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1. SYMPLECTIC MANIFOLDS
9 Definitions.
Let M be a smooth manifold, and

w € Q}(M) =T>°(A*T*M)

a smooth 2-form on M. Recall that by definition this means that for any p € M,
wp : TyM x T,M — R

is a skew-symmetric bilinear map, and w, depends smoothly on p.
Definition 1.1. We call w a symplectic form on M if

(1) (closeness) w is a closed 2-form, i.e. dw =0
(2) (non-degeneracy) for Vp € M, w, is a linear symplectic form on 7}, M.

We will call the pair (M,w) a symplectic manifold.
Remarks. Let (M,w) be a symplectic manifold. According to the linear theory,

e dim M = dim7,M must be even.
e If we denote dim M = 2n, then
w #0e N (Tr M),

i.e. w" is a non-vanishing 2n form, thus a volume form, on M. As a conse-
quence of the existence of a volume form, we see M must be orientable.

Definition 1.2. We will call “:l—T the symplectic volume form or the Liouville
volume form of (M, g).

e If w is not only closed but also exact, i.e. there exists a 1-form o on M so
that w = da, then we say (M,w) is an exact symplectic manifold.
1
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q Examples.
Ezample. (R*",Qy) is of course the simplest symplectic manifold.

Ezxample. Let S be any oriented surface and w any volume form on S. Then

e w is non-degenerate since it is a volume form,;
e w is closed since it is already a top form.

In other words, (S,w) is symplectic.

Example. If (M, w) is a symplectic manifold, and U C M an open subset, then (U, w)
is a symplectic manifold.

Ezample. If (M,w) is a symplectic manifold, then for any A # 0, (M, \w) is a
symplectic manifold.

Ezample. If (M, w;) and (M, wy) are symplectic manifolds, then for any nonzero
real numbers Ay, Ao, the 2-form w = A\jw; ® Aaws is a symplectic form on the product
manifold M = M; x M.

Example. The 2n-dimensional torus T?* = R?"/Z?"  with its standard symplectic
form wy = > dx; A dy;, is a symplectic manifold.

Example. We will see more examples later, including cotangent bundles, coadjoint
orbits, Kéhler manifolds etc. (So, yes, we have “as many” symplectic manifolds as
smooth manifolds! )

¢ Distinguished submanifolds.

As in the linear case we can define

Definition 1.3. Let (M,w) be a 2n-dimensional symplectic manifold and Z C M
a smooth submanifold. We call Z

isotropic if for all p € Z, T,Z is an isotropic subspace of (7,,M,w,).
coisotropic if for all p € Z, T,,Z is a coisotropic subspace of (T,M, w,).
Lagrangian if for all p € Z, T,,Z is a Lagrangian subspace of (1,M,w,).
symplectic if for all p € Z, T,,Z is a symplectic subspace of (7,M,w,).

The following properties follows immediately from the corresponding linear ones:

(1) ¢: Z < M is a symplectic submanifold if and only if +*w is symplectic.

(2) v: Z — M is an isotropic submanifold if and only if /*w = 0.

(3) t: Z — M is a Lagrangian submanifold if and only if 1*w = 0 and dim Z =
% dim M.

(4) If Z is an isotropic submanifold of M, then dim Z < § dim M.

(5) If Z is an coisotropic submanifold of M, then dim Z > £ dim M.

(6) Any one dimensional submanifold is isotropic, any co-dimension one sub-
manifold is coisotropic.
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Lagrangian submanifolds are in some sense the most important object (according
to Weinstein) in symplectic manifolds. We will study more details of Lagrangian
submanifolds later.

[ More topological restrictions.
As we have seen, to be a symplectic manifold, M must be even dimensional and
oriented. There are more obstructions:

Proposition 1.4. Let (M,w) be a closed (=compact without boundary) symplectic
manifold of dimension 2n. Then for any 1 < k < n, the de Rham cohomology group
H? (M) # {0}

Proof. Since w is closed, [w] € H*(M) is a de Rham cohomology class. So for any
1 <k<n,[wr e H*(M). If H*(M) = {0}, then w* = da for some o € Q**~1(M).
It follows

W' =W AWTE = d(a Aw™TF),

which is impossible since w™ is a volume form, and a volume form on a closed
manifold cannot be exact. O

As an immediate consequence, we see that S? is the only sphere that admits a
symplectic structure:

Corollary 1.5. For any n > 1, the sphere S** admits no symplectic structure.
Proof. In algebraic topology one can prove H?(S?") = 0 for any n > 1. O
What we really proved is that [w] # 0 € H*(M) if M is compact. So

Corollary 1.6. Any exact symplectic manifold is non-compact.

