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Abstract    
Pectoral fins fascinate researchers for their important role in fish maneuvers. By possessing a complicated flexible structure 

with several fin rays made by a thin film, the fin exhibits a three-dimensional (3D) motion. The complex 3D fin kinematics 
makes it challenging to study the performance of pectoral fin. Nevertheless, a detailed study on the 3D motion pattern of pectoral 
fins is necessary to the design and control of a bio-inspired fin rays. Therefore, a highspeed photography system is introduced in 
this paper to study the 3D motion of a Koi Carp by analyzing the two views of its pectoral fin simultaneously. The key motions
of the pectoral fins are first captured in both hovering and retreating. Next, the 3D configuration of the pectoral fins is recon-
structed by digital image processing, in which the movement of fin rays during fish retreating and hovering is obtained. Fur-
thermore, the method of Singular Value Decomposition (SVD) is adopted to extract the basic motion patterns of pectoral fins
from extensive image sequences, i.e. expansion, bending, cupping, and undulation. It is believed that the movement of the fin 
rays and the basic patterns of the pectoral fins obtained in the present work can provide a good foundation for the development 
and control of bionic flexible pectoral fins for underwater propeller. 
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1  Introduction 

Fishes are the earliest vertebrates in the world, 
which have evolved more than five hundred million 
years in nature. The high performance of fish swimming, 
such as great maneuverability, high efficiency and low 
noise, can be attributed to their shapes, structures and 
motion patterns. The swimming performance could in-
spire us for innovative ideas of improving underwater 
propeller.  

Based on the roles of the body and fins in generat-
ing propulsion[1], fish swimming modes can be divided 
into two categories: Body and Caudal Fin (BCF) and 
Median and/or Paired Fin (MPF). Most fishes swim in 
BCF mode, while a few fishes use MPF mode[2]. The 
fish in MPF mode can obtain a higher stability and 
higher maneuverability, which implies that they can 
perform well in keeping body balance, retreating, hov-

ering and turning movements. However, the fish by BCF 
mode can gain a larger propulsion force during escape 
and prey[3].  

Researchers have conducted a variety of studies on 
the pectoral fins, including physiology, morphology and 
kinematics. By analyzing the electromyography (EMG) 
activity in abductors and adductors of pectoral fins to-
gether with the highspeed photography technology, 
Westneat[4] studied the propulsion mechanism of pecto-
ral fins flapping. Walker et al.[5] observed the morpho-
logical parameters and swimming propulsion of mylio-
batiformes and compared the impact of the kinematic 
parameters of pectoral fins on swimming speed and 
propulsive performance. Yan et al.[6] investigated the 
morphological and mechanics parameters of a Koi Carp 
pectoral fin.  

Pectoral fins have complex flexible structures 
composed of jointed bony supports that are under active 
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control via pectoral fin musculature[7,8]. Therefore, the 
study of the fin kinematics is a challenging research. 
Lauder and Madden[9] and Flammang and Lauder[10] 
examined the hydrodynamics of highly deformable 
pectoral fin of a bluegill sunfish during steady forward 
swimming. Low et al. and Cai et al.[11,12] analyzed pec-
toral fin motions of labriform, rowing, flapping and 
feathering for the development of a bionic modular 
pectoral fin. Peng et al.[13], Drucker et al.[14] and Mittal et 
al.[15] adopted Digital Particle Image Velocimetry (DPIV) 
technology to study the 3D motion of pectoral fins, 
dorsal fin, and ventral fin of sunfish. They went on to 
acquire the propulsion force, lift force and lateral force 
of fins in different motion patterns. On the other hand, 
Bozkurttas et al.[16] developed low-dimensional models 
of the pectoral fins gait of sunfish based on a Proper 
Orthogonal Decomposition (POD). They also discussed 
the implications of the POD analysis and performance 
scaling on the design of a robotic pectoral fin.  

The existing experimental research on the kine-
matics of pectoral fins mainly concerns the analysis of 
kinematic parameters in fish steady swimming[17–21]. 
Whereas pectoral fins play a more important role in fish 
maneuvers, especially during retreating and hovering[22]. 
How to obtain the motion patterns of pectoral fins during 
retreating and hovering is an important procedure in the 
design and control of a bio-inspired fin. Meanwhile, one 
might integrate the bio-inspired fin with a robotic fish or 
an underwater propeller to enhance the stability and 
maneuverability in propulsion[6,23–27].  

