
RIEMANNIAN GEOMETRY

EXCERCISE 8

1. (The Second Variation Formula for length) Let γ : [a, b] → M be a smooth
curve and

F : [a, b]× (−ε, ε)× (−δ, δ)→M

be a 2-parameter variation of γ. Denote by

V (t) :=
∂F

∂v
(t, 0, 0), W (t) =

∂F

∂w
(t, 0, 0)

the two corresponding variational fields. Let L(v, w) := L(γv,w) be the length of
the curve γv,w(t) := F (t, v, w), t ∈ [a, b].

(1) Show that
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(2) Let γ be a normal geodesic. Show that
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L(v, w) =
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(〈∇TV,∇TW 〉 − 〈R(W,T )T, V 〉 − T 〈V, T 〉T 〈W,T 〉) dt

+ 〈∇WV, T 〉|ba,
where T (t) := γ̇(t) is the velocity field along γ.

(3) Consider the orthogonal component V ⊥,W⊥ of V,W with respect to T ,
that is

V ⊥ := V − 〈V, T 〉T,

W⊥ := W − 〈W,T 〉T.
Show that
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