LECTURE 22: MAPPING DEGREE, POINCARE DUALITY

1. THE MAPPING DEGREE AND ITS APPLICATIONS

Let M, N be n-dimensional connected oriented manifolds, and f : M — N a proper map. (If
M is compact, then any smooth map f: M — N is proper.) Then the pull-back map

ff:R=H}N)— HI}M)=R
is a linear map, and thus is a map of the form A — cA. The constant c is called the degree of f:

Definition 1.1. The degree of a proper smooth map f : M — N is the number deg(f) so that

/f*w:deg(f)/w, Yw € QI (N).
M N

Remark. Tt is not hard to see

o If f: M — N and g : N — P are both proper, then deg(g o f) = deg(f)deg(g).
e If f and g are properly homotopic, then deg(f) = deg(g).

Proposition 1.2. If a proper map f: M — N is not surjective, then deg(f) = 0.
Proof. Since any proper continuous map to a manifold is closed (c.f. Lee, appendix A, theorem

A.57), f(M) is a closed subset in N. If ¢ ¢ f(M), then one can find an open neighborhood U of

q so that U N f(M) = 0. We pick an n-form w supported in U so that wa = 1. Since by our
construction, f*w = 0, we conclude deg(f) = 0. OJ

Recall (lecture 18): if f is an orientation-preserving diffeomorphism, then [, f*w = [, w. So

Lemma 1.3. If f : M — N is a diffeomorphism, then
)1, f 1s orientation preserving,
deg(f) = { —1, f is orientation reversing.
This fact implies the following remarkable property of the degree:
deg(f) is always an integer!

To see this, we may assume that f is surjective. According to Sard’s theorem, almost every point
q € N is a regular value of f. In what follows we fix a regular value ¢ of f. Since dim M = dim N,
f is locally a diffeomorphism at each point in f~!(q). It follows that f~'(g) is discrete. On the
other hand, by properness, f~'(q) is compact. It follows that f~!(q) is a finite set. We will denote

fﬁl(Q) - {pla e 7pk}
We can take (why?) a neighborhood U of q and neighborhoods U; of p;, 1 <1 < k, so that
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e Each U; is the domain of an oriented chart {¢, U;, V;} on M.
e Fori#j, UnU;=0.

e U is the domain of an oriented chart {9, U, X7} on N.

e f maps U; diffeomorphically to U.

o [HU) = Uk, U;.

We let _
o 1, if f:U; — U is orientation preserving at p;,
' —1, if f:U; — U is orientation reversing at p;.

Theorem 1.4. deg(f) = SF_ 0.

Proof. We take w € Q2(U) so that [, w = 1. Then f*w is supported in f~'(U) = UL, U;, and

k k k
ffw= / ffw= ai/ w = ;.
The theorem follows. 0

As an application of degree theory, we can prove the following “hairy ball theorem”:

Theorem 1.5. Fven dimensional spheres do not admit non-vanishing smooth vector fields.

Proof. Let f : S* — S?" be the antipodal map, then by PSet 5 problem 6(a), f is orientation-
reversion and thus deg(f) = —1.

On the other hand, suppose X is a non-vanishing smooth vector field on S?* Cc R?>"*!. By
normalizing the vectors, we may assume |X,| = 1 for all p € S?". We will think of p and X, as
vectors in R?"*! and consider the map

F(p,t) = pcos(tm) + X, sin(t).

Then for each t € R, F(-,t) is a map from S?" to S?". So F is a homotopy between F(-,0) = Idgz»
and F(-,1) = f, the antipodal map. It follows deg(f) = deg(Idsz=) = 1, a contradiction. O

Another application is

Theorem 1.6. Suppose M s an n-dimensional oriented compact manifold with smooth and con-
nected boundary OM, X a connected oriented (n — 1)-manifold, and f : OM — X a smooth map
that extends to a smooth map g : M — X. Then deg(f) = 0.

