LECTURE 2: SMOOTH MANIFOLDS

1. REVIEW OF ANALYSIS

Let U be an open set in R", and f : U — R a continuous function. Recall that f
is said to be a C*-function, if all its partial derivatives of order at most k,
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exist and are continuous on U. We say that f is a C'™° function, or a smooth function,
if it is of class C* for all positive integers k. A function f is an analytic function (or
C%) if it is smooth and agrees with its Taylor series in a neighborhood of every point.

Note that not all smooth functions are analytic. A standard example is
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e_%, x>0
is a C'*° function defined on R but is not analytic at = 0. (Check this!)
Now let U be an open set in R™ and V' be an open set in R”. Let

f:(.fla"' 7fm)U_>V
be a continuous map. We say f is O (or C*, or C*) if each component f;, 1 <i < m,
is a C° (or C*, or C%) function. !
Let f be a smooth map. The differential of f, df, assigns to each point x € U a
linear map df, : R™ — R™ whose matrix (with respect to the canonical basis) is the
Jacobian matriz of f at x,
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Note that for any v € R", the directional derivative of f at x in the direction v is
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The well-known chain rule asserts that if f : U — V and g : V — W are smooth
maps, so is the composition map go f : U — W, and

d(go f)a = dgsem) o dfs.

Definition 1.1. A smooth map f : U — V is a diffeomorphism if f is one-to-one and
onto, and f~!:V — U is also smooth.

n this course we will mainly consider C> functions/maps. However, most definitions/theorems
can be easily extended to the C* setting.
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Obviously

o If f: U — V is a diffeomorphism, so is f~1.
o lf f:U —V and g:V — W are diffeomorphisms, so is g o f.

As a consequence, we can prove the following smooth “invariance of domain” theorem:

Theorem 1.2. If f : U — V 1is a diffeomorphism, then for each x € U, the differential
df, is a linear isomorphism. In particular, dimU = dim V.

Proof. Applying the chain rule to f~!o f = idy, and notice that the differential of the
identity map idy : U — U is the identity transformation Id : R® — R", we get

dff*(i) odf, = Idgn.
The same argument applies to f o f~!, which yields
df, o df ;1) = Idgm.

By basic linear algebra, we conclude that m = n and that df, is an isomorphism. [

The inverse of the previous theorem is not true. For example, we consider the map
f:R*\ {0} — R?\ {0}, (2',2%) — ((«')* — (z%)?, 221 2%).
Then at each point x € R? \ {0}, df, is an isomorphism. However, f is not invertible
since f(z) = f(—x). (What is the map f if we identify R? with C?)
The inverse function theorem is a partial inverse of the previous theorem, which

claims that an isomorphism in the linear category implies a local diffeomorphism in
the smooth category.

Theorem 1.3 (The inverse function theorem). If f : U — V is a smooth map, and
df, is an isomorphism, then f is a local diffeomorphism near z, i.e. there exists a
neighborhood U, containing x and a neighborhood Vi containing f(x) such that

f‘Uz U, — Vf(m)
s a diffeomorphism.
The theorem is a special case of the following

Theorem 1.4 (The implicit function theorem). Let W be an open set in R} x R,
and F = (Fy,--- ,F,) : W — R™ a smooth map. Let (xq,yo) be a point in W so that
the m X m matrix

g—j}(xo,yo) %(ﬁo,yo)
g%(xo,yo) %(Imyo)

is nonsingular, then there exists a neighborhood Uy x Vi of (zo,v0) in W and a smooth
map f: Uy — Vi so that

e f(z0) = Yo,
o If we denote ¢ = F(wo,y0), then F~'(c) N (Uy x V) is the graph of f, i.e.
F(x, f(x)) = ¢ for all x € Uy.
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2. SMOOTH MANIFOLDS