The present work is concerned with the kinematics 
study on Koi Carp, whose swimming is a typical ca-
rangiform, possessing a great maneuverability and a 
high swimming efficiency. The good performance of 
Koi Carp is due to the pectoral fin, which can carry out 
complex, flexible and 3D motions. The fin movement of 
live fish during retreating and hovering are captured and 
analyzed by digital image processing. The method of 
Singular Value Decomposition (SVD)[28] is also used to 
extract basic motion patterns of the pectoral fin, in-
cluding expansion, bending, cupping, and undulation.  

2  Materials and methods 

In order to investigate the 3D motions of pectoral 
fins, an experimental system is developed for the 3D 
kinematics of pectoral fins of Koi Carp. The kinematics 
of pectoral fins during retreating and hovering can be 

studied in details by digital image processing. As a 
consequence, the method of SVD is adopted to extract 
the basic patterns of pectoral fins.  

 
2.1  Experimental system setup  

The experimental setup consists of a transparent 
water tank, a mirror and a high-speed photography sys-
tem, as shown in Fig. 1. The volume of the water tank is 
90 cm × 45 cm × 35 cm in length, width and depth, re-
spectively. A mirror placed at 45  was used to ensure the 
synchronization of a double perspective by using only a 
single camera. By this way, the top image is live fish, 
whereas the bottom image is the fish image on mirror. In 
the experimental system, we adopted a highspeed cam-
era (CASIO, EX-F1), which can capture images up to 60 
fps with the resolution of 2816 pixel × 2112 pixel. Two 
halogen lamps were used to guarantee sufficient light 
intensity in high-speed continuous shooting. A grid pa-
per with the grid size of 10 mm × 10 mm was used as a 
reference base.  

 

 
Fig. 1  Sketch of the experimental system. 

 
The Koi Carp was housed in water with the tem-

perature of 20 C±2 C. Several locations on the pectoral 
fins were marked before the experiment to facilitate the 
motion analysis of the pectoral fin. The concentration of 
0.01 mL·L 1–0.03 mL·L 1 2-methylquinoline anesthesia 
was dropped into the clean water in another tank before 
marking the fin rays. The marking methods of aquatic 
animals including fluorescence labeling, Radio Fre-
quency Identification Device (RFID), and color marker 
in vitro. In this experiment, we applied the color marker 
in vitro, which is an easy and reliable method to mark 
both sides (front and back) of the observed fin rays after 
the carp was deeply anesthetized. The marked points of 
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both sides should be aligned with the longitudinal axis of 
the fin ray, as shown in Figs. 2a and 2b. We can see from 
Fig. 2a that the pectoral fin of Koi Carp consists 14 fin 
rays, in which 20 black dots in one side of pectoral fin 
are marked points. The fin ray close to dorsal fin under 
neutral condition is dorsal leading ray; the pectoral fin 
close to ventral fin under neutral condition is ventral 
leading ray. The inner edge of pectoral fin is the part of 
pectoral fin close to the fish body, while the outer edge 
of pectoral fin is the part of pectoral fin away from the 
fish body. 
 

 
(a) 

 
 (b) 

Fig. 2  Illustration of marked pectoral fin. (a) Model of the Koi 
Carp pectoral fin; (b) pectoral fin of live fish.  
 

According to Shannon’s sampling theorem[29], the 
phase difference of two adjacent sample points in a si-

nusoidal function must satisfy the requirement 

.
2

                                   (1) 

The phase difference of two adjacent fin rays in a 
pectoral fin is given by 

2
,

1
n

n
                               (2) 

where n  is the wave number of undulation motion and n 
is the number of fin rays. 

By combining Eqs. (1) and (2), one can obtain the 
relationship between the number of fin rays and wave 
number as 

 4 1.n n                               (3) 

According to Eq. (3), at least five markers are re-
quired to simulate a complete cycle of undulation mo-
tion. In this work, five markers along the outer edge of 
fin rays (see Fig. 2a for the numbers of 1, 4, 7, 9, and 12) 
are selected. By extracting motion of the five marked 
points, the 3D motion profiles of the pectoral fins can be 
constructed by using digital image processing.  
 
