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Abstract

We provide a more streamlined proof for the weak compactness of the time slices
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1 Introduction

The purpose of this note is neither originality nor generality, but to give a direct
proof of the following weak compactness theorem(Theorem, using the methods
developed in our previous work Chen-Wang [11]. Since the scope of this paper is
limited and focused, we are able to make the argument more streamlined and
accessible. For the readers who are interested in the original motivations, global
pictures as well as historical perspective of this problem, we refer them to Chen-
Wang [11] for full details.

Theorem 1.1 (Special case of Chen-Wang [11]). Suppose {(M™,g(t),J),0 <
t < oo} is a Kdhler Ricci flow solution

0

&gij
in the class 2mey (M, J), where (M, J) is a Fano manifold of complex dimension n.
For each t; — oo, by taking subsequence if necessary, we have (M, g(t;)) converges
to a limit length space (M,Q) in the Gromov-Hausdorff topology. The limit space
M has a reqular-singular decomposition M =RUS, where R and S satisfies the
following properties.

= —Ri; + 915 (1.1)

e R is an open, smooth manifold with a complex structure J and a smooth
holomorphic vector field V f such that

Ric(g) — g = —Lg(3)- (1.2)

In other words, (R, g, J, f) is a Kdhler Ricci soliton.

tSupported by NSF grant DMS-1515795.
fSupported by NSF grant DMS-1510401.
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o The Hausdorff dimension of S is less or equal to 2n — 4.

Furthermore, the convergence topology can be improved to be the Cheeger-Gromov
topology.

Theorem answers a long-standing conjecture of Kéhler Ricci flow on Fano
manifolds. More information of the background of this theorem can be found in
Chen-Wang [11]. For the convenience of the readers, we copy down the first written
down statement of the conjecture related to Theorem [ as follows.

Conjecture 1.2 (Tian [17]). By taking subsequences if necessary, one should
have that (M,w;) converges to a space (Moo, wWoo), which is smooth outside a sub-
set of real Hausdorff codimension at least 4, in the Cheeger-Gromov-Hausdorff
topology. Furthermore, (My,,wso) can be expanded to be an obstruction triple
(M, v, &) (possibly singular) satisfying:

Ric(weo) — Woo = —Ly(Weo),  on the regular part of M,

where L, denotes the Lie derivative in the direction of v. In particular, (M, weo)
is a Ricci soliton if we is not Kdhler-FEinstein.

The above statement follows the exact words of Conjecture 9.1 of Tian [17].
In the same paper, concerning the convergence of the Kéahler Ricci flow, Tian wrote
down the following words on page 36.

Previously, R. Hamilton thought that the limit (Myo,ws) should be a Ricci

soliton. Our new observation here is that we may be Kdhler-Einstein, and other-
wise, it is a spectal Ricci soliton.
Note that Kahler-Einstein metrics are trivial Ricci soliton metrics. The conver-
gence part of Conjecture was solved in Chen-Wang [11], as a special case of
weak compactness theory of polarized Kahler Ricci flows. Recall that the objects
of the weak-compactness in Chen-Wang [11] are the “flows”, not only “time slices”.
For the purpose of flow compactness and to show that the limit M, is a projective
variety, one cannot avoid the application of Bergman kernel, as done in Donadson-
Sun [12], at least in the current stage. The extra structures, i.e., the flow structure,
the line bundle structure and the variety structure, of the limit are of essential im-
portance for further applications, like the flow proof of Yau’s stability conjecture.
This point was emphasized on page 2 of Chen-Sun-Wang [7]. However, if one only
wants to prove the convergence of the time slices of the Kahler Ricci flow, i.e., the
convergence part of Conjecture [1.2] or Theorem then a much simpler proof
can be given. This is the purpose of this paper. Since Theorem does not
involve the variety structure and line bundle structure, its requirement of Kéahler
geometry is very limited(c.f. Remark [5.4). No new idea beyond Chen-Wang [11]
is needed.

Theorem is a “regularity improvement” theorem. In fact, because of the
breakthrough of Perelman [14], along the K&hler Ricci flow, it is well known that di-
ameter, scalar curvature and non-collapsing constant are all uniformly bounded(c.f.
Perelman’s results written down by Sesum-Tian [16]). On the other hand, based
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on the work of Chen-Wang [10] and Q.S. Zhang [23], we have uniform non-inflating
condition. Namely, for each r € (0,1) and (z,t) € M x [0, 0), there is a uniform
k independent of r and (x,t) such that

Kk < wgnlrf%\B(:c,rﬂg(t) < g1 (1.3)

along the flow, where ws, is the volume of unit ball in R?”. Since Kihler Ricci
flow in 2meq (M, J) preserves volume, it follows from standard ball packing argu-
ment that (M, g(t;)) converges(by passing to subsequence if necessary) to a limit
compact length space (M ,9) in Gromov-Hausdorff topology. Theorem basi-
cally says that both M and the convergence topology to M have good regularity.
Therefore, it is a “regularity improvement” theorem in nature.

The proof of Theorem consists of two basic steps:

Step 1. Develop the rough weak compactness under the canonical radius as-
sumption.

Step 2. Using the intrinsic Ricci flow structure to obtain precise weak com-
pactness and obtain the a priori estimate of canonical radius.

The “canonical radius” (with respect to some singular model space) is a
crucial new ingredient in Chen-Wang [11]. Roughly speaking, we need to first
choose a model space with compact moduli under proper topology. After the choice
of model space, the canonical radius can be regarded as the largest scale such that
the manifold can be well-approximated by model space. For example, one can
regard the harmonic radius(c.f. Anderson [1]) as the canonical radius with respect
to the model space R™. In Perelman’s fundamental work [14], the model space of
3-dimensional Ricci flows is the x-solution, i.e., the k-noncollapsed, ancient Ricci
flow solution with nonnegative sectional curvature(c.f. section 11 of Perelman [14]).
Note that 3-dimensional k-solution’s moduli space is compact under the smooth
topology. Using k-solution as model space, one can define canonical radius of
a space-time point with respect to x-solution and smooth topology. Then the
“canonical neighborhood” theorem, i.e., Theorem 12.1 of Perelman [14], can be
understood as the canonical radius of a high curvature point in the 3-dimensional
Ricci flow is uniformly bounded from below. It is this “canonical neighborhood”
theorem that motivates us to use the term “canonical radius”.

However, before Chen-Wang [8], [11], all the model spaces and related topol-
ogy are smooth. In the first paper of Chen-Wang [8], we used the K&hler-Ricci-
flat surface orbifolds as model space and pointed-Cheeger-Gromov topology as
the proper topology to study the convergence of Kahler Ricci flow on Fano sur-
faces. The compactness of the moduli of noncollapsed Kéahler-Ricci-flat surface
orbifolds(c.f. Anderson [2]) plays an important role in Chen-Wang [8]. In the sec-
ond paper of Chen-Wang [11], the name of “canonical radius” was written down
explicitly. An essential step beyond the first paper is to figure out the exact model
space, which does not exist in literature before the second paper Chen-Wang [11].
The discovery of the model space was lead by the following speculation:

It should be very hard to make difference between the blowup limits from
Kahler Finstein metrics and the Kdhler Ricci flows with bounded scalar curvature,
since both of them should be scalar flat and consequently Ricci-flat.
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Geometry on model space Analysis on approximating manifolds

Gap between R and S Regularity estimate

High codimension of & ensity estimate
Convexity of R , : @ncctivity estimate

Figure 1: Geometry property and analysis estimate

Such motivation was already explained in the first paper of Chen-Wang [8], at the
end of section 2. From the above speculation, the model space should have all the
properties that a Kahler Einstein limit space have. However, it should be slightly
bigger than the space of Kéahler Einstein limit spaces, since the space of Kahler
Ricci flows is bigger than the space of Kéhler Einstein manfiolds. Along this route,
we finally found that the natural model space should be the non-collapsed Kéhler
Ricci flat manifolds with mild singularities, whose precise definition can be found
in Definition 2.I] The relationship between the model space and Kéahler Einstein
blowup limit space and Kéhler Einstein manifolds are illustrated in Figure [2}
Among the defining properties of the model space, the following three are crucial:

e Gap between regular part R and singular part S.
e High codimension(> 4 — ¢) of singular part S.
e Convexity of regular part R.

