginary part of the Dicke cross section, IDXS. The
depicted cross sections are the results of the fully ab intio quantum scattering
calculations with the relativistic PES, and the full CD and VC effects taken into
account [the row (e) in Table I]. To quantify the statistical contributions of different
collision energies, we present the Maxwell-Boltzmann distribution of the relative
absorber–perturber speed at T = 296.65 K (gray thin curves). We include the
cross sections in numerical form in the supplementary material.

and shift parameters averaged over the Maxwell–Boltzmann speed
distribution, i.e.,

γ0 + iδ0 =
1

2πc
1

kBT
⟨vr⟩∫ dx xe−xσq

0(vi, ji, vf , jf ; Ekin = xkBT).
(3)

FIG. 3. Speed dependences of γ and δ for the S(1) 3-0 line in H2 perturbed by Ar
(black solid curves). We evaluate the exact speed dependence based on our fully
ab initio quantum scattering calculations [the row (e) in Table I]. For comparison,
we plot the speed dependence of γ and δ for the self-perturbed H2 (continuous red
curves), based on Table 2(f) of Ref. 13. Dashed lines mark the speed-averaged val-
ues (i.e., γ0 and δ0, respectively) with the same color notation. With gray curves,
we mark the Maxwell–Boltzmann distribution of molecule speed. The data are
presented for T = 296.65 K.

To describe the H2–H2 collisions, we make use of the line-shape
parameters derived experimentally in Ref. 13 [see Table 2(f) therein].
The parameters were reported within the quadratic approximation,
i.e.,

γ(v) + iδ(v) ≈ γ0 + iδ0 + (γ2 + iδ2)(
v2

v2
m
− 3

2
), (4)

where5,11

γ2 + iδ2 =
vm

2
d

dx
(γ(v) + iδ(v))∣

v=vm

, (5)

with vm being the most probable absorber speed. The red curves in
Fig. 3 present the speed-dependent pressure broadening and shift for
the self-perturbed H2 S(1) 3-0 line, with the corresponding dashed
lines marking γ0 and δ0 for this system.

It is seen from Fig. 3 that the H2–Ar system displays a much
stronger speed-dependence than H2–H2. Even though the speed-
averaged broadening parameters are similar, their speed depen-
dences vary significantly. The speed-dependent shift parameter is
roughly ten times greater in the H2–Ar system than in H2–H2.

Despite using the fully ab initio speed dependence of γ and δ for
the H2–Ar system, we also calculate the parameters of the quadratic
approximation (γ2 and δ2) to quantitatively express the magnitudes
of the speed dependences. The quadratic parameters are determined
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by the slope of the speed-dependent parameters at the most probable
speed [Eq. (5)]. While the speed dependence of the shift is described
well enough by the slope at this single point, this is not the case for
the broadening. The speed-dependent broadening has a minimum
near v = vm (see Fig. 3); hence, the γ2 parameter is close to zero,
which does not reflect the actual strong speed dependence of γ(v).

In Table I, we report the values of the six collisional line-shape
parameters, i.e., the pressure broadening and shift, γ0 and δ0, their
speed dependences, γ2 and δ2, and the real and imaginary parts of
the Dicke parameter, ν̃ r

opt and ν̃ i
opt. Rows (a)–(e) present the H2–Ar

parameters obtained with our fully ab initio calculations described in
this section. Each subsequent row includes additional effects taken
into account, i.e., the simplified and full CD [(b) and (c)], relativis-
tic PES corrections (rel) (d), and VC (e). Row (f) presents the same
parameters as row (e); however, δ0 was adjusted to the experimen-
tal data [see Sec. IV B]. The last row presents the H2–H2 parameters
taken from Ref. 13.

Relativistic corrections to the PES as well as the CD and
VC effects have a small impact on the line-shape parameters (see
Table I). CD influences the line-shape parameters at the 2%–6%
level, except for ν̃r

opt, which is hardly influenced at all. Interestingly,
the simplified form of CD is a good approximation to the full CD;
the larger influence on γ2 (3% change) is due to the atypical behavior
of γ(v); see the discussion regarding Fig. 3. The relativistic correc-
tion to the PES has a small impact (below 2%) on the values of the
line-shape parameters [again, γ2 does not well reflect γ(v) due to its
atypical speed dependence (see Fig. 3) and the large relative change
in γ2 has a small influence on the line shape]. Similarly, VC has a very
small (sub-percent) impact on the line-shape parameters. An impor-
tant conclusion from the discussion on the theoretical results from
Table I, from the perspective of quantum scattering calculations, is
that it suffices to include only the simple CD (which does not add
any numerical cost) to reduce the systematic theoretical error in the
line-shape parameters from 6% to below 1% (here, we focus on γ0
and δ0 as they have the largest influence on the line shape; in the
case of H 2 ν̃ r

opt has also a large influence on the line shape, but ν̃ r
opt

is almost completely insensitive to the CD and VC corrections). This
conclusion is crucial from the perspective of the optimization of the
computational methodology since the inclusion of the VC increases
the calculation time by a factor of ∼50.