2.2  Coordinates setting for modeling  

By using an inclined mirror in the experiment, we 
can obtain two views in each recording image. A fixed 
coordinate system OXYZ is established as shown in  
Fig. 3, where X and Y are respectively along transparent 
tank length and width directions, while Z is along the 
direction perpendicular to the paper surface. O'X'Y'Z' is a 
local coordinate system with the fish body. Note that X' 
direction is always from head to tail, Y' direction is al-
ways from dorsal leading ray to ventral leading ray along 
the height direction of the fish, and Z' direction is per-
pendicular to the fish body. The coordinate system 
O''X''Y''Z'' is obtained by translating O'X'Y'Z' coordi-
nates system. Note that  stands for the angle between 
coordinates X and X',  stands for the angle between 
coordinates Y and Y', and  stands for the angle between 
coordinates Z and Z'. In view of the O''X''Y''Z'' coordi-
nate system, ,  and  respectively stand for the angles 
between the root of a fin ray (red line) and coordinates 
X'', Y'' and Z''. 

The relationship between the two coordinate sys-
tems OXYZ and O'X'Y'Z' can be expressed in terms of 
rotation matrices as 
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where Xo1, Yo1 and Zo1 are the translation components.   
 

 
Fig. 3  A sketch of coordinate transformation. 

 
For any point on fin ray, since two perspective 

images in one view share the same X' axis, X' coordinate 
and Y' coordinate of the projection point can be obtained 
in the front view, X' coordinate and Z' coordinate of the 
projection point can be obtained in the bottom view. 
Therefore, we are able to acquire the coordinates of the 
point in the OXYZ coordinate system by Eq. (4).  

According to Ref. [30], the flexible fin ray has a 
bi-laminar structure with musculature attaching to the 
bases of the two hemitrichs. When the muscle tendon 
near the base of hemitrichs moves to one side, it causes 
a bending of the fin ray. This demonstrates the bilaminar 
structure of fin ray and their muscular control, which 
provides us a comprehensive understanding of the 
movement of the fin ray. The movement of fin ray is the 
result of muscle pulling force and hydrodynamic force. 
However, the root of fin ray is thicker than the tip, the 
stiffness is also larger. The deformation of the root of fin 
ray under hydrodynamic force is smaller than that of the 
tip. Thus, in order to capture the actual movement of 
live fish fin ray, we just study the root of fin ray. The 
root of fin ray performs a 2D motion, one is the motion 
within the plane, and the other is the motion perpen-
dicular to the plane, as shown in Fig. 4. The movement 
of the root of fin ray is denoted by red line. Numbers 1, 
4, 7, 9 and 12 are for the five respective marked fin rays 
(Fig. 2). The X, Y and Z axes are shown in Fig. 3. Note 
that  is the angle between the fin ray and screen plane, 

 is the angle between the projection of the fin ray in the 
screen plane and X axis.  

 
 

    7912

X

Y

1

4

Z

 
Fig. 4  The movement of the root of fin ray. 

 
2.3  Image sequences process 

The steps for image processing of pectoral fins mo-
tion are depicted in Fig. 5. A linear spatial filter is used to 
filter out the noise of raw images. Eq. (4) is used to 
transform the parameters between two coordinate sys-
tems. Image binaryzation is adopted to remove the un-
desired information from the color image. However, the 
binary image cannot identify each fin ray. The base of 
pectoral fin often stacks together, which makes the task 
challenging. To this end, morphological processing in-
cluding dilation, erosion, opening and closing are used 
to separate different fin rays[31]. As presented in section 
2.2, for a point on the pectoral fin, the projections of a 
point in the front view and bottom view share the same X 
axis. Thus, we can gain the 3D coordinates of that point 
in the OXYZ coordinate system. We can then interpolate 
the 3D coordinate points to reconstruct the surface of the 
pectoral fins along span-wise and chord-wise direction, 
respectively. A detailed description of digital image 
processing flow can be found in Ref. [32]. 
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Fig. 5  Digital image processing flow. 

 
2.4  SVD analysis of pectoral fin kinematics 

SVD is a data analysis method used to find the 
hidden “mode(s)” in a large amount of data, which can 
be used in pattern recognition, data compression, etc. 
SVD is also adopted in a low order decomposition of a 
dynamic process[33].  

