
RIEMANNIAN GEOMETRY

EXCERCISE 13

1.(Comparison estimates) Consider a simply-connected complete two dimen-
sional Riemannian manifold (M, g) with Gauss curvature ≤ β.

(1) Let γ : [0, b] → M be a normal geodesic in M , and there is no conjugate
point of γ(0) along γ. Let U(t) be a normal Jacobi field along γ such that

U(0) = 0, |U̇(0)| :=
È
g(U̇(0), U̇(0)) = 1.

Show that

|U(t)| ≥

8><
>:

1√
β

sin
√
βt, if β > 0;

t, if β = 0;
1√
−β

sinh
√
−βt, if β < 0.

(2) Given O ∈M . Denote by c(r) the length of the curve

{x ∈M : d(x,O) = r}.
Show that for any r ≥ 0,

c(r) ≥
¨

2πr, if β = 0;
2π√
−β

sinh
√
−βr, if β < 0.

For the case of β > 0, prove that

expO : TOM →M

is a diffeomorphism on

B

�
0,

π√
β

�
:=

§
X ∈ TOM : |X| < π√

β

ª
.

And for any 0 ≤ r ≤ π√
β

, it holds that

c(r) ≥ 2π√
β

sin
È
βr.
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