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1 Lecture 15

1.1 The weak x-topology on X*

Let X be a topological vector space. We want to topologize the dual space X* (in a natural
way) to make it a (nice) topological vector space.

We have seen that if X is a normed vector space, then there is a natural way to assign a
topology on X™* to make it not just a topological vector space, but in fact a Banach space.
The norm we assigned to X* is the operator norm

[L]|x+ = sup |La|.
ll=]=1

But this method does not work for more general topological vector spaces.

We will study the norm topology on X™* in more detail later. Today we will use the
method of weak topology to construct a topology on X*. Let X be any topological vector
space (where we don’t require X* to separate points). Then each x € X induces a linear

functional ev, on X*,
evy : X* = TF, L~ Lx (1)

The linearity of ev, is obvious:
eve(aly + fL2) = (L + BLy)(x) = ali(x) + BLz(x) = aevy(L1) + Bevy(La).
Moreover,
Lemma 1.1. The family X = {ev, : x € X} separates “points” in X*.
Proof. For any L1 # Lo € X*, one can find zg € X such that
Lixg # Loxyg.

It follows that evy,(L1) # evy,(L2). O



Definition 1.2. The X-topology of X* is called the weak-* topology.
Remarks 1.3.

e For any topological vector space X, the weak-* topology on X* makes X* a locally
convex topological vector space. This is a consequence of the theorem we proved in
lecture 14.

e A local base for the weak-*-topology consists of sets which are finitely intersections
of sets of the form
Vie={L € X* | |Lz| < €}.

e For a normal vector space X, we now have three topologies on X*:
the weak-* topology C the weak topology C the norm topology (2)

(where the weak topology on X* is the (X™*™"™)*-topology)

e For infinite dimensional normed vector spaces, the norm topology on X* (which
makes X* a Banach space) and the weak-* topology on X* (which makes X* a locally
convex topological vector space which is not locally bounded) are always different.

e Moreover, if X is an infinitely dimensional Banach space, then with respect to the
weak-* topology, X* is NOT even metrizable. See PSet 9-1 problem 4.

We have seen that the unit ball in an infinite dimensional Banach space need not be
compact (for example, the space [?). It turns out that the weak *topology has the following
compactness property. (This is one of the main reason that the weak-* topology is very
useful in practice.)

Theorem 1.4 (The Banach-Alaoglu Theorem). Let X be a topological vector space, V- C X
a neighborhood of 0. Then the set (called the polar of V')

K={LeX"||Lz| <1,Vz eV} (3)
is compact in the weak-x-topology.

Proof. Since V is a neighborhood of 0, it is absorbing. So for any z € X, one can find
¢ = ¢(x) > 0 such that
x € c(z)V.

By linearity, we see if L € K, then

|Lz| < c(x), VreX. (4)



We will take ¢(z) =1 for x € V. Then by definition,
L e K < L € X™ and satisfies (4).
For each z € X, let

Dy ={aeF:|a <c(x)}.

P=]] D,

zeX

Then D, is compact. Define

equipped with the product topology. According to the Tychonoff’s theorem, P is compact.
Note each element {a;} in P can be identified with a function f on X by

{ag € Diylr e X} +— f:X—=F, f(x)=a,
By this way, we can identify P with the set of functions
P={f:X—=>F]||f(x) <c(x),Vr e X}.

It follows
K=X*"NnP.

So K admits two topologies, one inherited from the product topology on P and one from

the weak-* topology on X*.

The product topology on P and the weak *-topology on X* coincide on K.
As we know, a local base for the weak-* topology at Ly € K consists of sets of the form

Wa oo ape ={L € X™ | |Lz; — Loz < €,1 <i<n},
while a local base for the product topology at Lg consists of sets of the form
Vs ape = {f € P | |f(zi) — Lo(z;)| <€e,1 <i<n}.
Since Wy, ... o), N K =V, ... z, N K, the two topologies are the same when restricted to K.

K is closed (and thus compact) in P.
Let fo be any element in the P-topology closure of K. Since P is compact, fo € P. We
shall prove fo € X*, thus fy € K.