Suppose G is an m×n matrix whose entries associ-
ated to the field K (either the field of real numbers or the 
field of complex numbers), there exists a factorization of 
the form:  

 ,m n m m m n n nG U D V                      (5) 

where m represents the number of images in a retreating 
or hovering period, n represents 3D coordinates of q 
marked points; Note that U is an m×m unitary matrix 
over K, D is an m×n diagonal matrix with non-negative 
real numbers on the diagonal, and V* is an n×n unitary 
matrix over K, which denotes the conjugate transpose of 
V. Such a factorization is called the singular value de-
composition of G, i is the minimum value of m and n. 
The diagonal entries i of D is known as the singular 
values of G.  

By adopting m = 9 (number of pictures in one cycle) 
and q = 20 (number of marked points) in the present 
work, Eq. (5) can be expanded as 

1 1 1 1 1 1 20 1 20 1 20 1

1 2 1 2 1 2 20 2 20 2 20 2
9 60

1 9 1 9 1 9 20 9 20 9 20 9

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) .

( ) ( ) ( ) ( ) ( ) ( )

X t Y t Z t X t Y t Z t
X t Y t Z t X t Y t Z t

X t Y t Z t X t Y t Z t

G

 

A MATLAB program was employed to compute U, 
D, V*. Therefore, the shape of any particular i of D can 
be reconstructed according to Eq. (5) 

,K KG UD V                              (6) 

where K = 1, 2, ... , 9, and i are arranged in descending 
order so that 1 > 2 > … 9. Diagonal matrix D can be 
can be expressed as 

1

2
9 60

9

0 0 0 0
0 0 0 0

.
0 0

0 0 0 0

D  

As a result, the Kth mode can be extracted by ze-
roing out all the singular values except for the Kth prin-
cipal value, and reconstructing from the SVD according 
to Eq. (6). Finally, the time sequences of each mode can 
be calculated, which will be presented in section 3.2.  

3  Results and discussion 

By observing the motion of Koi Carp in hovering or 
retreating, the pectoral fins move continuously, while 
other fins (dorsal fin, ventral fin, anal fin, and caudal fin) 
remaining nearly still. This implies that the pectoral fins 
play a vital role in retreating and hovering. 
 
3.1  Movements of fin rays  

By virtue of the digital image processing introduced 
in section 2.3, the motion of fins was recorded during the 
experiment of fish retreating and hovering. For clarity, 
only one typical fin beat of the pectoral fin image se-
quences is presented next. The movements characteristic 
of fin rays are obtained by digital image processing of 
the captured photos, basic motion patterns of the pecto-
ral fin in the two typical maneuvers can then be extracted 
from the image sequence by using SVD.  

 
3.1.1  Retreating of fin rays 

As shown in Fig. 6, the upper-row photos are taken 
from camera, while the lower-row images are the models 
generated from MATLAB. In every photo, the solid oval 
denotes real image in front view, whereas the dotted oval 
denotes image on mirror camera in bottom view. In the 
models below the photos, red lines represent the root of 
pectoral fin, blue lines represent the outer edge of pec-
toral fin, azury lines represent dorsal leading ray, and the 
green lines represent ventral leading ray. The snapshots 
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of the neighboring photos are in 50 ms time interval. The 
motion of pectoral fin during retreating is divided into 
two stages: in-stroke (t = 0, 0.05 s, 0.1 s, and 0.15 s), 
out-stroke (t = 0.25 s, 0.3 s, 0.35 s, and 0.4 s), while the 
result of t = 0.2 s is a transition posture from in-stroke to 
out-stroke. In the process of in-stroke, the pectoral fin 
contracts rapidly in order to reduce flapping surface, 
thus reducing resistance during retreating. In the process 
of out-stroke, the pectoral fin expands slowly relative to 
that in in-stroke to increase flapping surface, thus in-
creasing retreating force.  

 

 
Fig. 6  Motion cycles of the pectoral fin during retreating. 

 
Through extensive experimental observations of fin 

rays during retreating and hovering, the angles and de-
formed curves of dorsal leading ray during retreating can 
be obtained, as shown in Fig. 7.  In Fig. 7a, the black dots, 

red squares, and blue triangles represent the raw data 
obtained experimentally, whereas the results by the 
black curve, red curve and blue curve are generated by 
fourth-order polynomial fitting. The standard deviation 
of  is 2.6 degrees, that of  is 4.5 degrees, and that of  
is 5.0 degrees. The angles  and  can be divided into 
two distinct ranges according to in-stroke and out-stroke. 
In the process of in-stroke,  decreases, whereas  in-
creases. In the process of out-stroke,  gradually in-
creases to the maximum value, whereas  decreases to 
the value at t = 0 s. Note that  does not change obviously. 
Fig. 7b presents the displacement of dorsal leading ray 
during retreating. The curves are obtained through the 
interpolation of the four marked points on fin rays, and 
the open circles denote the raw data obtained experi-
mentally. The result shows that the dorsal leading ray 
moves only to one side, and the maximum displacement 
reaches 11.5 mm.  
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(a) Angles between the root of dorsal leading ray and the axes during retreating 
(see Fig. 3 for definitions of the angles). 
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(b) Displacement of dorsal leading ray in a retreating cycle. 