C. Line-shape model
Our ab initio calculations allow us to simulate a complete line

profile from first principles, with no collisional parameters fitted
to the experiment. We fix all the Ar-induced collisional line-shape
parameters at the values obtained from our quantum-scattering
calculations; see row (e) in Table I.

To simulate the theoretical profiles, we make use of the billiard
ball profile.46,47 Within this model, the description of velocity-
changing collisions is based on a hard-sphere approximation of the
interaction potential. The billiard ball profile is superior to the com-
monly used hard- and soft-collision profiles as it allows one to take
into account the mass ratio, α, between the collisional partners,10

which is especially important for the considered H2–Ar system with
α ≈ 20. In the case of such a large mass ratio, the relaxation of the
velocity vector is described by two different rates.9 The decays of its
magnitude and direction are independent and require using two dif-
ferent time constants.9 The hard- and soft-collision models fail in
this case as they are both described by a single-parameter decay. We
use the fully ab initio speed dependences of γ and δ [see Eq. (1)]
for the Ar-perturbation contribution, while for the self-perturbation
contribution we use the quadratic approximations taken from
Ref. 13 [see Eq. (4)]. These two contributions are proportional to
the partial pressures of the two gases.

Since our experimental setup is not equipped with the absolute
frequency reference, we fit the central frequency (the same value for
all four pressures). We also fit the baseline, slope, and area of each
of the four lines (separate values for each pressure). Since the low-
est pressure of the experiment is below the applicability range of
the direct diagonalization approach to the billiard ball profile cal-
culations,11 we implemented the iterative approach48 for the lowest
pressure.

IV. EXPERIMENTAL VALIDATION
OF THE THEORETICAL RESULTS

Figure 4 shows a direct comparison of our experimental and
theoretical results. The top panel in the figure contains the measured
points (black dots) and the theoretical spectral lines (red curves)
calculated with the parameters from the row (e) in Table I. Panels
(a)–(g) in Fig. 4 present the absolute residuals between the calculated

TABLE I. Spectral line-shape parameters for the S(1) 3-0 line in H2 (all the line-shape values are expressed in the units of
10−3 cm−1 atm−1). The fully ab initio speed dependence of γ and δ for the H2–Ar system was employed. We also list the γ2
and δ2, defined by Eq. (5), to quantitatively express the magnitude of speed dependence. The Doppler width at T = 296.5 K
is ωD = 64.0 × 10−3 cm−1. Each row presents the parameters calculated with different effects taken into account: simple
CD, full CD, relativistic effects in PES (rel), and VC. Letters (a)–(f) correspond to the annotations in Fig. 4.

γ0 δ0 γ2 δ2 ν̃r
opt ν̃i

opt

(a) Without CD, rel, VC 10.5 −24.7 0.415 17.6 72.8 −15.6
(b) Simple CD 11.2 −25.8 0.405 18.2 72.3 −16.2
(c) Full CD 11.2 −25.9 0.390 18.2 72.3 −16.1
(d) Full CD + rel 11.2 −26.5 0.259 18.1 72.3 −15.8
(e) Full CD + rel + VC 11.3 −26.4 0.347 17.8 72.1 −16.1
(f) H2–Ar adjusted δ0 11.3 −33.0 0.347 17.8 72.1 −16.1

H2–H2, experimental13 7.2 −3.4 0.7 1.7 41.3 0.0
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FIG. 4. The spectral line shapes of the S(1) 3-0 transition in H2 perturbed by Ar. The top panel shows a direct comparison between the experimental (black dots) and fully
ab initio (red curves) spectra. Panels (a)–(g) show the absolute residuals accompanied by the relative root-mean-square errors (rRMSE) calculated within ±FWHM of the
line. The rightmost column contains the mean rRMSE of all pressures for a given model. Panels (a)–(f) correspond to the (a)–(f) rows of Table I, and the spectra were
calculated with the respective parameters. Panel (a) shows the residuals from the fully ab initio model without CD, VC, and relativistic PES corrections (rel). Subsequently,
we include simple (b) and full (c) CD, vibrational coupling VC (d), and relativistic corrections to PES (e). In panel (f), we adjust the pressure shift parameter, δ0, with a
multi-spectrum fitting procedure. Panel (g) shows exactly the same comparison as panel (e), but the billiard-ball velocity-changing collision model is replaced with the
hard-collision model.

and measured profiles, as well as the relative root-mean-square error
(rRMSE), calculated within ±full width at half maximum (FWHM)
from the line center.