Each of the above listed property corresponds to an estimate of spaces very close (in
the Cheeger-Gromov topology) to the model space(c.f. Figure . Such estimates
are used to define the canonical radius(c.f. Definition . Not surprisingly, the
canonical radius of a point in the model space should be infinite(c.f. Remark .
If canonical radius is uniformly bounded from below by 1 for a space sequence,
then the sequence(up to taking subsequences) has a weak limit M in the Cheeger-
Gromov topology, as application of estimates on the right side of Figure [1] This
is the key of the first step of the proof of Theorem [I.1]

Then we discuss the second step of the proof of Theorem [I.1] i.e., developing
the uniform lower bound of canonical radius(or its generalized version) along the
Kéhler Ricci flow. This bound is carried out by a contradiction argument. For
otherwise, one can find a sequence whose canonical radius is tending to zero. Ap-
plying a point-selecting technique and rescaling argument, we obtain a sequence
of Ricci flows whose canonical radii at base points are all 2 and nearby canonical
radii are at least 1. Moreover, scalar curvature tends to 0. Let (M;, z;,g:(0)) be
central time slices of such a sequence. It has a limit space (M, Z, g) by the uniform
lower bound of canonical radius. Using canonical radius assumption, M has only
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weak version of the geometry property on the left side of Figure[l] For example, by
connectivity estimate, we only know that the regular part of M is 3-connected(c.f.
Proposition [4.1)). In other words, every two points x,y € R(M) can be connected
by a smooth curve in R whose length is less than 3d(z,y). In order M to locate
in the model space, we need the length of the curve to be exactly d(z,y). The
intrinsic geometry of the Ricci flows, e.g., the reduced geodesic, reduced distance,
and reduced volume of Perelman [14] are essentially used to improve the regu-
larity of M. Applying such intrinsic geometry, all the geometric properties on
the left side of Figure [I| hold. Therefore, M locates in the model space and #
has infinity canonical radius. This is a contradiction by the weak continuity of
canonical radius under the Cheeger-Gromov topology(c.f. Proposition . Tech-
nically, in order to apply the intrinsic geometry of the Ricci flow, we need metric
distortion estimate(c.f. Lemma 4 Remark -D and weak long-time two-sided
pseudo-locality(c.f. Proposition Remark [5.3). Note that the K&hler condi-
tion is only used in the compactness of the moduh of model space. However, with
Cheeger-Naber [6], the method of Chen-Wang [11] can be generalized over to the
Riemannian case seamlessly(c.f. Remark Remark and Remark , for
the purpose of studying the time slice weak compactness of the non-collapsed Ricci
flows with bounded scalar curvature. Largely following the framework of Chen-
Wang [11], interesting progress in this generalization was considered in a recent
work of Bamler [3].

The structure of this paper is as follows. In section 2, we describe the precise
definition of model space and canonical radius, together with some other auxiliary
definitions. In section 3, we discuss the principle to obtain metric distortion, which
originates from section 5.3 of Chen-Wang [11]. In section 4 and section 5, we write
down the details of Step 1 and Step 2 described above. Finally, we finish the proof
of Theorem [L.1]in section 6.

2 Model space and canonical radii

Let # . (n, k) be the moduli of complex n-dimensional Kéhler Ricci-flat mani-
folds with asymptotic volume ratio at least k. Clearly, # . (n, k) is not compact
under the pointed-Gromov-Hausdorff topology. It can be compactified as a space
K (n, k). However, this may not be the largest space that one can develop
weak-compactness theory. So we extend the space J# . (n, ) further to a possi-

bly bigger compact space HF (n, k), which is defined as follows. Note that for
convenience of notations, we denote m = 2n. In short, m is the real dimension,
n is the complex dimension.

Definition 2.1. (c.f. Definition 2.1. of Chen-Wang [11]) Let %(n,ﬁ) be the
collection of length spaces (X, g) with the following properties.

1. X has a disjoint reqular-singular decomposition X = R U S, where R is
the reqular part, S is the singular part. A point is called regular if it has a
neighborhood which is isometric to a totally geodesic convexr domain of some
smooth Riemannian manifold. A point is called singular if it is not regqular.
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Figure 2: Relations among different moduli spaces

2. The regular part R is a nonempty, open Kdahler Ricci-flat manifold of complex
dimension n, real dimension m.

3. R is weakly convex, i.e., for every point x € R, there exists a measure zero

set Cp such that every point in X\C, can be connected to x by a unique

shortest geodesic in R. For convenience, we call C, as the cut locus of x.

dima S < m — 3, where M means Minkowski dimension.

Let v be the volume density function, i.e.,

A

B
v(z) £ lim [B(z,7)|
r—=0 Wy, "™

(2.1)

foreveryx € X. Thenv=1o0onR andv < 1—25y on S. In other words, the
function v is a criterion function for singularity. Here dg is the Anderson
constant.

6. The asymptotic volume ratio avr(X) > k. In other words, we have

B
i BE S

r—=00 Wy, T

for every x € X.

The relationships among the three moduli spaces # . (n, k), # ¥ (n, k) and

%(n, k) can be seen from Figure Note that #.%(n, ) is the objects of study
in the traditional Cheeger-Colding theory. By taking completion, many estimates
in #.%(n,k) can be carried over to .7 (n,k). A key observation of Chen-

Wang [11] is that although %(n’ k) is not the completion of #.%(n, k), we can
still obtain essential a priori estimates for 2.7 (n, ), because the singularities of

each space in K (n, k) are very mild. The methods of Cheeger-Colding can be
applied on HF (n, k) following mostly the route of the original Cheeger-Colding
theory. The property 3, 4 and 5 in Definition are the essential reasons why
the singularities are mild. Furthermore, by extending the study objects from
H L (n, k) to ﬁ(n, k), many theorems can be stated more precisely, as done in
section 2 of Chen-Wang [11]. In particular, we have the following theorems.

Theorem 2.2. (c.f. Theorem 1.1. of Chen-Wang [11]) %(n,ﬂ) is compact

under the pointed Cheeger-Gromov topology. Moreover, each space X € H# . (n, k)
is a Kdhler Ricci-flat conifold in the sense of Chen-Wang [11].
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Basically, Theorem ﬂ says that X € XS (n, k) has better properties that
it seems to be. For example, following definitions, one only knows that dima; S <
2n — 3 and R is weakly convex. However, by delicate analysis based on all the
defining properties, one can obtain that dimy; S < 2n — 4 — € for each € > 0, and
R is strongly convex. These can be regarded as “regularity improvement”. There
are many other “regularity improvement” for spaces in HF (n, k). More details
can be found in Chen-Wang [11].

For the purpose of “almost” regular-singular decomposition of a manifold
very close to the model space, we give the following definition.

Definition 2.3. (c.f. Definition 8.5. of Chen-Wang [11]) Denote the set
{rjo<r<p, wy 't B(zo, )| > 1 — 6o }

by Ig(zﬁ) where xg € M, p is a positive number. Clearly, Iéﬁ) # () since M is smooth.
Define

vr) (z0) £ sup Ig(ﬁg).
For each pair 0 < r < p, define

FOM) 2 {o e M (@) > 1},

T

DY(M) & {a: e M|vr(z) < r} .

Definition 2.4. (c.f. Definition 3.5. of Chen-Wang [11]) We say that the canon-
ical radius (with respect to model space %(n, K), m =2n) of a point xg € M is
not less than ro if for every r < ro, we have the following properties.
1. Volume ratio estimate: k < w,,'r=™|B(zq,7)| < k1.
2. Regularity estimate: r>™F|VF¥Rm| < 4c;? in the ball B(xg, 1c,r) for every
0 < k <5 whenever w,,'r~™|B(xq,7)| > 1 — dp.

3. Density estimate: r?Po~™ Vr(r)(y)_ondy < 2E.
B(zo,7)
(r)

4. Connectivity estimate: B(xg,m)NFY CbT(M) is Seyr-regular-connected on the
50

scale r. In other words, every two points z,y € B(xg,7)N .F(i)cbr(M) can be
50

connected by a curve v C ]-"Ye)br satisfying |y| < 2d(z,y).
2

Then we define canonical radius of xo to be the supreme of all the ro with the
properties mentioned above. We denote the canonical radius by cr(xg). For subset
Q C M, we define the canonical radius of Q as the infimum of all cr(x) where
x € Q. We denote this canonical radius by cr(€2).

Remark 2.5. The constants cg,cp, €y, E M@ﬁnition are all uniform con-
stants depending on n and k. If M € . (n,k) and vg € M, then all the
estimates in Definition are satisfied with better constants. In particular, we
have cr(zg) = co.
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Remark 2.6. In Deﬁmtion vr(") can be replaced by other reqularity scales(c.f.
the comments before Proposition 5.11 of Chen-Wang [11]), including harmonic
radius, reduced volume radius, curvature radius, etc. The number pg is a number

very close to 2. We set py to be 2 — 1535- as in Chen-Wang [11].

