Duality S. Eq Hydrogen Theorems appendix

Outlines of Quantum Physics

(@ Wave-Particle Duality
(@ The Schrodinger Equation
(3 The Hydrogen Atom

(@ Theorems of Quantum Mechanics
o Hermitian Operator
o Properties of Hermitian Operator
o The Postulates of Quantum Mechanics
o Commutator and Uncertainty Principle
o Representation
o Electron Spin
o Exchange of Identical Particles
o Two-State System
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Hermitian Properties Postulates Commutator Representation spin Fers

JEKESRF Hermitian Operator

o HMER:
O(a¥1 + ¥s) =
c10¥1 + 0¥,
B RITICEEERF

@ REREHIAFR

0 EREKIE OF

@ JBKERF: 0t =0

SM Hu

o Scalar Product

(1, ) = [dry*p

° (¥,9) =0
(1, )" = (9,9)
(1/)7901 +902) = (Z/J, 1)+(1/%802)
(flpl +1/}27S0) = (1/}13 QD)—’_('I/}Q?QD)
(% CSD) = ( 790)
(e, 0) = (¢, 9)
o if Vb,
(¥, Ap) = (¢, By)
then A=B

Quantum Physics
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JEREFFRIE AR

if /2\, B are Hermitian, A+ Bis Hermitian, but AB NOT unless AB = BAJ

VW, Hermitian ERfFAIFIYEERRLE, WiapABALIL. J

HEIsEie EAT LA DR, FI9EERETE, BRCKER J
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Eigenvalue and Eigenfunction of an Hermitian Operator

[EAREFFAIAEHELS ZSLEL )

[EAREFR BT ARMEENAREREIESL

(Fixt) €D |

NEFENMMERHERTER—NTER, (HA— N SREERERZ
REREF (EeEtt)
BB — N EALTA—HIE R ERENES (Complete Set),

NEBWENNETY, REERETHRAHENTLATRRRE
F— (FEREF) )
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EFNFENRIZ Summary of Postulates in Q.M.

O ARREUEAGMMARIIRS, BSeiA. (—heit, KRR
B, &L FHaiH, 2 RINRE)

@ (HITINLNRHIREX N — MM ERERF, HAMERERTHAR,
—NEERREE. (WERRTHERNZFEE x— X pe— —ihi
XIRLF=4E)

@ XFNhFEMHATENNEERBEMSNER FII—
HE fn, WEEAZRED 5" BIEAENARES om;
’@U’@mu%@;:ztu fm E{JﬁgA |Cm‘21 HEP Cm = (@ma \I/):
WEDYE (F)y = [¢*Fodr, HF ¢(q,t) B—NMELIIT—RIE
kg, A
E-]-#Lgi%— {QDm}; Fom = fmom; (‘pma @n) = Omn;

VU, ¥ = ZCmQDm; ((pquj) = Cm; (\Pa \I/) = Zm |Cm|2 =1
(Flg =F=(V,F0) = [ U FUdr =Y, fnlcm|?
@ EFSHIRTEIEEHE Schrodinger 778,
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EFNFNERR

AR HIEARLT v &, WEHZE F, EFHZEEETRU?
o fRIRE Fo, = fupn, SHK FONEEMAEREL
o HE {¢n}, (dm: Pn) = Omn HIBL—NERIT—TCHRIREE
o U IE {¢n} LERFF, V=3, catn, BIFEE o = (60, V),
o WIS f, BIRRRE |,[?, WEFIER X, filal

"TEENE" NRSVERMY: HSRIZNFEN—MES

B8R : GUATKRARITFE Fon = fuon?
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Dirac &

o K (ket) |¥) FIER (bra) (@]
o |T)* = (7]
° ﬁ'%,‘:l scalar product: (®|¥) = [ drd* ¥
IERRFeEse: {[K)},
o IFAZIA—: (K|j) = d;,
o FEEME: X, k(K =1
o BREFF: 1) = X, [K(KY) = 32, alk)
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T2, Commutator

SM Hu Quantum Physics
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BlF, BAXBKE

X, = ih; [ py] = 0; Xy =0
[Lx,y] = ihz [Ly, 2] = —ihy, [Li,X =0

[LXa py] = ihp; [LXa PZ] = _mpy; [Lx, Px] =0
[Lx, L) = ihL,; [Ls, L) = —ihL,;

[Xavpﬁ] = ihdup
[LasXg] = > €apyihixy
(Lo pa] = 3= ot P,
[La, L] = Z'y €apyIhLy
L% L,] =0 Ly =L, +il, Ly Ly] = +hLy
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B FESWAERER