A. Experimental validation of the fully ab initio model
Panels (a)–(e) in Fig. 4 show the residuals of the fully ab initio

profile described in Sec. III. The theoretical line-shape model
entirely originates from the first principles, and no line-shape
parameter was adjusted in this comparison.

We present several different approaches to describe the the-
oretical spectral line shape profiles, gradually adding subsequent
corrections to the model. At each level of theory improvement, we
obtain slightly different values of the spectral line-shape parameters
(see Table I). While the parameters are modified by up to several per-
cent, the corresponding differences in the line shapes (reflected by

the rRMSE values) are well below a percent. The reason is twofold.
On the one hand, the differences in the line-shape parameters are
partially compensated by fitting the area and line position. On the
other hand, the way the changes in line-shape parameters propa-
gate on the spectra is not straightforward, this topic is covered in
Appendix A of Ref. 10.

Similarly to the discussion on the line-shape parameters (see
Sec. III B and Table I), the most significant improvement to the
resulting line shapes is caused by taking into account the simple CD.
Relativistic corrections to the PES, as well as including the full CD
(in addition to the simple CD) and VC effects, have almost no effect
on the rRMSE. Again, the important conclusion is that reaching the
sub-percent accuracy does not require taking into account the very
computationally expensive full CD and VC. Our most advanced fully
ab initio model is in 2.65% agreement with experimental data; see
panel (e) in Fig. 4.
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B. Ab initio model with adjusted shift
The asymmetric shapes of the residuals in Figs. 4(a)–4(e) indi-

cate that the mismatch between the experimental and theoretical
spectra is mainly caused by the incorrect value of the calculated pres-
sure shift parameter, δ0. Indeed, adjusting δ0 in a multispectrum
fitting procedure decreases the mean rRMSE to 1.58% and results
in much smaller residuals; see panel (f) in Fig. 4. The experimental
δ0 parameter is 20% larger than the calculated value (see Table I).
We analyze this discrepancy in Sec. V. The conclusion is that our
fully ab initio calculations result in a 20% discrepancy in the δ0 para-
meter compared to experimental spectra, but the collision-perturbed
shapes of the experimental line are reconstructed at the 1%-level.

C. The role of the velocity-changing collision model
In this section, we benefit from having accurate experimen-

tal spectra and ab inito line-shape parameters to test the role of a
velocity-changing collision model. In our ultimate ab initio simu-
lation [Fig. 4(e)], we use an advanced, realistic line-shape model,
i.e., the billiard ball profile.46,47 In this section, we substitute the
billiard-ball model with a simpler and widely used hard-collision49

profile that is much less computationally expensive [see Fig. 4(g);
in panel (g), we use exactly the same values of the line-shape para-
meters and the full speed dependences as in (e) and only change the
velocity-changing collisions model]. It is clearly seen that this modi-
fication deteriorates the agreement with the experimental spectra, as
quantified by the rRMSE increase from 2.65% to 3.7%.

It should be noted that in this work the theory–experiment
comparison is done in the pressure range, in which the sensitiv-
ity to the velocity-changing collisions model is relatively small. At
higher pressures, above the Dicke minimum, the velocity-changing
collision model has a much larger influence. We discuss this issue in
Appendix; see also Fig. 5 and Ref. 4.

V. ANALYSIS OF THE DISCREPANCY IN PRESSURE
SHIFT PARAMETER

We showed in Sec. IV B that, although our theoretical ab initio
line-shape model accurately reproduces the shape of the experimen-

FIG. 5. Pressure dependence of the half width at half maximum (HWHM) of a
spectral line. We consider two velocity-changing collision models: the ab initio
billiard-ball model (BB ab initio) and the ab initio hard-collision model (HC ab initio).
The gray zone marks the partial pressure range of Ar covered in our experiments.
It is seen that in the range considered by us, the HWHM of the two line-shape
models is almost the same.

tal spectra, the calculated collision-induced line shift, δ0, deviates
from the experimental one by 20%. This section aims at providing an
explanation for this discrepancy. In Sec. V A, we estimate the uncer-
tainty of the experimental δ0, which is dominated by uncertainties of
the ab initio line-shape model used in spectrum fits. In Sec. V B, we
estimate the uncertainty of the calculated δ0.