Fig. 7  Characteristic of dorsal leading ray during retreating. 
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Similarly, we can obtain the results for ventral 
leading rays, as shown in Fig. 8. In Fig. 8a, the standard 
deviation of  is 6.0 degrees, that of  is 5.2 degrees, and 
that of  is 5.5 degrees. Note that  and  of ventral 
leading ray have the same characteristic as that of dorsal 
leading ray. However,  increases quickly to 140 degrees 
before it decreases slowly. Ventral leading ray performs 
the movement in two opposite sides (Fig. 8b). This could 
be because the ventral leading ray is more flexible than 
the dorsal leading ray. The deformation of the ventral 
leading ray is larger at the time of 0.15 s, a transition 
time from in-stroke to out-stroke. This implies that the 
fin ray at the transition time withstands forces in two 
different directions.  
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(a) Angles between the root of ventral leading ray and axes during retreating 
(see Fig. 3 for definition of the angles). 
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(b) Displacement of ventral leading ray in a retreating cycle. 

Fig. 8  Characteristic of ventral leading ray during retreating. 
 
Fig. 9 shows the angular movement of the marked 

fin rays during retreating. In Fig. 4,  and  stand re-
spectively for the angles of expansion and undulating of 
pectoral fin surface during retreating. In Fig. 9a,  can be 

divided into two distinct stages: from t = 0 s to t = 0.15 s, 
 decreases, from t = 0.15 s to t = 0.4 s,  increases, the 

surface area of pectoral fin in the stage is increasing. At t 
= 0.15s, the  of dorsal leading ray (Fin ray 1) reaches 
the minimum value 10 degrees, ventral leading ray (Fin 
ray 12) reaches 40 degrees. In a motion cycle, the rela-
tive change of  of dorsal leading ray and ventral leading 
ray reach 120 degrees and 80 degrees, respectively. Fig. 
9b shows a delay of  from Fin ray 1 to Fin ray 12 as the 
fin rays reach the maximum value. The relative change 
of  of Fin ray 1 and Fin ray 12 can go up to 30 degrees 
and 50 degrees, respectively. This is because Fin ray 12 
is softer than Fin ray 1. By studying the changes of  and 
, we can obtain expansion undulating angles of pectoral 

fin during retreating.  
 

 (d
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e)

 
(a) 

 
(b) 

Fig. 9  Angle of the movement of marked fin rays during retreat-
ing. The curves are obtained by spline curve fitting. (a) , (b)  
(see Fig. 2 for the position of the five marked fin rays; Fig. 4 for 
the definition of the angles). 
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3.1.2  Hovering of fin rays 
The motion study of pectoral fins during hovering 

is also divided into two stages (as shown in Fig. 10), 
out-stroke (t = 0, 0.05 s, 0.1 s, 0.15 s) and in-stroke (t = 
0.2 s, 0.25 s, 0.3 s, 0.35 s, 0.4 s). In the process of 
out-stroke, the pectoral fin expands suddenly to expand 
flapping surface before it gradually decreases. In the 
process of in-stroke, the pectoral fin expands slowly.  
 

 
Fig. 10  Motion cycles of the pectoral fin during hovering. 

 
Similarly to the method of the studying for fish re-

treating, we have obtained the results of Fig. 11 and Fig. 
12 show the angles and displacements of dorsal leading 
ray and ventral leading ray in hovering (see Figs. 11 and 
12). In Fig. 11a, the standard deviation of  is 6.7 degrees, 
thate standard deviation of  is 7.6 degrees, and thate 
standard deviation of  is 4.7 degrees. The angle also can 
be divided into two distinct ranges according to in-stroke 
and out-stroke,  and  increase in the out-stroke, de-

crease in the in-stroke.  However, the trend of  is oppo-
site. In Fig. 12a, the standard deviation of  is 4.1 degrees, 
that of  is 4.5 degrees, and that of  is 2.8 degrees. The 
changing trend of  and  are consistent, decrease first 
and then increase. The minimum values are 20 degrees 
and 60 degrees, respectively. The maximum angle of  
approaches 90 degrees. 

