LECTURE 10: DYNAMICS OF VECTOR FIELDS

1. INTEGRAL CURVES

Suppose M is a smooth manifold. Recall that a smooth curve in M is a smooth
map v : [ — M, where [ is an interval in R. For any a € I, the tangent vector of v at
the point y(a) is

: _dy oy d (i)
PY(a) - dt (CL) =A%, dt )

where % is the standard coordinate tangent vector of R.

Definition 1.1. Let X be a smooth vector field on M. We say that a smooth curve
~v: I — M is an integral curve of X if for any t € I,
Y(t) = Xy

Example. Consider the coordinate vector field X = % on R™. Then the integral curves
of X are the straight lines parallel to the x!-axis, parametrized as
Y(t) = (1 + e, 5 ep).
To check this, we notice that for any smooth function f on R",
N = S (fom) =vs T = I
Ezample. Consider the vector field X = 22 —y-2 on R?. Then if v(t) = (x(t),y(t)) is

9y
an integral curve of X, we must have for any f € C*(R?),

yn O O o, dy _onof L 0f
x (75)% +y (t)a—y =V i Xy f = x(t) By y(t)am,

which is equivalent to the system
d'(t) = —y(t), y(t)=a(t)
The solution to this system is
x(t) = acost — bsint, y(t) =asint + bcost.

These are circles centered at the origin in the plane parametrized by the angle (with
counterclockwise orientation).

Remark. In general, a re-parametrization of an integral curve is no longer an integral
curve. However, it is not hard to see that if v : I — M is an integral curve of X, then

o Let I, ={t | t+a e I} and 7,(t) := y(t + a), then v, : I, — M is an integral
curve of X.

o Let I* ={t | at € I} and v*(t) := vy(at), then v* : [* — M is an integral curve
for X* = aX.
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Remark. Suppose ¢ : M — N is smooth, and X € I'°(TM),Y € I'°(TN) are -
related. If v is an integral curve of X, then ¢ o is an integral curve of Y, since

d d
d( 0 7)a( dt) dips(a) © d%(%) = dy(a)Xr(a) = Ygor(a)-

Let (¢, U, V) be a local chart on M and let X = >, X*0; be a smooth vector field.
Since 9;(x?) = 4], we have X (27) = >~ X'0;(27) = X7 and thus X =3 ,(X2")d;. Now
let v: 1 — M be an integral curve of X. Then we get

d d., , :
§(0) = dul(2) = S a5 = St 0 1) ()0,
So the integral curve equation §(t) = X, becomes

Z(a: o) 6—2)(1

%

forall t € I, i.e.

(z'0y)(t) = X' (v(t)) = X o™ (2" (4(1)), -, 2" (7(1)))

for all t € I and all 1 <7 < n. This is a system of first order ODEs on the functions
y' = x* o v. Conversely, any solution to this system of ODEs defines an integral curve
of the vector field X inside the open set U.

According to the fundamental theorem of ODEs, we conclude

Corollary 1.2. Suppose X is a smooth vector field on M. Then for any point gy € M,
there exists a neighborhood U of po, an € > 0 and a smooth map

I':(—e,e)xU—>M
so that for any p € U, the curve 7, : (—¢,e) — M defined by
() =T(t p)

is an integral curve of X with v(0) = p. Moreover, this integral curve is unique in the
sense that o : I — M is another integral curve of X with o(0) = p, then o(t) = v,(t)
forte IN(—e,e).

As a consequence of the uniqueness, any integral curve has a maximal defining
interval. We are interested in those vector fields whose maximal defining interval is R.

Definition 1.3. A vector field X on M is complete if for any p € M, there is an
integral curve v : R — M such that v(0) = p.

As in the case of functions, we can define the support of a vector field by

supp(X) = {p € M | X(p) # 0}.