A, B are Hermitian, = VU, \ (AA)2-(AB)2 > |[A B]|

—fRith, & A B33,

WAFERSFEHTNE (BRENNEE), FEEHRNAES. )
AUR dx6p > h/2 )

ERHERIGFENS L (A, Blly, =0,
EERIE AL BAXS,
WETREFE N BINE, (615 A, B EERIEHNE (HEAMIES).
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HEMES

Representation spin Feri

& [A Bl =
LJT?T' m%@é&% {ap,}
&Z'II‘EJEL

—RRIEN—EAANSNHFE
HEMEREEFAEREE, (WERR),
(AR R ESI AT LA LR R AR ERTT.

if [A, B]A: 0, Aly=ali, Al =al) a+#3
then (i|Blj) =0

SM Hu Quantum Physics
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IERFAVCERRR, 2 a7 81

H=3(<+p), X p =i
a= J5(x+ip), at = J5(x—ip)
[a,aT] =1, N=aTa
Nin) = n[n), Hin) = (n+1/2)|n)

at|n)y=+/n+1jn+1),

aln) = /nln—1)

SM Hu
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AMERIENX

EX
NRERF IR
U, Jy] = inJ;

Uy, J.] = ihJy
[Jo, ] = ihJ,

NFR J B— M ABER
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fARIER—RRMR

Hermitian Properties Postulates Commutator Representation spin Ferm

AIERMRENERNBRER:

[Jxr Iy ihJ,

[, J) = ihy

U d] = iR,

[P J] = 0

(X ERIXLERS 3 K 2 BT IERR :

Lljm)
Jz|jm)
Jiljm)

. 1 3

./_075717572a"'

Jr = L=EiJ,
(U, Js] = +hs
Jide = P —FL+h,

JiJ_—J J, = 2hJ,

Jyd +d J = 2L -
= ji+ 1)n*|jm)
= mh|jm)
= hW{FmGEm+1)jm+1)

m:_ja_j"_]-»"'j_]-vj
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ZRE Representation

BEE— (40) HFE 6, HAMERME {0}, WERERA—H5
BEX, RREOEZ [v) ILERTREF, A 6 &R,
B, EFEAEN 6, HERTAENRSR.

REREE {|k)} BRPHIRT (BTXR)

[¥)

S I k) ‘

: i NI
- —NREES—IRE
= Tk Chmmcy 8

a = (k) BEXIRL,
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HEEGEN R
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Hermitian

Properties  Postulates Commutator Representation

spin

Fer

m

NEE F, (FRTEFS

Flp) =
W) =

)
> aulk)
K
) Z bi|k)
k
>k bulk) = ’L_Zk aklk) = > 3ki:|k>
= Vm, X
(m| > bul k) = (m| 32 akFlk)

(k) = o
cbn = Y a(mlFIK) = 3, Frsas

SM Hu

N W): EHH

G AN

ERENEE {|k)} MIBKAIZRSR T,
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E85 EI’J%EBE%T

o REAE, FBF {Fmn} 5 V). |9) EBFK,
EAETHFE FIE {|h} ¥R (B 6 BEN!) THOMRE,
BIRix ¥ EBEZRRPRIENERT.

o IR, MHESNNZE C BSEZREFIEMETNERE
XIFBURY, B XIREMTRNE NAYAHE.

o EZRFTHFEE FINAME (ME) IR
BIJ9IZAERE {Fmn} BWHIEHE (RE) [ARE.

BOKfERERE P P~'FP = diag{(1, - ,lp, -~}
kB ¢, BAEHE, 5V P SRR RAS 5 R EmRAE

b%; B MFERERIRATKREE) R E N AHEXS RA—D
TS,
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RESMIERTT

A Ji|Jm ) = h/(jF m) (Jim—l— 1)jm+£1)
Bio=10Ur+J0). Jy=20s—Jo)
S {|jm)} BERF J A J, BORERERZ
R A IR AR R ST TR

j=1/2, X Pauli %B%:

_ h . —
Jaffo—a, a=XYZz

0 1 0 —i /10
%=\ 10)° io0 )%= o0 -1

Postulates Commutator Representation spin Fer

Puzzle: {EA “RE" NAIE.
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KEEFH=NEET

roperties Postulates Commutator Representation spin

Fer

B8 HIEARLT |v) &, WEHFE F, EFHFEETN?