Definition 2.7. We call the space-time canonical radius (scr) of point (xq,to)
is greater than r whenever cr(M, g(tg)) > r and the following two-sided pseudo-
locality is satisfied:

If w,tr=™|B(xg,7)| > 1 — b, then

|Rm|(z,t) < 4c;%r 2, (2.2)

for every (z,t) € B(wg, 2car) X [to — $c2r?, to + $c2r?].
We say scr(M,to) > r if scr(x,tg) > r for every point © € M.

Remark 2.8. The concept scr is not used in Chen-Wang [11], where we have pcr
instead. Both of them are auxiliary concepts and can be dropped at the end(c.f.
Remark . In Chen-Wang [11], we study flow compactness and line bundle
compactness, pcr is needed for the Chen-Lu inequality to show the preserving of
regqularity along time direction without |R| — 0. The lower bound of per implies a
lower bound of scr. In other words, lower bound of pcr implies two-sided pseudo-
locality theorem. This is not an obvious result and is proved in Theorem 1.4 of
Chen-Wang [11].

Definition 2.9. We say a Riemannian manifold (M™,g) is k-noncollapsed on
scale ro if for every x € M and r € (0,79), we have r—™|B(x,r)| > k. We say
a Ricci flow M = {(M™,g(t)),t € I} is k-noncollapsed on scale ro if each time
slice (M™, g(t)) is a k-noncollapsed Riemannian manifold on scale rg.

Remark 2.10. Note that our k-noncollapsed condition is different from the one
of Perelman(c.f. [14]). In this paper, we only study Ricci flows which is k-
noncollapsed on scale 1.

3 A principle of metric distortion estimate

This section is nothing but a generalization of Section 5.3 of [11], with the Bergman
function there replaced by a general function u whose gradient and time derivatives
are bounded. The basic idea is to develop a uniform estimate such that the level
sets of u can be compared with geodesic balls of fixed sizes(c.f. Figure. In other
words, for each fixed a, we have positive 7, p such that

Byy(x, 1) C Q(w,a) = {ylu(y,t) > a} C By (x,p).

The key is the r, p in the above inequality does not depend on z,t. Since the time
derivative of u is uniformly bounded, we can transform the comparison of geodesic
balls at different time slices to the comparison of level sets of u at different time
slices. However, the time derivative of u is uniformly bounded. Therefore, the
level sets at different time slices can be compared. Using this principle, we have
the following metric distortion estimate.
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Figure 3: Compare level sets of a Lipschitz function with geodesic balls

Theorem 3.1 (Rough metric distortion estimate). Let M = {(M,g(t)),—1 <
t < 1} be a smooth space-time, i.e., smooth family of metrics g(t) on a complete
manifold M™. Suppose u is a positive function defined on M such that

|af +[Vu| < A,
1< [yudpl, <A Vtel-1,1], (3.1)
1 o 1By ()] VeeM, te[-1,1,r e (0,1).

A = rm ?

If u(xo,0) > %, then we have a ball containment

Byo) (20,0.247%) C By (w0, (104)*™*1) | Vte[-0.247%,0247%]. (3.2)

Proof. Because of the gradient estimate, we see that u(-,0) > 0.547! in the ball
By (79,0.5A72). Applying the time derivative estimate, we then obtain u >
0.247! for all € By(g)(20,0.247%) and ¢ € [-0.2472,0.2472]. Take a point
y € 0By (79,0.2472). Let t > 0 be a time such that y can be connected to
by a curve v where u > 0.247'. We claim that xy and y cannot be too far away.
Actually, U e, B(z,0.1472) is a covering of v, which is compact. We can take a
finite cover U, B(2;,0.1A72) such that B(z;,0.01472) are disjoint, with z; = xo
and zy = y. Since z; € v, we have u(z;,t) > 0.247!, which in turn implies that
u(-,t) > 0.1A71 in the ball B(2;,0.01472). Then we have

N
A> / udp > / udp > 0.1A71 Z |B(2;,0.01472)]
M UN | B(z;,0.001A~2)

i=1

> 01471 A7 (000473 N,
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where we used (3.1)) in the last step. It follows that N < 10*™1A?™¥3 Now
using the fact that UY , B(z;,0.1472) is a covering of v, we obtain

d(zo,y) < N -0.1A472 <10%m A2+ < (104)2m L,

Let v be the shortest geodesic connecting xy and y at time ¢ = 0. Then for each
t€[-0.24720.2472], we have u > 0.24~!. By the previous argument, we know
dg() (w0, y) < 102™A?™ 1 which implies (3.2). O

Remark 3.2. Note that Theorem 3.1 plays an important role in the paper of Chen-
Wang [11], where u is the peak section function or the exponential of the Bergman
function. More details can be found in section 5.3(Lemma 5.20 and Lemma 5.21
in particular) of Chen-Wang [11]. On the tangent cone(local structure) level, the
expression of peak segtion function is e*|z|2, which is almost the same as the heat

kernel function e” T, where |z| is the distance to the vertex of the cone. In
retrospect, it is not surprising that the peak section function in Chen-Wang [11]
can be replaced by heat kernel function to extend our distance distortion estimate
to the Riemannian setting, as done in the later work of Bamler-Zhang [4]. Such
distance distortion estimate is the basis of Bamler-Zhang [4] and is essentially used
in Bamler [3].

4 Structure of Ricci flows with space-time
canonical radius(scr) bounded below

The argument in this section is purely Riemannian. In this section, we focus on
the study of Ricci flows

%g = —2Ric (4.1)

on closed manifolds M = {(M™,¢(t)), —T <t < T} satisfying

Vte [-T+1,T - 1];

ser(M,g(t)) > 1,
{ <1, Y(z,t)e M x[-T+1,T-1]. (4.2)

|R|(x,t) + %

The second inequality in the above system implies that 7 > 2 and |R| < 1 on
the whole space-time M x [~T,T]. Under the condition (4.2)), we denote vr)(c.f.
Definition by vr for simplicity of notations. Furthermore, for each 0 < r < 1,
we define

Fr(M,t) 2 {z € M|vr(z,t) > 1}, D, (M,t) 2 {x € M|vr(z,t) <r}. (4.3)

Note that (4.1)), (4.2) and (4.3 are the common conditions or conven-

tions for all the discussion in Section 4l
Note that the estimate (4.2)) already implies a rough weak-compactness prop-
erty.
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Proposition 4.1 (Rough weak compactness of time slices). Suppose M; =

{(M]"™, g:(t)), —T; <t <T;} is a sequence of Ricci flows satisfying and (4-9),

x; € M;. Then by taking subsequence if necessary, we have

(My. 21,9:(0)) ~— (M, 2.), (1.4)

where M is a length space with reqular-singular decomposition M = R US. The
regular part R is an open, smooth Riemannian manifold. Furthermore, for every
two points x,y € R, there exists a curve v connecting x,y satisfying

YCR, |yl <3d(z,y). (4.5)
The singular part S satisfies the Minkowski dimension estimate
dimpa S <m — 2pg, (4.6)

—9_ _1
where pg = 2 — z55—.

Proof. This follows exactly from Theorem 3.18 of Chen-Wang [11]. Note that we
have backward pseudo-locality since scrg, (M;,0) > 1. Therefore, the limit regular
part R is a smooth manifold. O

In Proposition the limit space M in general does not belong to the
model space £ . (n, k). However, it does satisfy the first two defining properties
of .7 (n,k) in Definition except the Kéhler condition. In order to show

——

Mexs (n, k), one need further input to guarantee the property 3 to property 6
are all true. Actually, all the extra conditions needed are the following equations

1 1
im [~ +——"— 4+ sup |R|=0. 4.7
i—o00 (Ti Vol(M;, gi(0)) Mix[fTi,Ti]| |> 4.7

In the remainder part of this section, we shall show that M satisfies property 1 to
property 6 of Definition [2.1] except the Kéahler condition.

Lemma 4.2 (Time derivative estimate). Let u be a heat solution Ou = 0 on

M X [so,T — 1], where sg € [-T +1,T — 1]. Then we have

{ |VU|2 < maX¢=s, |VU|27 (48)

|’LL| = |AU| g maxt:so |Au| + maXt:SO |vu|2 —+ %7

for each t € [so, T —1].