Using a similar argument one gets

Proposition 1.7. Any symplectic submanifold of (R*",w) is non-compact, where w
is any symplectic form on R*".

Proof. Since R?" is contractible, any closed 2-form is exact. It follows that there
exists a one-form o on M so that w = da. As a consequence, for any m, the 2m
form w™ = d(a Aw™ ') is exact on R?", and thus exact on any submanifold.

On the other hand, if M?™ is a compact symplectic submanifold of R?"*, then
w™ is a volume form on M, which is a contradiction since on a compact manifold
the volume form can never be exact. OJ

m

Remark. On the other hand, One can easily construct many symplectic submani-
folds. For example, one can identify the symplectic manifold R?" with the complex
manifold C". Then any complex submanifold is a symplectic submanifold.

Remark. There exists more subtle obstructions for the existence of symplectic struc-
ture. For example, the existence of a symplectic structure implies the existence of
an almost complex structure, which gives an obstruction in the Pontryagin class.
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€ Symplectomorphisms.

As in the linear case, we can define

Definition 1.8. Let (M;,w;) and (Ms,w,) be symplectic manifolds. A smooth map
f: My — M, is called a symplectomorphism (or a canonical transformation) if it is
a diffeomorphism and

(1) f*CL)Q = W1.

We say (M;,w) is symplectomorphic to (Msy, ws) if such a symplectomorphism exists.

Next time we will prove :

Theorem 1.9 (Darboux theorem). Let (M,w) be a symplectic manifold of dimen-
sion 2n. Then for any p € M, there exists a neighborhood U of p in M and a
neighborhood Uy of 0 in R*™ so that (U,w) is symplectomorphic to (Uy, ), where
Qg is the standard (linear) symplectic form on R*".

Remark. (1) In the language of local coordinates, this means that near any p €
M, one can find coordinate patch (U, xq1, -+ ,x,, &1, -+ ,&,) centered at p
such that on U,

w=Y_ dr; Adg.
Definition 1.10. This coordinate patch is called a Darboux coordinate patch.

(2) As a consequence we see that for symplectic manifolds there is no local geom-
etry: locally all symplectic manifolds of the same dimension look the same.
So symplectic geometry is very different from Riemannian geometry where
one has many local geometric quantities (like curvature). (However, there are
much to say about the global geometry/topology of symplectic manifolds!)

2. THE COTANGENT BUNDLE

€] The canonical symplectic structure on cotangent bundles.

Let X be an n-dimensional smooth manifold and denote by M = T*X its
cotangent bundle. Let

T X =X, (r,§)—z

be the bundle projection map. In manifold theory we learned that T X is a smooth
manifold of dimension 2n, and any local coordinate system on X induces an coor-
dinate system in T*X, as follows: From any coordinate patch (U, xy, - ,z,) of X
one can construct, for z in U, a basis {01, -+ ,9,} of T, X, which depends smoothly
in . We denote the dual basis of T X by {dxy,--- ,dx,}. This gives the induced
coordinate system, (z1,--+,2,, &1, , &), on My = 7 (U). Namely, if £ € TFX,

then
= &(dwy),.
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For any p = (z,£) € M, we let
(2) ap = (dmp)*¢.
Note that by definition £ € Ty X, so for any p € T* X,

ap = (dm,)"§ € T (T"X).
In other words, we get a smooth 1-form

a € QY M) =T>(T*(T*X)).
Note that for any v, € T,M,
(ap, vp)p = ((dmp) &, vp)p = (€, dmp(vp) )

Definition 2.1. We call « the canonical 1-form (or tautological 1-form) on T*X.

Proposition 2.2. In local coordinates described above,
i=1

Proof. Let v, = > (a;-2- 3o T bi afé ) € T,M be an arbitrary tangent vector. Then

<ap7vp>17 = <€ dﬂ-p Up Zgz dxz ma Z zai>x = Zaz& = <Z gidl'z‘,vp>p

The equation follows. O

As a consequence, if we let
(4) w = —da,

then w is closed, and from the local expression of «,

(5) w=Y_dr; Ad

we see that w, is also non-degenerate for all p. It follows that w is a symplectic form
on M.

Definition 2.3. We call w = —da the canonical symplectic form on M = T*X.

Remark. In the future we will denote the canonical 1-form a.,,, and the canonical
symplectic form w by wegn. Obviously (7% X, weq,) is an exact symplectic manifold,
and any coordinate patch on X induces a Darboux coordinate patch on (7" X, wean )
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¢ The reproducing property.

Let u € QY(X) be an arbitrary smooth 1-form. By definition we can identify p
with a smooth section s, : X = M =T"X via

su(®) = (2, pa).