O IEESENERS: NFEER ¢ NERT—=&AMESE {|K)});

0 EZES TEHHTCHFEEN F IIRERE |v) WET,
Finn = (m[Fln); [¥) =37, aklk)

@ FEREXIE, P YFP = diag{l1, - ,ln,---}, BDEE| F R9ATE
& ¢ FHERIAY (G RETH) MIES |¢,-> = >« Pulk);

@ Jv ) FE F IRANAMIES L85, |U) = 2 cilo);
= (i ¥) = Zk ikak 1
/)J/Ef 0 BORERR |c?, MEFHER Y, lcl?
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Magnetic Moment of a Circulating Flow of Charge

fe = IA
I = —e/T=—ew/2w
ﬁg = —erx 7/2
e -
- _2me L
—psL/h
Moz = —Mglig

IR /RELFBohr magneton
Hy = % =9.274010078 3(28) x 10~24(J- T~1) ~ 58ueV/T
° y
Magnet in a B field:
Torque: 7 = [ X B =
Potential energy: U= —ji- B= —Bu, )

SM Hu Quantum Physics
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Stern-Gerlach experiment

1922, Otto Steran1943 (1888-1969) &
Walther Gerlach (1889-1979), University of

Frankfurt

Observed

7
pattern
g X . -

Beam of
silver atoms

Oven \
with silver — ’

Classical
prediction
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Electron Spin

Hypothesis of Electron Spin
o 1922, Otto Stern & Walther Gerlach, University of Frankfurt

o 1925, Uhlenbeck and Goudsmit: explaining the Zeeman effect.
Kronig discarded, objection from Pauli, Krammers and Heisenberg

o 1928 P.A.M.Dirac: Electron has a spin in relativistic Quantum
Mechanics.

o Spin has no classical analog! BHE&BESHXIN

Magnetic moment of electron spin

fis = _gSlLLBE/hY Hsz = —8sMsflg, KB = ;zs

gs ~ 2.0023... ( Note. g =1)
Quantum Electrodynamics (QED): g5 = 2[1 + 5= + O(a?)],

a=—S_, 1/a=137.035999084(21)

4meghc’

SM Hu Quantum Physics
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Exchange of Identical Particles

° /o ° /0

Identical Particles: must be indistinguishable!

Non-classical, Absolutely Quantum!

EMEERF Permutation/exchange Operator P;

P:J\IJ(C]I’C]anaQN) = \II(QthCIHQN)
— )\‘I/(qhanIqu)
P}V =1, AN =1, A==+1

Symmetric: Bosons; Anti-symmetric: Fermions.

Symmetrization Postulate: {EHAGIRRIFHE—EZ— (FKiRH)

SM Hu Quantum Physics
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Fermion and Boson

Hermitian Properties Postulates Commutator Representation spin Ferm

Fundamental Particles

o A=1, Boson: 7 (pion) (s=0), photon (s=1) ...
Integral spin, Bose-Einstein distribution.

o A= —1, Fermion: electron, proton, neutron (s=1/2) ...
Half-integral spin, Fermi-Dirac distribution.

Identical Composite Particles, without considering any change in the
internal structures: number of Fermions consisted in the “particle”:

o odd: Fermion, 3He nucleus ...

o even: Boson, *He, D(?H)...

v
Wavefunction of a system consisted of multiple identical particles:
o Exchange of two identical BosonsP(B),-j, must be symmetric;
o Exchange of two identical Fermions P(f);, must be anti-symmetric
v

SM Hu Quantum Physics
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Electronic wavefunction of Helium, ground state

ation

spin  Ferm

Ground State of Helium

o spacial function: 1s(1)1s(2)
Poo[1s(1)1(2)] = [15(1)15(2)], symmetric

o spin function: «(1)a(2), «(1)8(2), 8(1)a(2), 5(1)5(2)
Symmetric:
o a(l)a(2),
o B(1)B(2),
o [a(1)B(2) + B(1)a(2)]/V2
Anti-symmetric:
o [a(1)B(2) - B(1a(2)/V2
o Physically correct ¥ must be anti-symmetric:

U(qr, g2) = [1s(1)1s(2)][(1)B(2) - B(1)x(2)]/ V2

SM Hu Quantum Physics
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Electronic wavefunction of Helium, excited state

spin

Fe

rm

Excited States of Helium

o Spin function:
Symmetric: a(1)a(2), B(1)5(2), [a(1)B(2) + B(1)a(2)]/v2
Anti-symmetric: [a(1)3(2) — B(1)a(2)]/V2
o Spacial function: 1s(1)2s(2)
Symmetric: [1s(1)2s(2) + 2s(1)1s(2)]/v/2
Anti-symmetric: [15(1)2s(2) — 2s(1)1s(2)]/v/2
o Physically correct ¥ must be anti-symmetric:
o (1s2s)S1, spacial: anti-symmetric & spin: symmetric:
B(1,2)1 = [1s(1)25(2) — 25(1)1s(2)]a(1)a(2)/V2
¥(1,2)2 = [1s(1)2s(2) — 25(1)15(2)] 8(1)B(2)/v2
¥(1,2)3 = [1s(1)2s(2) — 2s(1)15(2)][(1)B(2) + B(1)(2)] /2
o (1s2s)'Sy, spacial: symmetric & spin: anti-symmetric:
P(1,2)a = [15(1)25(2) + 2s(1)15(2)][(1)5(2) — B(1)(2)]/2
E(“Sl) < E(ISO)

SM Hu Quantum Physics
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Ground State of Atomic Lithium, Pauli Exclusion Principle

Ground State of The Lithium Atom

o Spacial: could it be possible to have 3 electrons all in 1s?
[1s(1)1s(2)1s(3)]
P;{1s(1)1s(2)1s(3)] = [1s(1)1s(2)1s(3)], symmetric

o Spin: a(l)a(2)a(3), a(1)B(2)a(3), -
Make it symmetric or anti-symmetric for Pyo, P13 & Pog
Symmetric:

@ aaa
@ BB
@ [aaf + afa+ Baal/V3
@ [aBB+ BBa+ BaBl/V3

Anti-symmetric: none

o Impossible to construct an anti-symmetric W!

SM Hu Quantum Physics
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Wavefunction of a system consisted of identical particles

Total wavefuntion of N identical particles

O = ¢1(q1)02(q2) - - - dn(an)

v
Symmetric Wavefunctions of Bosons
=5 P (q1)¢2(a2) - dnlaw) )

Anti-Symmetric Wavefunctions of Fermions, Slater Determinants

A= S p(—1)PPo1(q1)d2(q2) - dn(qn)
é1(qr)  o1(q2) - oi(gn)
1| P2(q)  @2(qe) o0 o

on(qr) on(gz) - énlan)

SM Hu Quantum Physics
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Two-State System

Hermitian Properties Postulates Commutator Representation spin Ferm

Two state |1) and |2)
Hamiltonian: )

_ €1 —h
H= < —h/ €2 )
20 =) —e9, 2= (g1 +¢€2)
E[V// =+ VA2 4 p2

If A H:

E=cFA(L+34)

EI:51+2_42
Ey=er— 2%

If A< H:
E—aiﬁu+%%)
E/=€+h'+2h,

r A%
E[/—é‘— h — SH

SM Hu

“Avoid Crossing”

E €2
€1
Ey
0

Quantum Physics
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Double States of the Ammonia Molecule*

!

o Base states: |I) & |II)

l IT) o Hamiltonian: ( _E?L\ EOA )
o Eigenvalues and eigenfunctions:
Ei=E—-A
Eo=E+A
1) = S5 (1) - 1))
12) = 5 (1) + [1I))
0 |U) =¢|l) 4+ |2) = G|I) + Ci|IT)
|1T) c 1 1 -1 G

Co B ﬁ 1 1 CH

I

— — =
!

SM Hu Quantum Physics
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Double States of the Ammonia Molecule*

o Base states:
‘\I/> = C1|1> + C2|2> |\Ij> = CI|I> + CII|H>
o Hamiltonian:

([ E 0 . [ B -A
H‘(o EQ> H_(—A E0>

o Evolution of states:

if [W,—o) = a|1) + b[2), then |U,) = aeE1t/|1) + e~ E2t/h|2)
o if the system is in the state |I) when t = 0:

o) = ) = 1)+ 12, %) = GO + Cu(B)I)

CI( ) e IEgt/ﬁ( iAt/h +e :At/ﬁ) iEot/ﬁ COS(At/ﬁ)

Cu(t) = ie”Eot/hsin(At/h)
o |Gi(t)|? = cos? 4t = (1 + coswpt) /2,

|Ci(t)|? = sin? Aﬁt = (1 — coswypt)/2,

wo = 2A/f7

SM Hu Quantum Physics
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Ammonia molecule in a static electric field*