Proof. Without loss of generality, we assume so = 0. Direct calculation shows
that

OAu = 2Rijuij, D‘VUP = —2|’U,ij‘2, LR = 2|Rij|2.
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Combining them in an proper way implies that

Ui — —5—

O (Au - % + |Vu|2> =-2

O (—Au - % + |Vu|2> =2

uij + 5

Therefore, the functions —R, |Vul?, Au — £ + |Vu|?, —Au — £ + |Vu|? are all
sub-solutions of heat equation. The first line of follows from the fact that
O|Vul? < 0 directly by maximum principle. To prove the second line, we note
that maximum principle implies

R R
Ay < max (Au -5t |Vu|2> +o |Vul?

< max (Au+ [Vu|?) — Itn:%l% + % — |Vul?

R+1 R+1
< max (Au+ [Vul?) + i < max Au + max |Vu|? + i
t=0 4 t=0 t=0 4

Recall that we used the condition R > —1 by (4.2]). Similarly, we have

—Au < max (—Au _ B + |Vu|2> + E_ |Vu|?
t=0 4 4

R+1

< I?_ag({—Au + | Vul?} — |Vul* + 1

R+1
< 1%1_8((7Au) + max |Vul? + s

Then the second line of (4.8)) follows from the combination of the previous two
estimates. O

The following gradient estimate, due to Q.S. Zhang (c.f. [22]) and Cao-
Hamilton (c.f. [5]) will be repeatedly used. For the convenience of readers, we
write down the precise statement. We follow the style of Q.S. Zhang.

Lemma 4.3 (Gradient estimate and Harnack inequality of heat solution).
Let u be a positive heat solution Ou =0 on M X [to, T, where to € [T +1,T]. If
u< A on M X [tyg,T], then we have

[Vul 1 A
— < log —. 4.9
uw SRV (4.9)

For each t € (to,T] and two points x,y € M, we have

2 2
u(x,t)ei<\/t2fit0+ v logﬁ> < u(y,t) < u(:L',t)e(\/ffitf’Jr /lo8 ﬁ> (4.10)

where d = dg(z,y).
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3050y (T0, ] r) X [so, th

Figure 4: Different domains for heat solution construction

Using the fact scr > 1, we can construct auxiliary heat solutions for the
purpose of applying metric distortion estimate Theorem Similar choice of
heat solution was already used in the proof of Lemma 4.2 of Chen-Wang [11].

Lemma 4.4 (Construction of heat solution). Suppose vr(xg,to) = r. Then
there is a heat solution on M x [to — K ~2r?,T) such that

/ u(-,t)dp < 10, (4.11)
M

Km —m

TT < U,(l‘o,t) < CK™r™™, (4.12)
|Au| + |Vu? < CK™F2p—m=2, (4.13)

for all t € [to — 0.5K 22, tg + 0.5K 7).

Proof. Without loss of generality, we assume ¢y = 0.

According to (2.2)) in Definition and our assumption (4.2), by adjusting
K if necessary, we know |Rm| < 0.01K?7r~2 and inj > 10K ~'r inside the ball
B(xo, K~1r), with respect to the metric g(so). For simplicity of notation, we

define s = —K 272, Let n be a cutoff function which equals 1 on (—o0,0.5)
and decreases from 1 to 0 on (0.5,1), and vanishes on (1,00). On the time-slice
t = sp = —K %% we set bump function ¢ = w,, K™r~™n(£2) where d is the

distance to xo under the metric g(sg). The geometry bound in the ball B(zq, K ~1r)
then implies that % < fM wdp < 2. Starting from time slice s = —K 272 and the
bump function ¢, we solve the heat equation and obtain the solution u. Recall
that

i/ ud,u:/ (Du—Ru)dug/ udp,
dt M M M

:>/ udp| < et+K72T2/ udp
M t M

Plugging the fact t € [-0.5K ~2r2,0.5K ~2r2] C [s¢, so + 2K ~2r?] into the above
inequality, we obtain (4.11]).

< 9et+E T r?

S0
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We now move on to prove . For simplicity, we first show for the
time t = tg = 0. Note that the upper bound of u(zg,0) follows from maximum
principle and the fact ¢ < w,, K™r~™. For the lower bound of u(zg,0), we need
some comparison geometry of the Ricci flow. Let [ be the reduced distance to
the space-time point (zg,0), 0" = —9; — A + R be the conjugate operator of [J,
7 = —t. Then it follows from the celebrated work of Perelman that

O {(4rr)"%e ) = (=0, — A+ R){(4rr)"Fe !} <0. (4.14)

This inequality was written down by Perelman as inequality (7.13) and (7.15) in
section 7 and Corollary 9.5 in section 9 of [14]. Note that there is a mistake of
statement in the proof of Corollary 9.5 [14], which is corrected in Corollary 29.23
in Kleiner-Lott [13]. Consequently, it follows from that

i/ uw(drr) " F e ldy = —/ ud* {(4n7)"Ze !} dp > 0.
dt Jor M

Note that (477)~%e~! converges to d-function at (xg,0) as 7 — 0. Integrating
the above equation from t = sg = —K 272 to t = 0 implies that

u(xo,0) > / u (47TK727"2)_% e ldu
M

= /M o (AnK %)~

On the ball By, (z0, K ~'r), metrics g(t) are all equivalent for t € [-K 272, 0](c.f.

Figure . Then | < Kc,d;rg < C on By, (o, K~1r), where d is the distance to
xo with respect to the metric g(sg). One can check R.G. Ye’s paper [21] for more
details about this estimate. Consequently, we obtain
1
e Cdu > ZK™r ™,

u(xzg,0) > / ¢ (4rK*r?)
B(z0,0.5K~1r) C

which is exactly the first inequality of (4.12), at time ¢ = tx = 0. It is not

t=—K2r2
m
2

e~ ldu

t=—K—2r2

m
2

hard to see that the above proof of (4.12) at time ¢ = 0 can be applied for each
t € [to — 0.5K2r2 ty + 0.5K ~2r%]. Actually, the upper bound follows from max-
imum principle and the fact ¢ < w, K™r~™ at t = s = —K 2r2. The lower
bound follows from the upper bound of reduced distance from (z¢,t) to (z,sg),
for cach © € By(s,)(z0, K~ 'r). Note that we have the reduced distance estimate
since geometry are uniformly bounded on By, (zo, K~1r) x [tg — K~2r?,t] C
By(so) (@0, K717) x [to — K212, tg + K ~2r?].

Now we prove @ Note that the uniform geometry bound around (zg, sg) =
(70, —K ~27?) and the choice of ¢ guarantees that |Ag|+|Ve|? < Cr~2. Therefore,
the time-derivative estimate, Lemma applies and we obtain

R+1
4

|Vul> < Cr~2,  |Au| < Or 2 + < Cr?

for all t € [sp,T — 1]. Note that sg = —K 2% and [-0.5K 2r2,0.5K 2r%] C
[s0, T — 1]. Therefore, (4.13)) is proved. O
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Corollary 4.5 (Volume non-inflating on large scale). For each (z,t) € M x
[T+ 1,T] and p > 1, we have

|B(, p)| < CeCletD)? (4.15)

where C = C(m, k) is independent of vr(x,t). The metric g(t) is the default
metric in the above inequality.

Proof. Without loss of generality, we assume ¢ = 0. Then g¢(0) is the default metric
in the following discussion.

By density estimate, we can find a point xy € B(z, 1) such that vr(zg,0) > ¢
for some small ¢ = ¢(m, k). Triangle inequality implies B(x,p) C B(zg,p + 1).
Therefore, follows from the following inequality

|B(zq, p)| < CeC?* . Wp>0. (4.16)

We now focus on the proof of (4.16]). Since vr(xg,0) > ¢, we can construct a heat
solution u as in Lemma [4.4] By Lemma[4.3] u satisfies the following inequality at
time ¢ = 0.

2K
u(y,0) >u<xo,0>e‘( ihyles

2Kp 2 K™ CcK2p2
-(3£2+0) Tz
€ > Ccme ¢ ’

in the ball B(x, p), where ¢g(0) is the default metric. Note that C, K are constants
depending at most on m, k. On the other hand, by Lemma we know [ a udp <
10. It follows that

K™ _ cor2p?
—e 7 |B(zg, p)| < / udp </ udp < 10,
Ce B(o.p) M

10Cc™ cx2p?
e <2
Km
Then (4.16) follows from the above inequality by choosing proper new C. O

crm__\2
Mutegn ) >

= |B(zo,p)| <

Remark 4.6. Ifo ir;f . w(g(t),0) > —C uniformly, then a better volume ratio upper
<6<
bound than can be obtained from Chen-Wang [10] and Q.S. Zhang [23].