Fig. 11b shows the displacement of dorsal leading 
ray during hovering. It is seen that the dorsal leading ray 
only moves to one side, except at the time of 0.15 s. This 
implies that the fin ray withstands two different direction 
forces at the transition time. Fig. 12b shows similar 
trends as those in Fig. 11b. The ventral leading ray ex-
periences larger deformation at the transition time of  
0.1 s. Also, it is found that the deformation of ventral 
leading ray is larger than that of dorsal leading ray. 
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(a) Angles between the root of dorsal leading fin ray and axes during hovering 
(see Fig. 3 for definition of the angles). 
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(b) Displacement of dorsal leading fin ray in a hovering cycle. 

Fig. 11  Characteristic of dorsal leading fin ray during hovering. 
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(a) Angles between the root of ventral leading ray and axes during hovering 
(see Fig. 3 for definition of the angles). 
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(b) Displacement of ventral leading ray in a hovering cycle. 

Fig. 12  Characteristic of ventral leading ray during hovering. 
 

Fig. 13 shows the angular motions of marked fin 
rays during fish hovering. As depicted in Fig. 13a, the 
changes of  of dorsal leading ray (Fin ray 1) and Fin ray 
12 reach 95 degrees and 45 degrees, respectively. There 
is a delay of  when the fin rays reach their minimum 
values, as shown in Fig. 13b. The changes of  of Fin ray 
1 and Fin ray 12 are can both reach 25 degrees, smaller 
than that during retreating. 

The location of the bio-inspired pectoral fin can be 
determined through , , and . The deformation of the 
flexible pectoral fin can be determined through the an-
gular displacements of fin ray in terms of  and . The 
motion study of dorsal leading ray and ventral leading 
ray during retreating and hovering provides us a useful 
foundation for the design and control of the bio-inspired 
fin rays. 
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Fig. 13  Angles of the movement of marked fin rays during hov-
ering. The curves are obtained by spline curve fitting. (a) , (b)  
(see Fig. 2 for the position of the five marked fin rays; Fig. 4 for 
the definition of the angles).  
 
3.2  Motion analysis of pectoral fin 

By virtue of MATLAB tri-mesh imaging, we can 
obtain the surface area of pectoral fin during retreating 
and hovering (see Fig. 14). The red dots and blue trian-
gles are the raw data points obtained experimentally. The 
red curve is generated by fourth-order polynomial fitting. 
The standard deviation of surface area during hovering 
is 10.8 mm2. Similarly, the blue curve is obtained by 
fourth-order polynomial fitting. The standard deviation 
of surface area during retreating is 7.0 mm2. It is found 
from the result that the surface area of pectoral fin during 
retreating decreases in the process of in-stroke before the 
slow increase in the process of out-stroke. Moreover, the 
surface area of pectoral fin during hovering presents a 
cycle change in a fin beat. Accordingly, the Koi Carp is 
able to keep hovering and will not sink. 
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Fig. 14  Surface area of pectoral fins during hovering and re-
treating. 

 
According to Eq. (6), the SVD analysis of fin kine-

matics results in nine distinct singular values during 
retreating and hovering. The singular values are nor-
malized by the sum of all singular values, which are 
shown in Fig. 15. Note that the mode number is equal to 
the number of images extracted. It is worth-noting from 
Fig. 15 that the normalized singular value can be divided 
into two distinct regions, I: principal modes and II: re-
sidual modes. In region I, the normalized value of the 
first four modes (Modes 1 to 4) decreases rapidly. In 
region II, the normalized value of the five modes (Modes 
5 to 9) keeps nearly constant. Fig. 15 shows that the first 
four modes (Modes 1 to 4) during retreating and hov-
ering occupy above 90% of all nine modes. We can then 
conclude that the first four modes (both during retreating 
and hovering) represent the main features of the patterns 
of Koi Carp.  
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Fig. 15  SVD analysis of pectoral fin kinematics. 