If we apply a small electric field €:
o Hamiltonian (using bases |I) & [II)):
He — Ey — p€ —A
€ —A Eo + p€
o E1:E0—\/A2+/J,2€2, E2:E0+\/A2+/$2€2
o If the applied field is weak,
Ei=E-A-L%, E=E+A+L%
o Force on the molecule, Polarized beam:
F= 57\V€2

12)

SM Hu Quantum Physics
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*Rabi Oscillations*

o Basis states: [1), [2), |¥) = ¢1|1) + 2|2),
Time-dependent S.-Eq:

ITIQ 1 _ El Xe¢ 1
ot Co - X¢ E2 Co

o Quwo=(B—E)/h a=n()e BV o =yy(t)e ElP
o ihGE = XE(t)ype 0!
/ﬁ% = X E(t)y, evot
o Periodically oscillating E-field: & = &g coswt = Ey(e¥t + e~ »1)/2
Rabi frequency is defined as: Q = X¢&y/h

° I% — %72[ei(w+wo)t+ e—i(w—wg)t]

I% _ %71 [ei(wfwo)t + efi(w+w0)t]

SM Hu Quantum Physics
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*Rabi Frequency*

Hermitian Properties Postulates Commutator Representation spin Ferm

o Ignoring the @ two)t term; Let w — wy = A, then:

d’)’1 _ Q _—iAt

71? + 2? =1
M= eflAt/Q[COS

_ _ 9 iAt/2 Wt
Y2 = —Ilye€ sin 5

dya _ Q
I=g¢ = 3¢ 2, =gt = 32

o If y1]=0 = 1, 72|t=0 = 0, define W =

eiA t,

We | i W Sin Wi

!
VA? +Q2,

and we get,

o Possibility of system observed at |2) after time t:

2 Wt Q2% 1—cos Wt
W2

9 2 W
Py = 7 sin” 5 = 5

o A = 0: system oscillates between two states with Rabi frequency Q:

0 05

SM Hu

15
t(x /2y E

)
o
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If Fis Hermitian, then V¥, Fe R
Hermitian EIRHEER— NS EHTIIEER RS

v

>

=
£

>

AN

o Fis Hermitian.

o (6,9) = (¥, 9)"

|
T

SM Hu Quantum Physics
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Expected Value of an Hermitian Operator Eigenvalues Eigenfunctions

If VU, F= F*, then F is Hermitian.

MR—EFEEES LAFIEERHRS

S, XANERFE Hermitian

of an

o Vi, (v, Fp) = (Fy,v)

o (¢1 + oo, Fo1 + cFoo) =
(Fpy + cFoa, ¢ + cipa)

o & = (¢1, F1) + |c[>(¢2, Fpo) +

(1, Foo) + c*(¢2, Fr)

B = (Fo1,01) + | c[2(Fpa, d2) +

c(Fpr1,¢2) + c* (Fba, é1)

o dlr, Foo) — (For, 60)] =
(b2, Fén) — (Foo, 61)]
o (¢1, Fﬂfz) - (F(él,db) =
—(¢2, Fo1) + (F2, ¢1)
° (¢1, F¢2) (F¢1, ¢2) =
(¢2, F¢1) (Fpo, 1)
o (¢1, Foa) — (For, o) =

SM Hu

o BIEBH: VU, F=F

& (U, FO) = (U, Fo)*

= (Fu, o)

CENTIEK

F Hermitian

< Vo1, 02,

(¢17 F¢2) = (F¢17¢2)
o By = ¢1 + cpo FAN;
o (¢1,F¢1) = (For,¢1);

(¢2, Fo2) = (Fo2, ¢2)
o cfEFE Wl c=1,
o Blc=i

Quantum Physics
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Eigenvalues and Eigenfunctions of Hermitian Operators

[EAREFFRIAHERLE

i—‘qﬁm = fn®m, Fis Hermitian,
(¢maF¢m):fm€R )
[EARBEFNE T AR AHERNAEREUER
° (¢na i:(bm) = (¢na fm¢m) =
AL I
o (Fon, 0m) = (Fa 6m) = A
ﬁ‘,((b,,, ¢m) = fn((z)na ¢m) fm ;é fn o
° ((br; i;n)f(fm - fn) =0 ° ((bn’ i:¢m) _ (i:¢n7¢m)
o '-' m n»
(¢m¢m) =0 )

SM Hu Quantum Physics
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Uncertainty Principle