Theorem 1.4. If X is a compactly supported vector field on M, then it is complete.
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Proof. Let C' = supp(X). Then any integral curve starting at ¢ € M \ C stays at gq.
Thus every integral curve starting at p € C' stays in C. It follows that for any ¢ € C,
there is an interval I, = (—¢,,¢,), a neighborhood U, of ¢ in C' and a smooth map

r:1,x0,—C
such that for all p € U,

w(t) =T'(t p)
is an integral curve of X with v,(0) = p. Since U,U, = C, and C' is compact, one
can find a finite many points ¢q,---qy in C so that {U,,,---,U,,} cover C. Let
I =ngl, = (—¢0,0), then for any ¢ € C, there is an integral curve v, : [ — C. Now
suppose the maximal defining interval for p € C' is I,,. I claim that I, = R. In fact, if
I, # R, without loss of generality, we may assume that sup I, = ¢ < co. Then from
q = Yp(c— %), there is an integral curve v, : (—€o,g0) — M of X. By uniqueness,

Yq(t) = Yp(t + ¢ — ). It follows that the defining interval of v, extends to ¢ + 5. A
contradiction. O

Corollary 1.5. Any smooth vector field on a compact manifold is complete.

Proof. The set Supp(X), as a closed set in the compact manifold, is compact. O

2. FLOWS GENERATED BY VECTOR FIELDS

Now suppose M is a smooth manifold and X is a complete vector field on M. Then
for any p € M, there is a unique integral curve 7, : R — M such that 7,(0) = p. From
this one can, for any ¢ € R, define a map

G M — M, p— ().
Lemma 2.1. ¢, : M — M is bijective with ¢;* = ¢_;.

Proof. Notice that for any p € M and any ¢, s € R,
M(t) = ¢rogs(p) and  7o(t) = drys(p)
are both integral curves for X starting at the same point
1(0) = ¢s(p) = 72(0).
By uniqueness of integral curves, we have
¢t o ¢s = qbt—i—s'
Since ¢y = Id, we conclude that ¢; ' = ¢_,, so in particular ¢, is bijective. 0
Lemma 2.2. The map
P:RxM— M, (tp)— du(p)

18 smooth.
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Proof. We have seen that the integral curves depends on the initial condition smoothly.
In other words, for any p € M, there is a neighborhood U, of p and an interval
I, = (—€p,ep) 2 0 such that ®|; .y, is smooth. To show that ® is smooth near a
point (to,p) € R x M for larger ¢y, we notice that ¢;(p) = 7,(t) is smooth on ¢, so
the set K = 7,([—¢p, to + €,]) is compact. It follows that one can find finitely many
points pq,---,py in K so that the open sets U,,,---,U,, cover K. As a result, the
set U = UU,, is an open neighborhood of K, and I = N1, = (—&p,€p) is an interval
containing 0, such that ® is smooth in U x I. It follows that if |t — ¢y| < &¢, and if we

take N large enough so that % < e, then
(I)<t7p) - q)(to + 3,]7) = CI)(tO/Nv (I)(tO/Na Ty (I)(tO/N7 @(SJ?))))
is smooth in both ¢ and p. 0
It follows that ¢,’s are diffeomorphisms for all ¢. In other words, the family of maps
{¢:} is a family of diffeomorphisms of M. They are called one-parameter subgroup of

diffeomorphisms since they satisfies the group law ¢, 005 = ¢y, 5. Notice that the group
law can also be rewritten in terms of the map ® as

O(t+s,p) = D(t, D(s,p)).
Definition 2.3. We will call ® : R x M — M, (t,p) — ¢(p) the flow of X.
Example. The flow generated by the vector field X = % is the translation
d:RxR", (t,z', 2% - 2") — (t+2 2% 2").

More generally, the flow generated by a constant vector field X = " ¢'-2

ox?
O :R xR (t,z',2? - 2") = (Mt +at, - "t +a).

1S

Ezxample. If we identify R? with C, then the flow generated by the vector field
0 0
X=x——y—
xay Y ou
is the counterclockwise rotation
P:RxC—C, (tz)r etz

Note that this vector field is tangent to circles centered at the origin. We will denote
the induced vector fields on such circles by d%.

Remark. If X is not complete, one can also derive a similar theory of local flow gener-
ated by X. In that case the group law still holds for small ¢t and s.

Remark. Sometimes we will denote ¢; = exp(tX) to emphasis the X-dependence. In
this case the group law becomes
exp(tX) exp(sX) = exp((s + t)X).

Note that in general exp(tX)exp(sY) # exp(sY)exp(tX), unless X, Y commutes, i.e.
(X, Y] =0.