 
According to Eq. (6), the time sequences of each 

mode of retreating and hovering are calculated. It is 
found from the time sequences that the shape of each 
mode does not change much. For conciseness, only one 

result is depicted in Fig. 16 for each mode of pectoral fin 
in retreating and hovering.  

 

 
Fig. 16  First four modes of Koi Carp fin movement during re-
treating and hovering. The red line represent the root of pectoral 
fin, the pink line represent the outer edge of pectoral fin, the blue 
line represent dorsal leading ray, the green line represent ventral 
leading ray. 
 

In Mode 1 of retreating shown in Fig. 16, the posture 
‘cupping’, dorsal leading ray and ventral leading ray are 
in the same direction perpendicular to fin surface, which 
forms a cylindrical shape. In Mode 2 of retreating, the 
posture of ‘expansion’, dorsal leading ray and ventral 
leading ray move along the span-wise direction. The fin 
surface increases. Thus, the flapping surface also in-
creases. In Mode 3 of retreating, the posture of ‘undula-
tion’ and the whole fin surface presents a ‘W’ shape. The 
movement direction of adjacent fin rays is opposite, and 
the adjacent fin rays have phase difference. In Mode 4 of 
retreating, the posture of ‘bending’, fin rays bend and the 
fin surface displays parabolic.  

In the four modes of retreating, the patterns of 
pectoral fins are obtained. According to the four modes 
of retreating, we can predict hovering motion modes on 
the basis of the motion analysis calculated from re-
treating. Mode 1 of hovering possesses similar shape to 
Mode 2 of retreating, as Mode 1 of hovering is also 
called ‘expansion’. In Mode 2 of hovering, the dorsal 
leading ray and ventral leading ray are clearly separated, 
while the remaining fin rays are close to each other. The 
whole fin surface presents a ‘ ’ shape, which is similar 
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to ‘cupping’. Mode 3 of hovering that presents a ‘W’ 
shape is also called ‘undulation’. Mode 4 of hovering 
possesses similar ‘cupping’ shape to Mode 1 of retreating.  

Fig.17 presents Mode 5 of fin movement during re-
treating and hovering. Note that Modes 5 to 9 are the 
residual modes covered by Region II depicted in Fig. 15. 
The fin movement of Mode 5 during retreating becomes 
complex and irregular, which is difficult to describe the 
features of Mode 5. Furthermore, Mode 5 of hovering 
gets more complicated. The rest of the four modes 
(Modes 6 to 9) would become even more complicated 
than Mode 5. Thus, only the first four modes are de-
picted and analyzed for pectoral fin during retreating and 
hovering.  

 

 
Fig. 17  Mode 5 of Koi Carp fin movement during retreating and 
hovering (see Fig. 16 for the definition of the color lines). 

 
The four principal patterns of pectoral fins, namely 

expansion, bending, cupping, and undulation, are shown 
in Fig. 16. As it is challenging to simulate the motion of 
Koi Carp pectoral fins directly, the four basic patterns 
can provide an efficient method to simulate the motion 
of real pectoral fins. One can obtain arbitrary, complex 
3D motions through the combination of two and more 
basic patterns.  

4  Conclusions and future work 

The experiments were carried out on a Koi Carp to 
record the spatial motion of pectoral fins. By using the 
MATLAB image from digital image processing, the 
kinematics of pectoral fins during retreating and hover-
ing was studied. The motion of fin rays during fish re-
treating and hovering was studied, in which the expan-
sion and undulating angles of pectoral fin surface were 
obtained. The motion of pectoral fins is complex and it is 
difficult to find directly the kinematic patterns of the 
pectoral fins. Therefore, SVD analysis of pectoral fins 
kinematics was suggested to find the hidden “mode(s)”. 
Four basic patterns of pectoral fin were concluded in the 
present work. 

The results demonstrate that the experimental 
system, the method of digital image process and the SVD 
analysis of pectoral fin kinematics provide a compre-
hensive technique of finding gait patterns of pectoral fins. 
The angles ,  and  define the location of fin rays, 
while  and  represent expansion and undulating angles 
of fin rays. The results and the identified four basic 
patterns of pectoral fins provide a good foundation for 
the development of bio-inspired fins.  

In the future work, the proposed experimental sys-
tem and the method of SVD can be adopted to analyze 
the complex kinematics of spatial fins, including cruis-
ing, turning, ascending, and descending, etc. More basic 
patterns can also be obtained in future works. 
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