RIEMANNIAN GEOMETRY
EXCERCISE 1

1. (i) An immersion f : N — R""! of an n dimensional smooth manifold into
R"™*! is called a hypersurface. Suppose f can be expressed locally in a coordinate
neighborhood (U, u!, ..., u") as

b = Rt um), 1<k <n41,
where (z!,...,2""!) are the coordinates in R"™! . Let gg be the standard Eulidean
metric on R"T1. Show
ofFarfk . ;
(f*g0)jv = / idtﬁ@duj.
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1) Consider the unit sphere C . Consider the coordinate neighborhoo
ii) Consider th it sphere S™ C R**!. Consider th di ighborhood
(U,y*,...,y") where

U:={(z',..., 2" ™) e R" . g™ £ 1},

and

1 n
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(yy...,y") = (1_$n+1,...,1_xn+1>.

Prove the induced metric on S™ in (U,y!,...,y") is

4 oo .
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2. (i) On R?\ {half line} we have polar coordinates (r, ). In these coordinates,
compute the Riemannian metric on it induced from the Euclidean metric on R2.
(ii) A surface of revolution consists of a profile curve
c(t) = (r(t),0,2(t)) : I — R3,
where I C R is open and r(¢) > 0 for all ¢. By rotating this curve around the z-axis,
we get a surface that can be represented as

(t,0) — f(t,0) = (r(t) cos,r(t)sinb, z(t)).

Suppose the curve ¢(t) is parametrized by arc length. Compute the Riemannain
metric of this surface, in the above coordinate, from the Euclidean metric on R2.
(iii) The unit sphere S? C R3 can be though of as a surface of revolution by revolving

o (£) oen (1))

Use (ii) to derive the induced metric.
(iv)Consider the surface of revolution produced by the profile curve

. t t
t— R (smh (E) , 0, cosh (E)) .

Compute the metric induced from (R?, dr ® dz + dy ® dy — dz @ dz).
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3. Let (U,z = (a',...,2™)) be a chart of a Riemannian manifold (M, g). Let
Ey, ..., E, be an orthonormal frame on U, that is, a collection of vector fields
defined on the common domain U such that they form an orthonormal basis for
the tangent spaces T, M for all p € U. Let €y be the volume n-form defined on U.
Show that

Qo(Xl, A 7Xn) = det [g(Xi, EJ)} ,
holds for any n vector fields X;,...,X,, on U.