Let B € Q'(M) be a 1-form on M, then 574 is a I-form on X. It is not hard to
check by definition that

(325)&: = (dsy.)70p-
A crucial property for the canonical 1-form a € Q!(M) is the following

Theorem 2.4 (Reproducing property). For any 1-form p € QY(X), we have
(6) 8,00 = L.
Conversely, if a € QY(M) is a 1-form such that (6) hold for all 1-form p € Q'(X),

then « is the canonical 1-form.

Proof. At any point p = (z,§) we have a, = (dm,)*€. So at p = s,(x) = (x, ;) we
have o, = (dm,)* . It follows
(5,0)e = (dsy)zap = (dsp);(dmp) e = (d(7 0 5))oba = ha-

Conversely, suppose oy € Q' (M) is another 1-form on M satisfying the reproducing
property above, then for any 1-form pu € Q'(X), we have st (a—ap) = 0. So for any
vel,X,

0 = ((dsy)z(a — ao)p, v) = (v = )y, (dsp.)a(v)).
For each p = (z,&), the set of all vectors of the this form,
{(ds,)ﬂ) | we QI(X)7MJE = 577} € TxX’}

span T,M, so we conclude that a = ay. O

€ Naturality.

The construction of the canonical symplectic form on cotangent bundles is nat-
ural in the following sense: Suppose X and Y are smooth manifolds of dimension n
and f : X — Y adiffeomorphism. We can “lift” f to a smooth map f : T*X — T*Y
by

(7) flx,€) = (f(x), (df2)~H(€))-

Theorem 2.5 (Naturality). The map f is a diffeomorphism and preserves the
canonical 1-forms:

[rary = ar«x.



LECTURE 2: SYMPLECTIC MANIFOLDS 7
Proof. Tt is not hard to check that f is a diffeomorphism. Denote the projections
by m : T*X — X and 7y : T*Y — Y. By definition
Ty O f = fom.
So if we denote f(x,€) = (y,7), then
frapey = df* o (dnd)n = (dnt o df*)n = (dr})€ = ar-x.

As a consequence, we get immediately

Theorem 2.6. The map f 2 T*X — T*Y constructed above is a symplectomorphism
with respect to the canonical symplectic forms.

¢ Lagrangian submanifolds of 7% X.

By definition, a Lagrangian submanifold A of (T* X, we.,) is a smooth subman-
ifold of dimension dim A = dim X and satisfies t*w.q, = 0, where ¢ : A < T*X is
the inclusion map. From the local expression of w, it is easy to see

Ezxample. The zero section of T* X,
Xo=A{(z,§) eT"X |z € X, {=0€T; X}
is a Lagrangian submanifold of 7% X.
Example. For each x € X, the cotangent fiber
TrX ={(z,§) eT"X | £ €T, X}
is a (vertical) Lagrangian submanifold of 7% X.
The first example is the graph of the zero 1-form on X. Suppose p € Q'(M) is
any smooth 1-form on X. Then its graph,
X = {(w,1) | v € X},

is a n dimensional submanifold of 7*X. [Such a submanifold is called horizontal
since 7 o ¢ is a diffeomorphism from the submanifold onto (its image in) the base
manifold X ]

A natural question is: when will X, a Lagrangian submanifolds?
Proposition 2.7. X, is Lagrangian if and only if du = 0.
Proof. Let + : X, — T*X be the inclusion map. Note that mo:: X, — X is a
diffeomorphism. Let v : X — X, be its inverse. Then by definition

S, =107.
So from the reproducing property,
X, is Lagrangian < ("da =0 < y""da = 0 < d(s;,a) = 0 < du = 0.
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The proposition characterize the horizontal Lagrangian submanifolds of 7% X.
Of course there are many non-horizontal Lagrangian submanifolds of 7% X, the sim-
plest one being the vertical fiber we described just now. More generally, for any
submanifold S of X, we define its conormal bundle in T*X to be

N*S ={(z,§) e T"X | x € 5, € Ty X so that {(v) =0 for all v € T.S}.
For example, the zero section is the conormal bundle of X itself, while the vertical
fiber T} X is the conormal bundle of the zero dimensional submanifold {z}.
Obviously if the dimension of S is k, then at any x € S, the fiber has dimension
n — k. So N*S has dimension n, half the dimension of T*X.

Proposition 2.8. For any smooth submanifold S of X, the conormal bundle N*S
is a Lagrangian submanifold.

Proof. Suppose S is described in local coordinates by xp,1 = --- = x, = 0, then at
each x € S, the conormal fiber NS is described by & = -+ = & = 0. It follows
that the symplectic form w = ) dx; A d§; vanishes on N}S. O

3. COADJOINT ORBITS

Student presentation: Qin Yuguo
More details will be added.



