
RIEMANNIAN GEOMETRY

EXCERCISE 2

1. (Christoffel symbols) Let (U, x = (x1, . . . , xn)) be a chart of a Riemannian
manifold M . Let

(0.1) (x1, . . . , xn)→ (y1, . . . , yn)

be a smooth coordinate change, and the Riemannian metric can be written as

gij(x)dxi ⊗ dxj and hαβ(y)dyα ⊗ dyβ

respectively.

(i) Show the transformation formula of gij under the coordinate change (0.1)
is

gij(x) = hαβ(y(x))
∂xi

∂yα
∂xj

∂yβ
.

(ii) Compute the transformation formulae of the Christoffel symbols Γijk under

the coordinate change (0.1). Do they define a tensor?
(iii) Let γ : [a, b]→ U be a smooth curve. Denote ẋi(t) := d

dtx
i(γ(t)). Compute

the transformation formula of

ẍi(t) + Γijk(x(t))ẋj(t)ẋk(t)

under the coordinate change (0.1).

2. (Lobatchevski plane) Let M be the upper half-plane {(x, y) ∈ R2 : y > 0},
with the Riemannian metric

1

y2
(dx⊗ dx+ dy ⊗ dy).

(i) Compute the Christoffel symbols and write down the system of differential
equations satisfied by the geodesics.

(ii) Prove that the curves γ : (0,+∞)→M, t 7→ (x0, e
ct), where x0 ∈ R, c > 0,

are geodesics.
(iii) Let 0 < a < b < +∞. Let γ be as in (ii) and σ : [a, b]→M be a piecewise

smooth curve connecting γ(a) and γ(b). Prove that

Length(σ|[a,b]) ≥ Length(γ|[a,b]).

Characterize the cases when the equality holds.
(iv) At p = (0, 1) ∈ M , compute expp((0, η)), where (0, η) ∈ TpM (we identify

TpM with R2 here); Compute dexpp((0, η)).

3. Consider S2 ⊂ R3 and its spherical coordinate {(ϕ, θ) : ϕ ∈ [−π2 ,
π
2 ), θ ∈

[−π, π)}. We know the induced Riemannian metric is

dϕ⊗ dϕ+ cos2 ϕdθ ⊗ dθ.
(i) Compute the Christoffel symbols and write down the system of differential

equations satisfied by the geodesics.
(ii) Prove that the curves γ : (−π2 ,

π
2 ) → S2, t 7→ (θ0, ct), where θ0 ∈ (−π, π),

c > 0, are geodesics.
(iii) Write down the exponential map expp and dexpp at the north pole p (i.e.,

at the point with ϕ = −π2 ).
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