Corollary 4.7 (Density estimate on large scale). There is a C = C(m,k, p)
such that

/ vr—2Pody, < C.
By (tg)(z0,p)

Proof. Recall that scr(M,0) > 1 by assumption . In particular, cr(M,0) > 1
by Definition 2.7 By the density estimate in canonical radius assumption, i.e.,
property 3 in Definition it is clear that [ vr=2P° is uniformly bounded from
above for each unit ball. Then it suffices to show that By, (o, p) can be covered
by finite number of unit balls, and this number is uniformly bounded. However,
due to the uniform non-collapsing of each unit ball and the volume upper bound
by Corollary this follows from a standard ball-packing argument. O
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The following distance estimate will follow the route of section 5.3 of [11].

Lemma 4.8 (Small-scale rough distance estimate). If vr(zg,to) =7 < K~}
and dg,)(70,y0) < 1, then there is a small constant ¢ = e(m,k,r) and a big
constant L = L(m, k,r) such that

dye) (2o,90) < L, VtEeEl[to—eto+e. (4.17)

Proof. Without loss of generality, we assume ¢y = 0.

Choose u as a heat solution constructed in Lemma By inequality
and 7 we obtain u(-,0) is uniformly bounded from below by a small constant,
say ¢ = c(m, k,r), in the ball By)(zo,1). Recall that from (4.13) we have |i| =
|Au| < CK™2p=m=2 on Bgoy(wo, 1) x [—0.5K ~272,0.5K ~?r?]. Therefore, for
some uniformly small € = €(m, k,r), we have

/ |Auldt < 0.2¢, = u(y,t) >0.8c, Yy Byg)(wo,1).

—€

Then we apply the metric distortion principle, Theorem for the function u to

obtain (4.17). O

Lemma 4.9 (Large-scale rough distance estimate). Suppose vr(zg,t) > r
for allt € [to — To, to + Tp]. Then there is a uniform small constant € = e(m, k,r)
and a big constant L = L(m, k,r) such that

tfto\

|
dg) (w0, 90) < Le™ <

{dg(to)(wo, yo) + 1}, Vite [to — Ty, to + To]. (4.18)

Notice that the constants L and € are independent of vr(yo,t). However, the
condition vr(zg,t) > r for all ¢ € [ty — Ty, to + Tp] is quite strong.

Proof. Recall from Definition that Cq 1s the constant appears in , €p is the
constant appears in the connectivity estimate. In Lemma we can shrink e if
necessary such that e < 5 min {€7,c2}.

Without loss of generality, we assume ¢ > t3. By adjusting ¢ a little bit if
necessary, we may assume % is a positive integer and we denote it by N. For
simplicity of notation, denote € by #y. Then t — tg = N6y. We shall deduce the
estimate by setting up a “difference equation” with each step length 6.

At time k6, we can find a point z € B(yo, Kr)NF,, with respect to the metric
g(kbp). The existence of z follows from the density estimate in the canonical radius
assumption. Note that Kr < 1. So we apply Lemma [£.8 to z and yo to obtain
that

dg(k+1100) (25 90) < C(r). (4.19)

Recall that both g and z locate in F,. at time k6, by connectivity estimate, one
can construct a curve -y connecting z and xq at this time such that || < 4d(z, =)
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and v C F,r. By assumption inequality (4.2)), the estimate (2.2]) in Definition
implies that v C Fez, for all time ¢ € [k, (k + 1)6]. Since |Ric| is uniformly
bounded inside Fezp, We can easily check that

Yl g(tk+1100) < 10[7lg(ko0) < 40dg(ko,)(2; T0)- (4.20)
In light of (4.19)) and (4.20]), the triangle inequality implies that
dg(k+1100) (705 Y0) < dg(k+1)60) (2, Y0) + dg([k+1)60) (25 To)

< dg([k+1]00)(27y0) + W|g([k+1]eo)
<C+ 40dg(k90)(z,l‘0) < 40dg(k90)(y0,$0) +40+C.

Let C" = 2%£€ we obtain the difference equation

dy(tk+1100) (Z0, Y0) + C" < 40 {dy(hay) (0, yo) +C'} - (4.21)
Then it follows directly that

dy(t) (0, Y0) + C" = dy(nog)(To, yo) + C' < 40N {dy0) (0, y0) + C'} .

Recalling that ¢’ = 4%5C€ < C and t — to = N6y = Ne, the above inequality
implies that

gy (20, y0) < 40N {dy(0) (0, o) + O} < CA0N d o) (w0, y0) = C40 = dy(oy (o, Yo)-
(4.22)

Let g = loﬁo and denote the last constant C' by L. Then follows from the
above inequality for the case when t > tg.

If t < tg, we shall move backward. Instead of using forward pseudo-locality,
we now use the backward pseudo-locality assumption(c.f. Definition and in-
equalities ) Now let N = %. The same argument before leads to a differ-

ence equation similar to (4.21)):
dg(—k+1)00) (0, Y0) + C" < 40 {dg(_re,) (0, 0) + C"} .
Solving the above difference equation, we obtain the result analogue to (4.22):

dg(y (20, 50) < Le = dg(oy (20, yo),

which is same as (4.18) since t < tg.
O

After we obtain the rough estimate, we shall improve them by using the
condition that scalar curvature is very small. This is not surprising since if this
quantity is precisely zero, then the flow is static, i.e., Ric = 0 and we have every-
thing same as the model space. When scalar curvature is small, there should exist
an “almost” version. Similar ideas can also be found in Chen-Wang [8], [11], and
Tian-Wang [18]. For simplicity of notations, we define

S£ sup |R| (4.23)
Mx[—T,T]
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Lemma 4.10 (Curvature estimates). There exist a big constant C' = C(m, k)
and a small constant ¢ = ¢(m, k) with the following properties.

Suppose vr(zg,to) = r. For every (x,t) € Bgyq)(wo,cr) x [—c?r?, c?r?], we
have

|Rm|(x,t) < Cr~2, (4.24)
|Ric|(z,t) < Cr~'VS. (4.25)

Proof. The Riemannian curvature estimate follows directly from the canon-
ical assumption and the fact vr(zo,ty) = r. Hence, we only need to show .
Without loss of generality, we choose ¢ = 1555, the constant in Definition
and rescale the flow such that ¢r = 1. By scaling properties, it suffices to show
that

|Ric|(z,t) < CV'S, ¥ (2,t) € Byy(xo, 1) x [~1,1]. (4.26)

The proof (4.26]) is almost the same as that of Theorem 3.2 of [19]. We repeat
the basic steps of the argument here for the convenience of the readers. In fact,
according to our choice of ¢, it is clear that

|Rm|(z,t) < inj(xz,t) > 100, Va € Byq(2o,4), te[-16,16]. (4.27)

m2’

Actually, from the evolution equation of scalar curvature and Moser iteration(c.f.
Theorem 3.2 of [19]), we have

sup |Ric|] < C(m {/ / |ch|2dudt} . (4.28)
By(0)(w0,1)x[—1,1] By (0)(70,2)

Then we can follow the calculation from inequality (37) to inequality (39) of [19]

to obtain

to ta
/ / 2| Ricl2dudt < C /|R\du +/ \Rldy +/ /|R|dudt ,
t1 BQ(O)(mO,Z) w to w tq t1 w

where W' = Byg)(20,3). Recall that [-2,2] C [t1,t2] C [-3,3]. Plugging (4.23)
into the above inequality, we have

[

Then (4.26) follows from (4.28]) and the above inequality. O

Remark 4.11. The Ricci curvature estimate is the so called estimate of the
type |Ric| < \/|Rm||R| with |Rm| being regarded as L for some regularity scale r.
Such notation was already used in Chen-Wang [11]. For example, the comments
in section 5.1 of Chen-Wang [11], after the Minkowski-dimension estimate of the
singular set. This estimate originates from Wang [19] and was further developed
and applied in Tian-Wang [18] and Chen-Wang [11].