° ’Check fo is linear.‘
Fix any z,y € X, «, 8 € F. For any € > 0, consider the P-neighborhood

U=A{feP|lf(x) = folx)] <e&lf(y) = fol)| <& |f(ax+ By) — folax + By)| < e}




of fp. Since fy lies in the closure of K, one can find some f € K NU. Then

|folax + By) — afo(z) — Bfo(y)| = [(fo — f)(az + By) + a(f — fo)(z) + B(f — fo)(v)]
< (1+ |af +|B])e

Since € is arbitrary, we get

folax + By) — afo(x) — Bfo(y) =0,

so fo is linear.

° ’Check fo is continuous.‘

Fix any « € V. Use the same f € KNU as above. Then |f(x) — fo(z)| < € implies
[fo(z) <1 +e
Since € is arbitrary chosen, we must have

|fo(z)| < 1.

Since fj is linear,
_ €
f(~e ) 3 5V,
which implies the continuity of fj.

Finally combine these two claims, we see K is compact with respect to the P-topology,
and thus compact with respect to the weak *-topology. O

1.2 Some applications

We will introduce a number of applications of the Banach-Alaoglu theorem, not only to
the weak-* topology on X*, but also to the original and weak topology on X.

Corollary 1.5. Let X be a normed vector space, then the closed unit ball in X*
B={LeX":|Llx- <1} (5)
1s compact in the weak x-topology.

Proof. Take V = {x € X : ||z||x < 1}, then we can check its polar set K = B. In fact, if
L € B,ie. |L||x- <1, then

| La| < || Ll|x~

z|| <1, VzeV,

i.e. L € K. On the other hand, if L ¢ B, then 3¢ > 0 such that |L||x+ > 1+¢c. SoJr € X
with ||z|| = 1 such that

e
Lol 2 Ll = 5 > 1,

so L & K. O



The next application is a structural theorem for Banach spaces:

Theorem 1.6. Let X be any Banach space. Then there exists a compact Hausdorff topo-
logical space 2 and a norm-preserving linear isomorphism

¢: X = (X) C (C(Q), ] - [lo)- (6)

In other words, any Banach space can be viewed as a closed vector subspace of some
(C(Q2),]] - |lo) for some compact Hausdorff space .

Proof. Let
Q={LeX"||L|x- <1}

with the weak *-topology, then €2 is Hausdorff and compact. Define the map
p: X —=>CQ), =~ ¢x),

where ¢(x) : Q — F is given by
o(x)(L) = Lz.
Then

e ¢(z) is continuous as a function on Q: For any a € F, if 3¢ > 0 such that

B(a,e) NIm(p(z)) = 0,

then ¢(z)~1(B(a,e)) = 0 is open in Q. Otherwise, for any € > 0, choose Lg € Q2 such
that ¢(x)(Lo) € B(a,e/2), then

¢(x) " (B(a,e)) D d(x) " (B(¢(x)(Lo),¢/2)) = {L € Q| |Lx — Lozx| < £/2}
is an open set in ).

e ¢ is linear as a map from X to C(Q2): For any z1,22 € X and o, 8 € F,

P(axy + Paz)(L) = L(axy + fr2) = aL(z1) + fL(22) = ad(x1)(L) + fd(x2)(L).

e ¢ preserves the norm: For any =z € X,

()]0 = sup |¢(x)(L)| = sup [La| < sup ||L]x- - [lz]x = [lz]x-
LeQ LeQ LeQ

On the other hand, by the last corollary of the Hahn-Banach theorem that we learned
at the end of lecture 12, for any x € X one can find L € X* such that ||L||x- =1
and Lz = ||z|x. So
[é()llo = sup [La| > |[z]|x.
LeQ



Note that the norm-preserving property also implies ¢ is injective. So ¢ is a linear isometry
from X to its image.
Finally since X is a Banach space, the image ¢(X) has to be closed in C(Q). O

Using the weak x-topology, we can also prove the following property for the weak
topology.

Theorem 1.7. Let X be a locally convex topological vector space, and E C X a subset.
Then E is bounded in the original topology iff it is bounded in the weak topology.

Proof. Since each weak neighborhood of 0 in X is an neighborhood of 0 in the original
topology, by definition of boundedness (For any neighborhood U of 0 and all sufficiently
large oo, £ C al), we see if E is bounded in X, then it is weakly bounded.

