
RIEMANNIAN GEOMETRY

EXCERCISE 12

1. (Conjugate points)

(1) Prove that the antipodal points p, q in the n-dimensional sphere Sn( 1√
k

) of

radius 1√
k

are conjugate points.

(2) Compute the multiplicity of the antipodal points p, q ∈ Sn( 1√
k

) as conjugate

points.

2. Prove the following version of Gauss lemma: Given p ∈ M and V ∈ TpM
in the domain of definition of expp, let γ(t) := expp(tV ), t ∈ [0, 1] be the geodesic
with γ(0) = p, γ̇(0) = V . Then for any W ∈ T − pM , we have

〈V,W 〉 = 〈(d expp)(V )(V ), (d expp)(V )(W )〉,
where d expp)(V ), the derivative of expp at the point V ∈ TpM , is applied to the
vectors V and W considered as vectors in TV (TpM), i.e., as vectors tangent to TpM
at the point V .

(Hint: Using the fact that U(t) := (d expp)(tV )(tW ) is the variation field of the
geodesic variation, F (t, x) := expp t(V + sW ) and, therefore, is a Jacobi field with

U̇(0) = W . Hence 〈V,W 〉 = 〈γ̇(0), U̇(0)〉).
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