A. Uncertainty of the experimental δ0

The measurement uncertainties that can affect the fitted δ0,
such as the inaccuracies of the frequency measurement or statis-
tical uncertainties, are negligible in our case. The dominant con-
tribution to the experimental uncertainty of δ0 comes from the
uncertainty of the fitted line-shape model. By distorting the line-
shape model within the estimated confidence range, we estimate the
corresponding uncertainty of δ0.

To determine the experimental value of the δ0 parameter, we
simulate the fully ab initio billiard ball profile and fit δ0; see row
(f) in Table I and panel (f) of Fig. 4. To determine the uncer-
tainty of the fitted δ0, we repeated the fit with the line-shape
parameters distorted within their estimated confidence range. We
include the influence of the three line-shape effects: the model
of velocity-changing collisions, the narrowing and asymmetries
related to the Dicke effect described by the complex Dicke para-
meter, ν̃opt, and the speed dependence of the pressure shift, δ2 (the
role of the speed dependence of the pressure broadening, γ2, is
negligible).

To estimate the uncertainties originating from the velocity-
changing collision model, we substitute the kinetic-based billiard
ball model with the phenomenological hard-collision model. Then,
we generate an ab initio profile with this simplified model and repeat
the fit of δ0. We obtain a 6% smaller value of the adjusted δ0 in
this way. The estimation of this uncertainty is conservative since
the difference between the hard-collision and billiard-ball collision
kernels is much smaller than the difference between the billiard-ball
collision kernel and the actual one; see panels (c) and (d) in Fig. 2
in Ref. 9.

In the line-shape model, the operator of the velocity-changing
collisions is scaled by the Dicke parameter. To estimate the uncer-
tainty originating from the Dicke parameter uncertainty, we repeat
the δ0 fit with modified (within their uncertainty range) real and
imaginary parts of the Dicke parameter. We obtained a 3% change
in δ0.

Similarly, to estimate the uncertainty originating from the
uncertainty of the speed dependence of the pressure shift, δ2, we
repeat the fit with its value altered (within its uncertainty range),
obtaining a 1% change in the fitted δ0.

A minor role is played by the uncertainties of the measurement
devices. The inaccuracy of the pressure gauge of 1% adds 1% uncer-
tainty to the δ0 parameter since δ0 is obtained by dividing the actual
shift by pressure. Additionally, the stability of the laser is 10 MHz
≈ 0.33 356 × 10−3 cm−1. The accuracy of the pressure shift parameter
is directly connected to the frequency read; thus, the maximum
inaccuracy of δ0 due to laser instability is 1%.

Table II presents the full uncertainty budget. The top panel
summarizes the uncertainty of the experimental δ0. The uncertainty
originating from the velocity-changing collisions model is dominant
(6%), and the total combined uncertainty is 12%.
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TABLE II. The budget of the experimental and theoretical uncertainties of the δ0
parameter.

Uncertainty contribution u(δ0)
Uncertainty of the experimental δ0

Velocity-changing collisions model 6%
ν̃opt uncertainty 3%
δ2 uncertainty 1%
Pressure measurement uncertainty 1%
Laser maximum instability 1%
Combined experimental uncertainty 12%

δ0 = (−33.0 ± 4.0) × 10−3 cm−1 atm−1

Uncertainty of the theoretical δ0

PES inaccuracy 21%
CC calculation convergence 1%
Combined theoretical uncertainty 22%

δ0 = (−26.4 ± 5.6) × 10−3 cm−1 atm−1

B. Uncertainty of the theoretical δ0

Theoretical values of the line-shape parameters are obtained
by performing quantum scattering calculations on our PES, as we
described in Sec. III. The corresponding uncertainties of the quan-
tum scattering calculations and the PES propagate to the uncertainty
of the calculated δ0.

To estimate the uncertainties originating from the close-
coupling quantum scattering calculations, we repeat the calculations
varying the numerical steps and other convergence parameters. The
uncertainty of δ0 estimated this way turns out to be smaller than 1%.

To estimate the uncertainty of δ0 originating from the PES
uncertainty, in the first step, we estimate the maximum inaccuracy of
the PES. The inaccuracy of the PES can be estimated by the relative
difference between the non-relativistic PES value and its best extrap-
olation to the complete basis set. The highest discrepancy turns out
to be at the bottom of the PES well, where the difference between the
PES (−54.39 cm−1) and the extrapolated value is −0.72 cm−1, which
is 1.3%. We treat this value as the maximum inaccuracy of the PES.
In the second step, we modify the PES by scaling the isotropic part of
the potential in the upper rovibrational state by 1.3%. We find that
such distortion of the PES results in a 21% change of the theoretical
δ0; therefore, we treat this value as our estimate of the uncertainty
due to the PES inaccuracy (see Table II).

