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Schrödinger Eq. of the Hydrogen Atom

r⃗N r⃗e

N
r⃗

e

氢原子或类氢原子：

H = − h̄2

2MN
∇2

N−
h̄2

2me
∇2

e−
Ze′2

r

其中 r⃗ = r⃗e − r⃗N

e′2 = e2/4πϵ0
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Noninteracting Particles and Separation of Variables

Ĥ = Ĥ1 + Ĥ2, (Ĥ1 + Ĥ2)Ψ(q1, q2) = EΨ(q1, q2)

其中Ĥ1 只和粒子 1 有关；Ĥ2 只和粒子 2 有关；
分离变量法，假设 Ψ(q1, q2) = G1(q1)G2(q2):

Ĥ1G1(q1)G2(q2) + Ĥ2G1(q1)G2(q2) = EG1(q1)G2(q2)

G2(q2)Ĥ1G1(q1) + G1(q1)Ĥ2G2(q2) = EG1(q1)G2(q2)

Ĥ1G1(q1)

G1(q1)
+

Ĥ2G2(q2)

G2(q2)
= E

Left part must be a constant,

Ĥ1G1(q1) = E1G1(q1), Ĥ2G2(q2) = E2G2(q2)

E1 + E2 = E
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Noninteracting Particles and Separation of Variables

可推广到 n 个独立 “粒子” 问题：

Ĥ = Ĥ1 + Ĥ2 + · · ·+ Ĥn
Ψ(q1, q2, · · · , qn) = G1(q1)G2(q2) · · ·Gn(qn)

E = E1 + E2 + · · ·+ En
ĤiGi = EiGi, i = 1, 2, · · · , n
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Reduction of the Two-Particle Problem to Two
One-Particle Problem

质心坐标系方法：

N
r⃗

e

r⃗N r⃗e

R⃗(X,Y,Z) =
m1⃗r1 + m2⃗r2

m1 + m2

r⃗(x, y, z) = r⃗1 − r⃗2
M = m1 + m2; µ =

m1m2

m1 + m2

∇2
R =

∂2

∂X2
+

∂2

∂Y2
+

∂2

∂Z2

∇2
r =

∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2

=⇒ 1

m1
∇2

1 +
1

m2
∇2

2 =
1

M∇2
R +

1

µ
∇2

r
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则 S.eq 可化为：

[− h̄2

2M∇2
R−

h̄2

2µ
∇2

r + V(r)]Ψ = EtotalΨ

分离变量法，

Ψ(R⃗, r⃗) = Ψc(R⃗)Ψe(⃗r)

− h̄2

2M∇2
RΨc(R⃗) = EcΨc(R⃗)

[− h̄2

2µ
∇2 + V(r)]Ψe(⃗r) = EΨe(⃗r)

Etotal = Ec + E

即分解成质心的平动和内部运动。
这个方法是精确的，但无法推广到多体问题。
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三维中心力场

[− h̄2

2µ∇
2 + V(r)]Ψ(⃗r) = EΨ(⃗r)

∇2 = ∂2

∂r2 + 2
r
∂
∂r +

1
r2 [

1
sin θ

∂
∂θ (sin θ ∂

∂θ ) +
1

sin2 θ
∂2

∂ϕ2 ],
L̂2 = −h̄2[ 1

sin θ
∂
∂θ (sin θ ∂

∂θ ) +
1

sin2 θ
∂2

∂ϕ2 ],
L̂z = −ih̄ ∂

∂ϕ ,
∇2 = 1

r
∂2

∂r2 r − 1
r2h̄2 L̂2

Ĥ = − h̄2

2µr
∂2

∂r2 r + 1
2µr2 L̂2 + V(r)
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分离变量法求解

[− h̄2

2µr
∂2

∂r2 r + V(r) + 1
2µr2 L̂2]Ψ(r, θ, ϕ) = EΨ(r, θ, ϕ)

可以分解为：
Ψ = R(r)Y(θ, ϕ)

角向方程

L̂2Y(θ, ϕ) = βh̄2Y(θ, ϕ)

径向方程

[ 1r
d2

dr2 r + 2 µ
h̄2 (E − V)− β

r2 ]Rℓ(r) = 0
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角向方程，球谐函数

L̂2Y(θ, ϕ) = βh̄2Y(θ, ϕ)

其解

Yℓm(θ, ϕ) = (−1)
m+|m|

2

√
(2ℓ+ 1)(ℓ− |m|)!

4π(ℓ+ |m|)!
P|m|
ℓ (cosθ) 1√

2π
eimϕ

L̂2Yℓm(θ, ϕ) = ℓ(ℓ+ 1)h̄2Yℓm(θ, ϕ)∫ 2π

0

dϕ
∫ π

0

dθY∗
ℓmYℓ′m′ sin θ = δℓℓ′δmm′
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Radial Function and Energy levels

h̄2

2µ (R′′
ℓ + 2

r R′
ℓ) + V(r)Rℓ +

ℓ(ℓ+1)h̄2

2µr2 Rℓ = ERℓ(r)

一般中心力场中，其解：

R = Rnℓ(r),
∫ ∞

0

RnℓRn′ℓr2dr = δnn′

E = Enℓ

能量本征态一般是 2ℓ+ 1 重简并，与 m 量子数无关。
对于类氢离子 V(r) = Ze′2/r，其解

Rnℓ(r) = Nnℓe−
Zr
na (

2Z
na r)ℓL2ℓ+1

n+ℓ (
2Z
na r)

a ≡ h̄2/µe′2 =
h̄

αµc

e′2 = e2/4πϵ0
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Energy levels of hydrogenlike atom

