LECTURE 8-9: THE BAKER-CAMPBELL-HAUSDORFF FORMULA

1. TAYLOR’S EXPANSION ON LIE GROUP

As we have seen,
(X, Y] =adX(Y).

So if G is an abelian group, then ¢(g) : G — G is the identity map for all g € G.
As a consequence, ad(X) = 0. It follows that the Lie algebra of an abelian Lie group
is also abelian, i.e. [X,Y] = 0 for all X,Y € g. Conversely, one can prove (using
proposition 3.1 in lecture 6) that if G is connected and g is abelian, then G is also
abelian. In other words, the Lie bracket operation on g measures the non-commutativity
of the multiplication operation on G. In what follows we would like to characterize
this quantitatively. In other words, we would like to find out the different between
exp(X) exp(Y) and exp(X +Y') for a general Lie group.

Let G be a Lie group and X € g a left invariant vector field on G. Then

Flaexp(tX)).

t=0

(Xf)(a) - Xaf - dLaXef = Xe(f o La) - %

for any f € C*°(G) and any a € G. More generally, for any ¢t € R,

(XD aexp(tX)) = | flaexp(tX)exp(sX)) = | flaexp((t+5)X)) = o flaexp(tX).

s=0 ds
Using this and induction, one can see that for any £ > 0,
k

(X" F)aexp(tX)) = o (Flaexp(tX).

s=0

In particular,

dk
(XHf)0) = | Flaesp(tx).
t=0
The formulae above can be generalized to multi-variable case. In fact, if Xy, -+, X} €

g, then

d d d
(X1 Xof)(a) = ——|  (Xof)(aexp(tiXy)) = —|  ——|  flaexp(t1.Xy) exp(t2Xs)),

dti],,—o dty |, _o dta|,,_g
and in general

ak
(X1 Xef)a) = 57— flaexp(tiXy) - exp(tp X)),
8751 s 6tk ==t =0

As a consequence, we get the following Taylor’s expansion formula
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Proposition 1.1. If f is smooth on G, then for small |t|,

flexp(tXy) - exp(tX,)) —I—tZXf {Z X2f(e) +22Xz~Xjf(e)}+O(t3).

1<J

We remark that the previous formulae hold for vector-valued functions as well. Our
main result in this section is

Theorem 1.2. Letn > 1 and Xy, -, X,, € g. Then for |t| sufficiently small,

exp(tXy)---exp(tX,,) = exp(t Z X, + g Z [Xi, X;] + O(%)).

1<i<n 1<i<j<n

Proof. We apply proposition 1.1 to the inverse of the exponential map near e, i.e. the
map f defined by

flexp(tX)) =tX
for ¢ small enough. Then obviously, f(e) = 0. For any X € g,

(X)) = 4 Slexp(ex)) - < ) =x
and for any n > 1,
(X" = G| M) = Tl @x)=0

Notice

ZX2+2ZXX (Xi 4+ X2+ ) [X5, X,

1<j i<j
it follows that

flexp(tXy)---exp(tX,)) = tZX + = Z X, X;] + O(t%).

1<J

On the other hand, by the definition of f,
exp(tXy) - -exp(tX,) = exp(f(exp(tXy) - - - exp(tX,))).

This completes the proof. O

In particular, we see
2

exp(tX) exp(tY) = exp(tX +tY + — [X Y]+ O(|t])

for |¢| small. So [X, Y] dominates the difference between exp(X)exp(Y) and exp(X +
Y'), and thus dominates the non-commutativity of the group multiplication.
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2. THE BAKER-CAMPBELL-HAUSDORFF FORMULA

Now the question is: What are the higher order terms in O(t*) above? For sim-
plicity we will denote by log the inverse of exp near 0 € g. Let

1(X,Y) = log(exp(X) exp(Y))
for X,Y close to 0 € g. We have seen above that

WX, Y)=X+Y + = [X Y]+ O(XP, |Y]?)

for |X|,|Y| small. A remarkable fact about the remainder terms is that they involves
only Lie brackets! In other words, we have

Theorem 2.1 (The Baker-Campbell-Hausdorff formula (existence)). For X and Y
small, we have

pX,Y)=X+Y+ > Pu(X,Y),
m>2

where P,,(A, B) is a Lie polynomial of order m, i.e. P, (X,Y) is a combination of
nested commutators in X,Y that involves m — 1 Lie brackets.

Although in application, the above existence result is sufficient, we will prove the
following explicit formula:

Theorem 2.2 (Dynkin’s formula). For X and Y small,
—1)k Z )Z (ti+mi) (adY)llo(adX)mlo O(adY)lk (ad X )™
li+--

w(X,Y) = X—i—Y-i—Z k+1 © (Y),

where the second summation is over ly,--- ,lg,my,--- ,mi > 0,1; +m; > 0.

As a consequence, we can write down P,,(X,Y") for m small. Of course,

1
The next term P3(X,Y’) comes from the following terms in Dynkins’s formula:
(1) k=11 =1,m =1= —33[V,[X,Y]];
(2) k=1, =0,m =2 = —111[X,[X,Y]};
(3) k=21, =1,m;=0,l, =0, 2:1:>%%[Y,[X,YH,
4) k=21L=0,m =1,b=0my=1= 33[X,[X,Y]];

It follows

PYXY) = (1, D6 Y] - [ X V),

Similarly one can calculate the next term and get

X[, [y, X))

P(X.Y) = 5
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To prove the Dynkin’s formula, we will need the following formula that computes
the differential of the exponential map at an arbitrary point.