AR

if A, B are Hermitian, then §A - 6B > %|[A, B

Proof:
(A B)*F

@ [AB=iC = (AB—BA)T

ch—¢ — BYAT — AtBT

@ v, VAZ. B2 > 1| f[AA;]A__[A B

@ AMA=A—-A AB = B-B, AA, AB are also Hermitian;
B ER! )

SM Hu Quantum Physics
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VA . B > 1[C

vV,

Expected Value of an Hermitian Operator Eigenvalues Eigenfunctions of an

I(€) = (EAU + iBU, EAD + iBD)
VEER, I(§) =0
I€) = &(AV,AT) - i&(BY, AV)
+i¢(AT, BU) + (BU, BU)
= (U, A%0) + if(VU, ABU)
—i€(, BAD) + (U, B>)
= PA_C+B
C<im B

Quantum Physics

° Vi, (¥,9) >0

o (cp,¥p) = (¢, ¢)

o Fis Hermitian =
(¢, Fp) = (Fo,¥)

o At=A Br=B

o [A, B] =iC, ¢

o Vx € R,

a4+ bx+c>0
< b? < 4dac
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IERFIIRN D fEEE

Facterization method, Schrédinger, 1940

Expected Value of an Hermitian Operator Eigenvalues Eigenfunctions of an

° I:I:%(%erfJQ)

o BP ala), &%|a), --- DRIE N
oH:+a+a+% N+ 3 BAIEER o — 1, a—2, -
5\7, ;E L: 1W) _ AOAEEREY;
° rE: , N> ° N B 1 IAAS
& (0 Ma) = ala) iy IEE, HAMHESGANT
o ENE: o WHHFE—MRING a0,
Nala) = (o — 1)a|a) ey
Nat|a) = (a+ 1)at|a) alog) = 0.
o F1E |0), Nj0) =0 o T
o MAJLAREIE : N|a) = atalag) = 0|av)
[1) ~ a™|0), |2) ~ aT|1)--- BB ap =0
In) = —(a*)"]0)
<n‘n/> =0nmw Back
N|n) = n|n) “
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Eigenvalues of an Angular Momentum Operator

o LAm) =Axm),  J|Am)=mlAm), (h=1)
o IfF N # N (NWm'|Jy|]Am) =0 a=xyz+
o J,(JL|Am)) = (m=£1)(J|Am)), “Ladder Operators”
o LPUIAmM) = 2K |am),  LIIAm) = (mE k)2 m)
(mt k(2 — B)[m+ k) = (A — (m+ K)2)(m+ klm+ k)
c BB BB R0
o dm,m, Jym)=0, J_|m)=0

o m=m-—n, m=-m
o m=}j )‘:J(J+1)' j:07%717%72a"'
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Eigen

values Eigenfunctions of an

!

If N # X (N[ Jo|Am) =0 a=xyzE

[, 4] =0

Nm'| Py — Ju P|Am)
NN m' | Jo| Am) — XN 'm'|Jo| Am)
= (N = NN |Jy|Am)

= 0.

y

£ {|Am)} REP, B8 J. BT (FBFE), 33 ) &2 * 3R BRI,

Back
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Ladder Operators

Jody|Am) = (m+ 1)Jy | Am)

[Joy Ji] =FJL (h=1)
[Jzy J£]|Am) = £Jp|Am)

= (Lde — Jed)Am) = +Ju|Am)
= JJi|Am) — mJy|dm) = £J | Am)
= L(JL|dm)) = (m£ 1)(Jx|Am)). )
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(mE k(P — P)mEk = (\— (m= K)?2)(m= klm= K

[P Ji]=0 = P =FKP
= PL|Am) = A am)
Jde|]dm)y = (m+1)Je|dm) = LIK|Am) = (m=+ k) J5 | Am)

EE N, iE A m)=|m+ k), keZ

Pim+k) = Nm=Ek)
JmEtky = (mzxk)|m=Lk)
Lim+k = (mEk?*m=Ek)

(L= P)m+k A= (mE Kk} m+k).
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If Ais Hermitian, V), A2 >0

A2 = (p,A%p)
(A, Ap)

vV
o

SM Hu Quantum Physics



Duality S. Eq Hydrogen Theorems appendix Expected Value of an Hermitian Operator Eigenvalues Eigenfunctions of an

AMNEMEERIERRE *

m=-—-m
Jpde =P - L+,
J-|m) =0
Jid|m) = (A= m® + m)|m) =0
= A=m’-m
Jo[m) =0
JJim)y=(\—m>—m)m)=0
= A=m+m
= mz—m=ﬁ2+m
= (m+mmM-m+1)=0
m>m
m=—m
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