C. Combined uncertainties
The uncertainty budget of both theoretical and experimental

values of the δ0 parameter is summarized in Table II. Considering
the uncertainties, we obtained the experimental δ0 = (−33.0 ± 4.0)
× 10−3 cm−1 atm−1 and the theoretical δ0 = (−26.4 ± 5.6) × 10−3

cm−1 atm−1. The dominant contribution to the uncertainty budget
results from the inaccuracies of the PES.

VI. SUMMARY
In this work, we focused on the S(1) 3-0 transition in molec-

ular hydrogen perturbed by argon. We collected the experimental

collision-induced spectral line shapes with the highly accurate cavity
ring-down spectrometer of the Hefei laboratory. We also simulated
the theoretical line profiles based on the fully ab initio quantum
scattering calculations on our accurate H2–Ar PES.

We verified the accuracy of several different approaches to
model the theoretical line shapes, gradually adding subsequent cor-
rections to our methodology. We considered the following effects:
simplified centrifugal distortion (CD), full CD, and vibrational cou-
pling (VC). We have found that neglecting these effects in our
calculations resulted in a 6% error in the pressure broadening and
shift parameters. Our numerical calculation revealed that the inclu-
sion of the full CD and VC increased the calculation time by a factor
of ∼50. We have shown that the simplified CD already accounts for
the majority of the corrections and allows us to achieve a sub-percent
error of the line-shape parameters.

While the theoretical and experimental spectra agreed within
1.58%, the measured and calculated shift parameters, δ0, dif-
fered by 20%. We analyzed this discrepancy, from both the the-
oretical and experimental perspective, to find that the δ0 para-
meter is exceptionally sensitive to some computational aspects
of our ab initio methodology; we found that the major contri-
bution to this discrepancy originated from the inaccuracies of
the PES.

SUPPLEMENTARY MATERIAL

The supplementary material includes the generalized spectro-
scopic cross sections of the S(0) 3-0 transition of H2 perturbed by
argon, which was used in our analysis.
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APPENDIX: THE ROLE OF THE VELOCITY-CHANGING
COLLISIONS

The line width of the H2 molecule interacting with a heav-
ier perturber strongly depends on the velocity-changing collision
model,4,8,50–53 see Fig. 5. To accurately reproduce the shape of a
line, the velocity-changing model needs to include the absorber-to-
perturber mass ratio.

A proper modeling of the velocity-changing collisions is of
critical importance above the Dicke minimum [around 1.2 atm in
the case of the S(1) 3-0 line considered in this paper, see Fig. 5].
In this regime, the direction of the velocity vector of an active
molecule (here H2) thermalizes much faster than its magnitude
(speed).4,9 Hence, above the Dicke minimum, the Doppler broaden-
ing is eliminated and the main role is played by the speed-dependent
effects, in particular, the inhomogeneous broadening due to the
speed-dependence of collisional shift.2

Table 1 of Ref. 9 shows that the thermalization rate of speed
strongly depends on the absorber-to-perturber mass ratio. In the
case of velocity thermalization, this dependence is much weaker.
Therefore, to model the velocity-changing collisions properly, one
needs to take into account two different time constants, describ-
ing the speed and velocity decays independently, and including the
dependence on the mass ratio.

The present paper, however, does not aim at studying the
velocity-changing collisions (which was thoroughly covered in
Refs. 9 and 4). Within this research, we focus on explaining the dif-
ference between experimental and theoretical δ0. Hence, our goal
is to reduce any additional uncertainties and inaccuracies coming
from the velocity-changing collision model. Therefore we study the
regime below the Dicke minimum, see the grayed area in Fig. 5,
where the impact of the velocity-changing collision model is the
least pronounced. The half-width at half maximum (HWHM) of the
billiard-ball profile (that takes into account the mass ratio and the
two different relaxation rates) and hard-collision profile is almost
equal at the considered pressure range. The divergence of the two
curves becomes clearly visible at higher pressures, above the Dicke
minimum. Figure 4 reveals relatively small inaccuracy arising from
a simplification of the velocity-changing model [compare the per-
formance of the fully ab initio billiard-ball profile46,47 (e) and the
hard-collision profile49 (g)].
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