Lemma 2.3. For each X € g,
(dexp)x = (dLexp x)e © p(adX),

where ¢ is the function

m

l—e &
oz) = : Z m+1

mO

Proof of Dynkin’s formula.
Write
Z(t) = log(exp(X) exp(tY)).
Applying lemma 2.3, we get
d d
dt(exp Z(t) = dLepra

where we used the fact ¢(ad(tY))(Y) = Y. On the other hand, by using lemma 2.3
directly,

(exp 1Y) = dLexp xdLexp iy H(ad (1Y) (V) = dLep 70 (V).

d dzZ
Zexp Z() = Ly 20901 Z(1))
It follows
dz adZ(t)

dt 1 —exp(—adZ(t)) )= %; %HU ~exp(-adZ(O) (V)

Notice that by the naturality of exp and by the definition of ad and Ad,
exp(—adZ(t)) = Adexp(—Z(t)) = Ad(exp(—tY) exp(—X))

= Ad(exp(—tY)) o Ad(exp(—X))

= exp(—tad(Y)) o exp(—ad(X)).

Thus
% _ 2 : ([ - eXp(—tadY) o exp(_adX))k (Y)
di k+1
k>0
=2 :(_I)k S U i (adY)E (adX)™ (adY)h (adX)™
th(=1) v
k+1 l1' ml! lk‘ mk! .
k>0 L, eyma e yme>0,1;4+m; >0

where in the last step we used the fact that adX € End(g) is an element in a linear
Lie group, and thus the exponential map is exactly the matrix exponential. Now the
Dynkin’s formula follows from termwise integration over ¢ from 0 to 1. U



LECTURE 8-9: THE BAKER-CAMPBELL-HAUSDORFF FORMULA 5
3. THE DERIVATIVE OF THE EXPONENTIAL MAP
Finally we prove lemma 2.3. We first show
Lemma 3.1. Let v, (t),72(t) be smooth curves on G, and let v(t) = v1(t)2(t), then
V(t) = dLy, 1) (F2(1)) + dRoy ) (11())

Proof. Notice the fact y(t) = pu(y1(t),72(t)), where u is the multiplication operation on
G. So the formula above follows from the following formula we have proven,

d,ula,b<Xa; YEJ) - (dLa)b(}/a> + (de)a(Xa)'
0

More generally, by using induction one can easily see that if v;(¢), -+, v, (t) are
smooth curves on G, and let y(t) = 71(t) - - - Y (t), then

§(t) =Y dLay -+ Ly dRoy )+ - ARy ) (1))

Now we are ready to prove lemma 2.3. For simplicity we will denote

v(X,)Y) = 4

o exp(X +tY) = (dexp)x(Y).

t=0

Obviously v(X,Y') is linear in Y for each fixed X, and lemma 2.3 follows from
Lemma 3.2. For any X,Y € g,

S (X 1Y) = (ALasp x)e 0 (ad X)),

t=0

Proof. We notice that for any positive integer m,

d X Yy ™
V(X, Y) E - |:6Xp(E + tE):|
m—1
XY
o m—k—1 k
- kzg(d[’expfi) (dRexp%) V(E? E)
1 m—1
(L ) Y () H (AR ) V)
k=0

Recall that the differential of the conjugation map c(a) = L,R,-1 is Ad, so we get

g adX)] F

(g ) 408 ) = [aetespt 750 = [atenn =] = [
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So we get, for every positive integer m,

HXY) = (AL "1 3 o250 | (2
k=0

Now the result follows since as m — oo,
(dLeXp%)m_l - dLexp (m-1DX —> dLepr:

X
v(—,Y) = v(0,Y) = (dexp)o(Y) =Y,
m
and, since adX € End(g) is a matrix,
k

1= ad X 1= k
_E xp(— __E xp [ ——adX
m e {e ( m )} m ¢ ( m )

D)

> [g 3 (g)"] L
— f: /0 1xnd4 (_n1,>n (adX)"

- go (7(;1):) ; (adX)".

O

Finally we give several applications. Given the derivative of the exponential map
exp at an arbitrary point, we are ready to answer the following question: at which
points X the map exp is singular, i.e. (dexp)x is not invertible? Since

(dexp)x = (ALosp x ) 0 6(ad X)
and dLex, x ). is always invertible, we see that (dexp)x is not invertible if and only if
the matrix ¢(adX) € End(g) is not invertible, i.e. 0 is not an eigenvalue of ¢(ad.X).
Since all eigenvalues of ¢(adX) are of the form ¢(\) = 1’§7A
of adX € End(g), we conclude

, where A is an eigenvalue

Corollary 3.3. The singular points of the exponential map exp : g — G are precisely
those X € g such that adX € End(g) has an eigenvalue of the form 2mwik, with k €

Z\ {0}.

As an example, we see that if GG is an abelian Lie group, then exp is non-singular
everywhere. More generally, if g is nilpotent, then exp : g — G is non-singular every-
where.