Ψnℓm = Rnℓ(r)Yℓm(θ, ϕ)

HΨnℓm = EnΨnℓm

En = − Z2

2n2
· µe′4

h̄2 = − Z2

2n2
· µc2α2

L2Ψnℓm = ℓ(ℓ+ 1)h̄2Ψnℓm

LzΨnℓm = mℓh̄Ψnℓm

ℓ = 0, 1, 2, 3 · · · , n − 1

m = 0,±1,±2, · · · ,±ℓ

ℓ= 0(sharp), 1(principle), 2(diffuse), 3(fundamental), · · ·
hcR∞ ≡ 1

2α
2mec2 ≈ 13.6eV, a0 ≡ h̄

αmec ≈ 0.529Å, α ≡ (e2
4πϵ0h̄c ≈ 1

137

R∞ =109 737.315 681 60(21) cm−1, RM = R∞
M

me+M

SM Hu Quantum Physics



Duality S. Eq Hydrogen S.Eq Sep.Var. Cen.Force Energy WaveFunc. 参考与习题

Hydrogenlike-Atom Wave Functions

Ψnℓm = Rnℓ(r)Yℓm(θ, ϕ)

Rnℓ(r) =

√
(
2Z
na )

3
(n − ℓ− 1)!

2n[(n + ℓ)!]3
e− Zr

na (
2Z
na r)ℓL2ℓ+1

n+ℓ (
2Z
na r)

Yℓm(θ, ϕ) = (−1)
m+|m|

2

√
(2ℓ+ 1)(ℓ− |m|)!

4π(ℓ+ |m|)!
P|m|
ℓ (cos θ) 1√

2π
eimϕ

where a ≡ 4πϵ0h̄2/µe2
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Radial Hydrogenic Wavefunction Rnℓ

R1s = (
Z
a )

3/22e−ρ

R2s = (
Z
2a )

3/22(1− ρ)e−ρ

R2p = (
Z
2a )

3/2 2√
3
ρe−ρ

R3s = (
Z
3a )

3/22(1− 2ρ+
2

3
ρ2)e−ρ

R3p = (
Z
3a )

3/2 4
√
2

3
ρ(1− ρ/2)e−ρ

R3d = (
Z
3a )

3/2 2
√
2

3
√
5
ρ2e−ρ

a ≡ 4πϵ0h̄2/µe2

ρ =
Zr
na

ℓ = 0 时，在 r = 0 原点处：
|Ψn,ℓ=0(0)|2 = 1

π (
Z
na )

3

⟨1r ⟩ =

∫ ∞

0

1

r R2
nℓr2dr

=
1

n2
(
Z
a )

⟨ 1r3 ⟩ =
1

ℓ(ℓ+ 1/2)(ℓ+ 1)
(

Z
na )

3
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R1s & R2s & R2p

Electron in the Nucleus?!
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R3s & R3p & R3d
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Radial Distribution Function R2
nℓr2
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Real Hydrogenlike Functions

Ψn,ℓ,m = Rnℓ(r)Sℓm(θ)
1√
2π

eimϕ

combinations of Ψn,ℓ,m and Ψn,ℓ,−m:

Ψn,ℓ,|m| = Rnℓ(r)Sℓ,|m|(θ)
1√
2π

{ cos |m|ϕ
sin |m|ϕ

Ψ2pz = Ψ2p0
=

1√
π
(

Z
2a )

5/2e−Zr/2az

Ψ2px =
1√
2
(Ψ2p1

+Ψ2p−1
) =

1√
π
(

Z
2a )

5/2e−Zr/2ax

Ψ2py =
1

i
√
2
(Ψ2p1

−Ψ2p−1
) =

1√
π
(

Z
2a )

5/2e−Zr/2ay

Ψ3dxy =
1

i
√
2
(Ψ3d2

−Ψ3d−2
) =

2

81
√
2π

(
Z
a )

7/2e−Zr/3axy
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Graphs of Real Hydrogenlike Orbitals

Angular wave
function,
|Yℓm(θ, ϕ)|

Probability density, |Ψ|2, |Ψ| (@y = 0)

pz

2s

3dz2

2pz

3dxz

3pz

3dx2−y2

A Java viewer from: http://www.falstad.com/qmatom/
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Graphs of Real Hydrogenlike Orbitals
3pz (m = 0)

3dz2 (m = 0)

3dxz (m = ±1)

3dyz (m = ±1)

3dxy (m = ±2)

3dx2−y2 (m = ±2)
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Graphs of Real Hydrogenlike Orbitals

4fz3
(m = 0)

4fxz2
(m = ±1)

4fyz2
(m = ±1)

4fxyz
(m = ±2)

4fz(x2−y2)
(m = ±2)

4fx(x2−3y2)
(m = ±3)

4fy(3x2−y2)
(m = ±3)

http://en.wikipedia.org/wiki/Atomic_orbital
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多电子原子的电子轨道能级

钻穿效应 Penetrating Effect
外层电子有穿过内层电子的布居；
E(ns) < E(np) < E(nd) < E(nf);
能级交错。

原子轨道能级图
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参考内容提纲

内容 参考书
氢原子的薛定谔方程 【Lv】§6.1 【杨】§17
多个独立粒子体系 【Lv】§6.2-6.3
单粒子三维中心力场 【Lv】§6.1 【曾】§6.1
类氢原子能级 【Lv】§6.5 【杨】§17
类氢原子波函数 【Lv】§6.6 【杨】§17
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