2| Ric|*dpdt </ / 2|Ric|*dudt < CS.
y(0,2) By 0y (0,2)
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Figure 5: Precise estimate of balls on uniformly regular domains

Lemma 4.12 (Long-time precise distance estimate—weak version). There
is a big constant C = C(m, k) with the following properties.
Suppose vr(xg,t) > r for each t € [-T +1,T — 1], then we have

r
Bg(tz) ($07 4K) C Bg(tl) (Z[Io, 2K> C Bg(tz) (ZEQ, §> s th,tg S [—T—F 1,7 — 1],
(4.29)

whenever

S< . (4.30)

Proof. Without loss of generality, we can assume t; < t5. We shall show the
second part of (4.29)). The proof of the first part of (4.29) is identical and we leave
it as an exercise for interested readers. To be more precise, we want to prove

r
Bg(t1) (l’o, 2K> - Bg(tz) (CU()7 ?) . (431)
Suppose (4.31)) was wrong, then there exists so € (¢1,¢2) such that
T
Bg(tl) (an 2K) - B g(t) ($Oa ?) ) Vie (t1750)a (432)
aBg(tl) <l‘0, K) maBg(so) (an ) # 0. (4.33)

At time sp, we can find a point yo € 9By ,) (20, 55) N 0By(s) (w0, 7). Let v
be a shortest geodesic connecting xg and yo, under the metric g(¢1). Recall that
vr(zg,t) > r for each t € [T + 1,T1]. Then the combination of and the
Ricci curvature estimate implies that

|Ric|(x,t) < Cr™*VS, Yz en,te(t,so)
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Since metrics evolve by —2Ric, we can estimate the length of v under the metric
9(s0) by

) < e VBTt )y = O VS l0mt) L T

|’Y|g(so 2K

On the other hand, under the metric g(sg), 7y is a curve connecting xo to a point
Yo € OBy(s) (%0, 77), by (4.33). This means that
r

h/‘g(so) 2 K

Combining the previous two inequalities, we have

1 1
-1 —t1) >log2, = S> 2> 2
Cr=1V/S(so — 1) > log2, S > Coo 0 2o

which contradicts (4.30]). Therefore, (4.31) holds for each to € (1,7 — 1). O

For static Ricci flow, the volume ratio of a fixed sized geodesic ball does
not move along time. In the following, we shall show an “almost” version of
this property, under the condition that the scalar curvature is very small and
the center point is uniformly regular. The key is the decomposition of space
under the assumption and the delicate application of curvature estimates in
Lemma [£T01

Proposition 4.13 (Gromov-type volume estimate). There is an e = e(m, &, 1,
To) with the following properties.

Suppose xo € Fr(M,t) for eacht € [t1,ta] C [t1,t1 +To] C [T+ 1,T — 1],
Kr << 1. Ifxg € Frr(M,t1), then we have

|Bg(t2)($077;)|g(t2) > ot (4.34)
e 1)

g(t1)

whenever S < €. Similarly, if o € Fg(M,t3), then we have

B Zo, T
| g(tl)( 0 61|9(t1) > 6_%, (435)
’Bg(tz) (xo,e—mr)

g(t2)

whenever S < e.

Proof. We shall first prove . Without loss of generality, we assume t; = 0.
Recall K is a universal large constant such that whenever x € F,., we have
|[Rm| < K?r~2, injectivity radius bounded from below by K~'r in B(z, K~1r)
and the volume ratio of the ball B(z, K ~1r) is at least w,, (1 - 1‘%). Furthermore,
by adjusting K if necessary, we can also make the following property holds, due to
the two-sided pseudo-locality assumption(c.f. Definition 2.7). If « € Fg,(M, 1),

then z € F,.(M, s) for each 0 < s < r2.



Remarks of Weak-compactness along Kéahler Ricci Flow 223

Fix £ << . We shall estimate the set whose time-line {(z,2)|0 =¢; <t <
to} avoids the very singular part. For this purpose, we decompose the time period
into N = t?fl equal parts with each part has length ¢2. Note that by adjusting &
a little bit, this can always be done. For each integer j € {0,1,2,--- , N}, we define
aset B; £ {zx € M|ver(x, j¢2) < K&} at time slice t = j€2. If y € Fre(j€2), then
y € Fe(jE? + s) for each 0 < s < 2. In other words, regularity scale cannot drop
too quickly. Then we define a “bad subset”

B £ {UL(B;} N Byo)(w0,7) = ULy {B; N By(o)(wo,7) } -

Since ¢ << K~!r, according to assumption, zo ¢ B. If 9B N Bgyoy(wo,7) =
(), then we shall obtain the desired result directly. Therefore, we assume 0B N
Byo)(z0,7) # 0. We observe that 9B N Bgg)(xo,r) cannot be too far away from
xo under the metric g(¢). Actually, let y € 9B N By (zo,7), then we have

y e Fe(t), Vtel0,ta]

By Lemma we have Ricci curvature estimate of (y,t). Note that zo €
Fr(M,t) for each t € [0,t2]. Since y € Bgy)(zo,7) N IB, it is clear that
dg(0)(z0,y) < r. Therefore, Lemma applies and we have
t 12 To
dg(t)(y,:zro) < Ce<a {dg(o)(y,:zro) + 1} < 206631 < 2Ce < . (4.36)

By (4.25) and the fact that S is very small, we have

t
/ |Ric|(y, s)ds < CE1V/St < CE7V ST, < log2.
0

Applying evolution equation of the Ricci flow, the above inequality implies the
metric equivalence

0.59(y,0) < e=CTo¢ VS g(y,0) < gy, t) < T8 VS g(y,0) < 29(y,0), (4.37)

for y € By(o)(20,7)\B and t € [0, t2].

Note that 0B C Uj-V:OaB j is (m—1)-dimensional, by perturbing ¢ if necessary.
We continue to estimate the (m — 1)-dimensional Hausdorff measure of 9B. Note
that

N
|8B|g(0) < 2m~! Z }aBJ N B!](j§2)(x0,p)|g(j§2) )
=0

T
where p = QC’e%, as in inequality 1) Applying Corollary we obtain for
each j the estimate

|0B; N By(je) (0, p)| < Ogpo—t,

9(5¢)

Summing all the j-terms together and recalling N = é—%, we obtain

0B|y(0) < Cta073 < CTy&* 03, (4.38)
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According to the conditions of this proposition, zo € Fx (M,t) for all t € [0, Tp].
By Lemma we have

r
Bg(()) (.f()7 ﬁ) NB = @,

whenever S is very small. Note that in the ball Byq)(zo, K ~2r), we have curvature

bound |Rm| < K*r~2. Let ¢ be the subset of the unit sphere of Ty, M (with

respect to the metric g(0)) such that the unit speed geodesics coming out of €

hit some points in B before it escape By (zo,7). Recall that by Ricci curvature

estimate (4.25), we have |Ric| < Cr='V/S < 55 since S is chosen very small. By

Gromov-Bishop comparison, weighted area element is almost non-increasing along
each shortest geodesic. It follows that

5 2p0*3
Q¢ lpm— < C <T> . (4.39)

Therefore, for every direction 8 € S™ 71\, the geodesic (at time ¢ = 0) starting
from 6 will continue to B (wo,r) without hitting B. In other words, if we
denote the unit speed geodesic starting from 6 by 7, then we have 4(s) ¢ B for
each s € [0,r]. By the precise metric equivalence estimate 7 we have

lg(ta) < €926 V3 vl 00 < €CT8 VB gl g0y = eCT8VIL,
Define a set
D= {x € By(o) (20, 7) |& = v9(s) for some 6 € S™1\Qg, s € {O,e*CTOFIST] } .
Then we have
D C By(zy) (2o, 7) - (4.40)

Recall that ¢t; = 0 and we have xg € Fg,(M,0). It follows from the fact Kr << 1,
scr > 1 and the improving regularity property in Definition that we have
curvature bound

|Rm|(z,0) <r %, Vaz € Byg)(zo,r).
By (4.39) and the above curvature bound at time ¢t = 0, we see that

|Dlg0y > ‘Bg(o) (xo,e*CTog_l‘/gr) ’g(O) — Cr372pog2po=3, (4.41)

Since the volume element evolves by —R, it follows from |R| < S that

_ -1
ID|yip) > €75 |D| o) (4.42)

Combining (4.40), (4.41)) and (4.42)), we obtain

_ -1
| Byea) (20:7)] ) = [Plyeay = €778 5| Dlg(0)

> ¢~CTot 'S {’Bg(O) (xO,e’CTog_l‘@r)‘ — O3 2Pog2po—3

9(0)
(4.43)
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[

We can choose ¢ small such that Cr3—m=2Pog2ro=3 <<
small such that CThé1V/S << . Note that

100m
‘Bg(o) (wo, e_CTUF‘/gr)

0
Tocow» then choose S very

— Oy3—2p0 52170—3
g(0)
8

- ’BQ(O) (xo’efﬁT)‘ + ‘BQ(O) (mo,echogfl‘/gr) \By(0) (a:o,e*ufﬁr)‘
9(0) 4(0)

_ CT372po§2p073

> ’Bg(o) (xo,e_%r)‘ . (4.44)
9(0)
Let us explain why the last inequality in (4.44]) holds. Actually, since
o do

C 3—m—2pg ¢2po—3 0
r 7 << To00m < Tooom’

we know the set By o) (wo,e_CT"ffl‘/gr) \By(0) (Jco7 e_%%r) contains a geodesic

ball of radius 103%, whose volume is at least x (105§g7rl)m. Therefore, the sum of
last two terms in the line above (4.44) is positive. Consequently, follows
from the combination of (4.43)) and (4.44).

