RIEMANNIAN GEOMETRY
EXCERCISE 4

1. Let M be a smooth manifold. Find a (nontrivial) affine connection on M via
using ”partition of unity”.

2. Let M be a smooth manifold with an affine connection V. Let X, Y € I'(T'M).
Let U C M be an open subset. Prove that if Y|, =0, then (VxY), = 0.

3. (Covariant derivatives of tensor fields via parallel transport) Recall that for an
isomorphism ¢ : V' — W between two vector spaces V' and W, there is an adjoint
isomorphism

WSV
between their dual spaces. For o € W*, we have

e(a)(v) :=a(p(v), VoeV.
Then, for any v; € V, o € V*, we define
P18 @u,@a' @ ®a’) = (1)@ - @p(v,)®(¢") " (a')® - ®(p) T (a).
By linearity, we can extend @ to be defined on all (7, s)-tensor, ®*V, over V. This
defines an isomorphism
QZ: ®T,SV N ®T,SW

Let M be a smooth manifold with an affine connection V. Let ¢ : I — M be
a smooth curve in M with ¢(0) = p € M and ¢(0) = X, € T,M. Recall that the
parallel transport

Pt TeoyM — Ty M,
is an isomorphism. As described above, we can extend it to be an isomorphism

Py ®T’STC(0)M — ®T’STC(t)M.
For any A € I'(®"*T M), we define

Vi, A= lim 5 (B Ale(h) — Ap)) .

Let Y e T(TM),w,n € T'(T*M). Consider the (1, 2)-tensor filed K := Y @uw®n.
(i) Show that
Vx, K=Vx,YQuwean+Y@Vxwen+Y owe Vx,n.
(ii) Let C : T(®@%2TM) — T(®%'TM) be the contraction map that pairs the
first vector with the first covector. For example, CK = w(Y')n. Show that
Vx,(CK)=C(Vx, K).