We would like to define smooth structures on topological manifolds so that one
can do calculus on it. In particular, we should be able to talk about smoothness of
continuous functions on a given smooth manifold M. Since near each point in M, one
has a chart {¢, U, V'} which identify the open set U in M with the open set V in R",
it is natural identify any function f on U with the function f o ¢=! on V, and use
the smoothness of f o ¢~! to define the smoothness of f itself. This idea is of course
correct. The only issue is that a point on M could sit in many different open charts,
and the smoothness of a function at this point should be independent of the choice of
chart. In other words, if both ¢ and v are chart maps near a point, we want the maps
fop™and fow~! to be simultancously smooth or non-smooth. This amounts to
require ¢ o 1)~! to be smooth. With this as our intuition, we define

Definition 2.1. Let M be a topological manifold. We say two charts {¢q,, U, V, } and
{¢s,Us, V3} of M are compatible if the transition map

Pap =00 95" + Pa(Ua NUs) = 3(Us N Up)
is a diffeomorphism.
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Note that both ¢, (U, N Us) and ¢s(U, N Us) are open in R", so the smoothness
of wap is well understood.

Ezample. (Spheres - continued). Recall that the n-sphere S™ admits two atlas
{0+, Uy, R"} and {p_,U_,R"}, where

U= $"\{(0,++,0,F1)}

and ]
1 n . n+ly __ 1. n
or(x, -2 >_—1ix"+1(x’ , ).

It follows that on ¢_(U; NU_) = R™\ {0},
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which is a diffeomorphism from R™\ {0} to itself. So these two charts are compatible.
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Ezample. (Projective Spaces - continued). Recall that the n dimensional real
projective space RP" has n + 1 charts {¢;, U;, R"}, 1 <i < n+ 1, where

U= {[z' - 2" | 2" # 0}

and
1 i1 it

x x x Tl
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Without loss of generality, let’s verify that ¢; ,41 is a diffeomorphism between

o1(Ur N Upsa) ={(y', - 0" [ y" # 0} =V,
and
Cnt(Ur N Upsr) ={(', -+, y") |y #£0} = V1.
In fact, by definition
P y") = ol (YY)
=@nra([Liy oo y")

B ( 1 yl ynl)
yyn T yn

which is obviously a diffeomorphism from V,, to V4. Similarly one can show that all
transition maps ;; are diffeomorphisms.

Definition 2.2. (1) An atlas A on M is a collection of charts {¢a, Us, Vo } such that
all charts in A are compatible to each other, and satisfies |, Uo = M.
(2) Two atlas on M are said to be equivalent if their union is still an atlas on M.

Example. We can define two atlas on R by A = {1, R,R} and B = {¢3, R, R}, where
¢1(r) = 2 and po(x) = 23. Then they are non-equivalent atlas since

pa1(z) = 10 05 ' (x) = 2'/3

is not smooth.

Definition 2.3. An n-dimensional smooth manifold is an n-dimensional topological
manifold M equipped with an equivalence class of atlas. This equivalence class is called
its smooth structure.

So a smooth manifold is a pair (M, .A). In the future we will always omit A if there
is no confusion of the smooth structure.

Remark. Similarly one can define C* manifolds, real analytic (=C*) manifolds and
complex manifolds. For example, a complex manifold is a Hausdorff and second count-
able topological space that locally looks like C™, so that the transition maps are all
bi-holomorphic.

Ezxample. If a topological manifold M can be covered by a single chart, then such a
chart automatically determines a smooth structure on M. So in particular, the graph
of any continuous function on an open domain of R" is a smooth manifold. (However,
it is possible that such a graph is not a smooth submanifold of R"1.)
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Example. All the examples we studied in lecture 1, including graphs, S™, RP" etc, with
the charts we described, are smooth manifolds. In fact, they are also C* manifolds.

Remark. Some deep results from differential topology:

e There exists topological manifolds that do not admits smooth structure. The
first example was a compact 10-dimensional manifold found by M. Kervaire.

e If a topological manifold admits a C! structure, it also admits a C°° structure.

e Any manifold M admits a finite atlas consisting of dim M + 1 charts (not
necessarily connected).