The proof of (4.35) is almost the same as (4.34). For this reason, we only

sketch the basic steps. We define a “bad set” B at time ty as the “pri'ection” of the

bad sets Bj ’s, depending on the “step length” £. Applying Lemma backwardly,
we obtain dg(tz)(mo,alg) is uniformly bounded. Due to the density estimate in
Corollary we then obtain that the “projection” of B onto By t,)(0,1) is an
(m — 1)-dimensional set whose (m — 1)-dimensional Hausdorff measure is bounded
by Cr372p0¢2p0=3  According to Bishop-Gromov comparison, this means that
“most” shortest geodesics starting from x( at time t; will be away from the “bad
set” for each t € [t1,ta]. Such geodesics can be detected at time t; with length
almost not changed and consequently are contained in the almost unit geodesic
ball at time ¢;. Same as the steps from ((4.39)) to (4.44)), we obtain that the volume
ratio of unit geodesic ball at time t; is at least almost the same as the volume
ratio of unit geodesic ball at time t,. To be more precise, we have holds.
O

Remark 4.14 (Why high codimension is important). From the proof of
Pmposition in particular inequality , the condition pg > 1.5 is essen-
tially used(po > 1 is good with further efforts). Therefore, the singular set in each
conifold has high Minkowski codimension is of essential importance. However, in
the Kdhler case, the codimension-four is automatic. In the real case, it holds due
to the work of Cheeger-Naber [6].

Proposition 4.15 (Weak long-time two-sided pseudo-locality). There is
an € = e(m, k,r,Tp) with the following properties.

Suppose M is a Ricci flow solution satisfying and . Suppose 0 <
To <T —1. Then we have

Fre(M,0)C () Fr(M,t) (4.45)
=Ty <t<Top
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whenever S < e.

Proof. Fix xg € Fk,(M,0). Let b be the last time such that xg € ﬂ Fr(M,t).
—b<t<b
It suffices to show that b > Ty. Actually, if b < Tp, then by inequality (4.34]) in

Proposition 4.13] we have
do
> (12 ) w,,rm.
90 = < 50)” '

Recall that vr(xo,0) > Kr. Therefore, we have | By(o)(zo, p)|g(0) > (1 — 1‘%—"0) Wi p™
for each p € (0,7). Consequently, we have

Bg(O) (.730, 6_%%7“)

_ 3o
| By(v) <x0”r>‘g(b) Z € 10

5 ) ms,
w;nlrim |B‘J(b) (‘TOar)|g(b) > 67W% : (1 - 0> e 1003"

Similarly, using inequality (4.35)) in Proposition we obtain

]

—1,.,—m 0

W |Bg(_b) (:co,r)|g(b) >1-— 10"

It follows that vr(zg,b) > r and vr(zg,—b) > r. By continuity of volume of

geodesic balls in each Ricci flow, we know vr(zg,t) > r for a short time period

beyond [—b,b]. This contradicts our assumption that b is the last time that zy €
ﬂ Fr (M,t). Therefore, we have b > Ty, which means that (4.45) holds. O

—b<t<b

Proposition [£.15] can be regarded as a weak two-sided long-time pseudo-
locality. Here we use “weak” because the long-time regularity preserving only
holds when the scalar curvature tends to zero.

Proposition 4.16 (Limit space-time with static regular part). Suppose M;
is a sequence of Ricci flows satisfying and and S; = sup |R|—=0
Mi><

[-T:,T3]
for some ¢ > 0, x; € M; and lim vr(z;,0) > 0. Then by taking subsequence if
1— 00

necessary, we have

c>
Moreover, we have

e~ _

(M;,2i,9i(t)) — (M, z,9) (4.47)

for every t € (=T, T), where T = lim T; > 0. In particular, the limit space does

11— 00
not depend on time.
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Proof. By direct application of Propositionand the fact that M is the closure
of R(M), we obtain the convergence limits in and are the same.
Therefore, we only need to show M € HS (n, k). However, after we obtain the
fact that the limit does not depend on time, the proof of M € 3/\3”(71, K) is
exactly the same as that in section 4.3 of Chen-Wang [11]. We remark that the
metric structure of M is totally determined by its regular part, due to the high

codimension of § and the rough connectivity of R. Moreover details can be found
in Proposition 4.15 of section 4.3 of Chen-Wang [11]. O

In Proposition we show that the limit flow exists and is static in the
regular part, whenever we have S — 0. It is possible that the limit points in
the singular part S are moving as time evolves. In general, it is much harder
to estimate the movement of points in §. However, for many applications, the
movement of points S does not matter, due to the high-codimension of S. The
regular part is a static Ricci flow solution. This fact is enough for us to apply the
monotonicity of the Ricci flow to improve the regularity of the limit space.

Cor_ollary 4.17 (Rough estimate of reduced distance). Suppose x,y €
R(M). Then (z,0) and (y,—1) have the reduced distance bound

1((z,0), (y, —1)) < 100d*(z, y).

Proof. Note that R(M) x (—00,00) is a static Ricci flow solution. By Proposi-
tion we find a curve v C R(M) and |y| < 3d(z,y). We can parametrize +
such that v(0) = z, v(1) = y and |§| = 3d(x,y). This curve can be lifted to a
space-time curve 7 connecting (x,0) and (y,—1), by setting v(7) = (v(s), —7).
Then we have

1 1
2
Ll = [ VAR P = [ el < 2ok = o,
0 0
which implies that
1
I((x,0), (y, —1)) < ——=L(7) < 3d*(z,y) < 100d*(z, y).
(@0, (y, ~1)) = 77 L(y) = 3d°(@,y) (z,y)

Further details of more general case can be found in Lemma 4.21 of Chen-Wang [11].
O

Lemma 4.18 (Most shortest reduced geodesics avoid high curvature
part). For every group of numbers 0 < £ < n < 1 < H, there is a big constant
C = C(n,A,n,H) and a small constant € = e(n, A, H,n,&) with the following
properties.
Let Q¢ be the collection of points z € M such that there exists a shortest
reduced geodesic 3 connecting (x,0) and (z,—1) satisfying
BN De(M,0) # 0. (4.48)
Then
|Byoy(z, H) N Fy(M,0) N Qe| < CEPo T (4.49)

whenever S < e.



228 Xiuxiong Chen and Bing Wang

Proof. Same as Lemma 4.22 of Chen-Wang [11]. O

Lemma 4.19 (Rough weak convexity by reduced geodesics). Suppose
{(M™,g:(t),—T; <t < Ti} is a sequence of Ricci flows satisfying (4.7). Sup-
pose x; € M;. Let (M,%,g) be the limit space of (M;,z;,g:(0)), R be the reqular
part of M and T € R. Suppose t < 0 is a fized number. Then every (z,1) can be
connected to (z,0) by a smooth reduced geodesic, whenever Z is away from a closed
measure-zero set.

Proof. Same as Lemma 4.23 of Chen-Wang [11]. It follows directly from the ap-
plication of the estimates in Lemma [4.18 O

Proposition 4.20 (Weak convexity by Riemannian geodesics). Same con-
ditions as in Lemma[{.19. Then away from a measure-zero set, every point in R
can be connected to T with a unique smooth shortest geodesic. Consequently, R is
weakly convex.

Proof. Same as Proposition 4.25 of Chen-Wang [11]. The weak convexity of R by
Riemannian geodesics originates from weak convexity of R x (—1,0) by reduced

geodesic, i.e., Lemma [£.19] O

With the “almost scalar-flat” condition (4.7), we can improve the regularity
of limit space M in (4.4) of Proposition

Proposition 4.21 (Metric structure of a blowup limit). Suppose {(M]™, z;,
gi(t), =T; <t <T;} is a sequence of Ricci flows satisfying and {{.7). Let

(M, Z,3) be the limit space of (M;,x;,g:(0)). Then M satisfies all the 6 defining
properties of H .7 (n, k) except the Kihler condition.