Conversely suppose E C X is weakly bounded, and U is any original neighborhood of
0 in X. Since X is locally convex, one can find a convex balanced original neighborhood
V of 0 in X such that

VcU.

Denote
K={LeX":|Lz|<1,Vz eV} (7)

[Claim:|V = {z € X : |Lz| <1,VL € K}.

We first prove the claim in two steps:
e By the definition of K,
Vc{reX:|La<1,VLe K} = () L7Y(B(0,1)),
LeK

which is closed in the original topology. So

Vc{reX:|Lz|<1,VL € K}.

e Conversely suppose zg ¢ V. Then by the geometric Hahn-Banach theorem, one can
separate zo and V, i.e., there exists L € X* such that Lz lies outside the closure of
L(V). Since V is balanced, L(V) is a balanced closed set in F, i.e. L(V) = B(0, R)
for some R > 0. By rescaling it is easy to construct L € X* such that |L(V)| < 1
but [Lzo| > 1. So

xo¢{re X |Lx| <1,VL € K}.

Back to the proof. Since FE is weakly bounded, for each L € X*, there exists a(L) < oo,
such that (c.f. PSet 8-1 problem 1)

|Lx| < a(L), VreFE (8)

Since K is obviously convex (by the triangle inequality) and weak #-compact (by the
Banach-Alaoglu theorem), we apply the following variation of the Banach-Steinhaus theo-
rem (see the proof at page 47 of Rudin’s book)



Theorem 1.8. Let X, Y be topological vector spaces, K C X is compact and convex.
Let T be a family of continuous linear mappings from X to Y. Suppose for all x € K,
the orbit

I'y={Lz:LeTl}

is bounded in Y. Then there exists a bounded set B C'Y such that
L(K)c B, VLEeT.
to conclude (where we take X to be X*, Y to be R, I' be the family of maps {ev, | z € E},
and /K be K') that there exists o < oo such that for any L € K,
|Lz| < a, Yz €E.
As a consequence of this fact and the claim above, for any =z € F,
1 _
—zeVclU
o
Since V is balanced, for any t > «, we have
E CtV CtU.
So E is bounded in the original topology. O
An immediate consequence is the following criteria for boundedness:
Corollary 1.9. Let X be a normed vector space, E C X. If for any L € X*, we have

sup |Lz| < oo,
el

then E is bounded in the original topology.

Finally we shall state a variation of the Banach-Alaoglu theorem. But before that, we
need a definition:

Definition 1.10. We say X is separable if it contains a countable dense subset.

Ezxample 1.1. R" is separable since Q™ C R" is dense.
Ezample 1.2. [*° is NOT separable. In fact, let X C [*° be the set

X ={x=(ay,a2,---) | a; =0or 1}.

Then X is uncountable, and any pair of points x1 # x9 € X satisfy ||z1 — 2]/ = 1.

Now let A C I*° be any dense subset, then for any x € X, there is some y € A such
that ||y — ]| < 3. So the cardinality of A is at least the cardinality of X. This implies
that A must be uncountable.



Theorem 1.11. Let X be a separable topological vector space. If K C X* is weakly *-
compact, then K is metrizable in the weak x-topology. (Although X* may be not metrizable
in the weak x-topology)

Proof. Let x, be a countable dense set in X. For each n, let
fo: X*—=TF, fu(L)=Lax,.

Then f, is continuous with respect to the weak x-topology. Moreover, the family {f,}
separates points in X*:

fn(L) = fu(L)),Yn = Lz, = L'v,,Yn = Lz = L'z,Vo = L =L
Since each f,, is bounded on K (by compactness of K), we can find ¢, such that
|fn(L)| <c¢n, VLeK.

One can check that )
An L) = 3 ol falL1) = fu(L) )

defines a metric on K which is compatible with the weak-* topology. O

Corollary 1.12. Let X be a separable topological vector space, V- C X be a neighborhood
of 0. If {Ly} is a sequence in X* such that

|Lpz| <1, VzeV,Vn=1,2---,
then there exists a subsequence {Ly, } and L € X* such that

Lz = lim L, xz, VxecX.
k—o00

Proof. Let K ={L € X*:|Lz| < 1,Vz € V}. Then K is weak x-compact and metrizable.
So it is sequentially compact. O