Proof. Same as Theorem 4.31 of Chen-Wang [11], where the full details are pro-
vided. Here we only sketch the key point. The proof consists of checking all the 6
defining properties of the model space S (n, k). In particular, the properties 3, 4
and 5 in Definition [2.3|are crucial. We remark that property 3, the weak convexity
of R, follows from Proposition[d.20} Property 4, the high codimension of S, follows
from Proposition Property 5, the gap between regular and singular property,
follows from the coincidence of volume density and reduced volume density on
infinitesimal level(c.f. Theorem 2.63 of Chen-Wang [11]), and the monotonicity of
reduced volume. O

Corollary 4.22. (c.f. Proposition 4.19 of Chen-Wang [11]) Let M = R US be

the limit space in of Proposition . Then every tangent space of M is a
metric cone and dimy S < m — 4.

Proof. The metric cone property follows from the monotonicity of reduced volume
or Perelman’s local W-functional, as done in Theorem 4.18 of Chen-Wang [11].
By the metric cone property, the Hausdorff dimension of singularity is an integer
number and satisfies . Consequently, we have dimy & < m — 4. O
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5 A priori estimate of scr

Proposition 5.1 (Weak continuity of canonical radius and space-time
canonical radius). Suppose {(M[,x;,g:(t)),—T; < t < T;} is a sequence of
Kahler Ricci flows satisfying and . Then we have

lim er(M;,0) = oo, (5.1)
1— 00
lim scr(M;,0) = oco. (5.2)
1—> 00

Proof. The statement and proof of is exactly the same as that of Theorem
4.39 of Chen-Wang [11]. The key is to use the a priori estimate in the model
space HS (n, k) and the Cheeger-Gromov convergence to improve the originally
assumed estimates for each M;. Note that each M is a Kéhler manifold of complex
dimension n, we kno/w\irom Proposition that the limit space M must locate
in the model space .7 (n, k).

Applying the same idea, we prove (5.2). Suppose (5.2) fails, then by taking
subsequence if necessary, we can find x; € M; such that

lim scr(M;,0) < 0.5D < o0

1—> 00

for some D > 1. Since each M; x [-T;,T;] is a compact space-time, we can find
x; € M; such that scr(z;,0) < secr(M;,0) + 1. It follows that

lim ser(z;,0) < D < oo. (5.3)

1— 00

Note that cr(z;,0) > cr(M;,0), which is very large by (5.1). This means for some

r; € (0,D] satisfying wy,'r; ™| B(zi,7)|g:00) = 1 — 6o, we do not have (2.2). In
2,2 122

other words, we can find y; € By, (o)(zi, 1) and t; € [—1c2r?, Lc2r?] such that

|Rm|(y;, ;) > 46521";2.

Let g;(t) = r; 2gi(r?t). We have a sequence of Ricci flows { (M, x;, §i(t)), —r; >T; <
t<r; 2T;} satisfying the following properties.
[ ] |B§i(0)(l‘i, 1)| Z (1 — 60)wm.
e For some y; € By, (0)(%;,1) and s; € [—5c2, +¢2], we have
\Rm|(ys, si) > 4¢; 2. (5.4)

Note that x; are uniformly regular, with respect to the metric §;(0). By Propo-
sition and the convergence of Kéahler structure on the regular part, we have
convergence

(M;, 21, :(1)) s (3T, 7.9)
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for some M € Jifﬂ?(n, k). Moreover, we have |B(Z,1)|5 > (1 — dp)wan. Let yoo be
the limit point of y;, under the convergence with respect to §;(0), so be the limit
of s;. We remind the readers that we may have taken subsequence again. In light

of the a priori estimate in .7 (n, k) and Proposition we obtain
| Rm|(Yoo, S00) = [RM[(Yoo,0) < 0;2'
By smooth convergence around (Yo, Soo ), the above inequality means that
|Rm|(yi, s:) < ¢, 2,
for large 7. This contradicts (5.4)). O

Theorem 5.2 (Local space-time structure theorem). There is a small con-
stant € = e(m, k) with the following properties.

Suppose M = {(M",g(t)),—T <t < T} is an unnormalized Kahler Ricci
flow solution on a closed Kdhler manifold M. Suppose M is k-noncollapsed on a
scale To satisfying

2
|Bl(2.) + 7 < ro?, YreM, te|-T,T]. (5.5)

Then we have scr(M,t) > erg for each t € [T +r¢, T —r3].

Proof. Without loss of generality, we can assume ro = 1.

We argue by contradiction. If the statement was wrong, then we can find a
sequence of Ricci flows M;’s which satisfy and ser(M;, t;) = ¢; — 0 for some
t; € [-T; + 1,T; — 1]. Fix L > 0. By rearrangement of ¢; if necessary, we can
assume further that

scr(M;,t) > 0.5¢;, Vt€[t;— Le,t; + Le?] C (=T, T;).
It follows from the definition of scr that there is a point x; € M; such that
€; < p; =scr(z;, t;) < 2¢;.

Now we rescale g; to g; by setting g;(t) = 4p; 2g;(0.25p2t + t;). For simplicity,
denote the space-time canonical radius with respect to g; by scr. Then we have
s’cvr(xi, 0) = 2;
scr(z,t) > 1, Yaze M, te|—4L,4L).
Then we let L — co. By taking subsequence and reordering if necessary, we obtain
a sequence of Ricci flows {(M;, g;(t)), —2* <t < 2'} such that
scr(z;,0) = 2; (5.6)
scr(z,t) > 1, Yae M, te[-227. (5.7)

Then (4.2) holds for T; = 2¢. Furthermore, (4.7)) is satisfied by {(M;, §:(t)), —2° <
t < 24}, Therefore, we can apply Proposition [5.1|to obtain that

lim ser(z;,0) = oo,
71— 00

which contradicts ([5.6)). O
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Remark 5.3 (Drop of the auxiliary assumption). Because of Theorem
all the results in Section [f] hold for unnormalized Kdhler Ricci flows without the
condition scr > 1.

Remark 5.4 (Where is the Kéhler condition used). From the proof of Theo-
rem[5.9, it is clear that lower bound of scr can be obtained whenever the limit space
M satisfies sharper versions of the estimates in Definition . If the Ricci flow
is on Kdhler manifold, then the sharper estimates are observed and obtained from
the compactness of the moduli ﬁ(n, k) (c.f. Theorem . In the proof of The-
orem|[2.9, Kahler condition is only used to guarantee the codimension-4 condition.
Based on the work of Cheeger-Naber on the codimension-4 conjecture [6], which
appeared after Chen-Wang [11], it is almost immediate that the Kahler condition
in Theorem can be dropped.

6 Proof of the main theorem
Now we are able to finish the proof of Theorem [1.1

Proof of Theorem[I.1: By Perelman’s estimate, we know that scalar curvature
R is uniformly bounded along the flow . Moreover, the flow is k-
noncollapsed on the scale 1, in the sense of Definition (c.f. [16]). Note that by
parabolic scaling, for each large ¢;, we obtain an unnormalized Ricci flow solution
{(M,g;(t)),—1 <t < 1}. Clearly, the flow g; exists on [—0.5,0.5] and has uni-
formly bounded scalar curvature. Therefore, we can choose a uniform small r¢ such
that holds for T"= 0.5. Applying Theorem we see that scry, (M, 0) > erg
uniformly. Then it follows from Propositionthat (M, g;(0)) converges to (M, j)
in the Cheeger-Gromov topology, for some M with the regular-singular decompo-
sition M = RUS. Moreover, dimy S < 2n—4 by Corollary The regular part
is a Kéhler Ricci soliton since the p-functional minimizer f; of each (M, g;(0)) con-
verges to a limit function f on R(M ) satisfying . More details can be found
in Theorem 4.4 of the first paper of Chen-Wang [8], whose proof applies directly
here. Since (M, g;(0)) is isometric to (M, g(t;)), we have completed the proof of
Theorem [[11 O

Remark 6.1. The proof of [1.1] actually works for all Kdihler Ricci flows with
uniform scalar curvature bound and non-collapsing condition. The Fano setting is
only used to guarantee the aforementioned conditions to hold, by the work of Perel-
man. It can be replaced by other setting, e.g., the Kdhler Ricci flow on minimal
manifold of general type(c.f. Wang [20]).
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