Proof. Pick w € Q"7!(X) so that [, w=1. Then
degf)=deats) [ w= [ pu=[ gu=[ dgu=[ gas=o
X oM oM M M

Remark. According to Whitney approximation theorem, one has

e (Theorem 6.26 in Lee’s book) Any continuous map is homotopic to a smooth map.
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e (Theorem 6.29 in Lee’s book) If a continuous map f is homotopic to smooth maps ¢; and
go, then g, and gy are smoothly homotopic.

So one can define the degree of a continuous map to be the degree of corresponding smooth maps.
All the theorems we proved above apply to continuous maps. In fact, in algebraic topology, degree
is developed for continuous maps: in that case there is no smoothness at all.

Corollary 1.7 (Brouwer Fixed Point Theorem). Every continuous map from B"™ (=the unit ball
in R™) to itself has a fized point.
Proof. Let F': B™ — B"™ be a continuous map without fixed point. Then
r— F(x)
|z — F(z)]
is the extension of g = G|gn-1. By theorem 1.6, deg(g) = 0.
On the other hand, the map

G:B"— S" T

B B —tF(x)
H:S"'x 0,1 - S £) sy —— T
X[, ]_> ) (Ia )'—>|$—tF<JZ>|
is a homotopy between the identity map and g. So deg(g) = deg(Id) = 1. Contradiction. O

2. THE POINCARE DUALITY AND ITS APPLICATIONS

Let M be an oriented manifold of dimension n. We have the following maps

o U Hyp(M) x Hy(M) — HE(M),  ([w], []) = [w An).

° fM:Hg(M)—>R, [w]Hwa.

For any 0 < k < n, consider the bilinear pairing map
Pl Hip(M) x MO0 > R, Pl ) = [ wan.
M

The map Py, induces the following Poincaré duality operator

P, Hb(M) — (H M0, PH(lw]) = {n - [ An}-

For example, PY; maps the element 1 € R = HY(M) to the linear map

/ H}(M)— R, n>—>/

on H?(M), so that one can think of [,, as an element in (H}(M))".

The major theorem we would like to discuss in this section is

Theorem 2.1 (Poincaré duality). For any oriented manifold M and any k, the Poincaré duality
map P, is a linear isomorphism from Hb(M) to (H2=F(M))".

Remark. If H?%(M) is finite dimensional, then (H?*(M))" is isomorphic to H *(M).
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*

Remark. Any closed submanifold S C M of co-dimension k defines an element [ in (H?*(M))",
and thus defines an element in H%,(M). For example, the element in HY(M) corresponding to
the (co-dimension zero sub-)manifold M is 1.

R, k=mn,
0, k+#n,

R, k=0,

Ezample. For M = R"™, we have Hf,(R") = { 0, K#0

and HF(R") = {
R, £=0,n,

Ezample. For M = S™, we have H}(S") = H/j(S") = { 0, k#0,n

Ezxample. For any compact connected oriented manifold of dimension n, we have already seen
H7o(M)=TR and H)(M) =R.
Ezample. Let M = U,;en(i,7 + 1) be a countable union of disjoint open intervals. Then
Hyp(M) = [ R = {(a1,02,--) | a; € R}
ieN

and

H (M) = GBR = {(ay,as,--+) | a; € R, all but finitely many a.s are zero },

ieN

and the Poincaré duality follows from the well-known fact in algebra: (,.yR)" = [L;cyR. It is
also well-known that ([],.yR)" # @,y R. So in general (H¥,(M))™ # HI=F(M).

In what follows we will sketch a proof of Poincaré duality for oriented manifolds admitting a
finite good cover, although the theorem holds for any oriented manifold. We need

Lemma 2.2. The following diagram commutes:

-1 k:—i-l(s
e HE (M) —Os HE(U) @ HE(V) o 10 0 1) S gy
%l P P@l Pl PMl
e HEHMY o HEU) © BV B V) s B0 o

where the bottom row is the dual of the Mayer-Vietoris sequence for compactly supported de Rham
cohomology groups.

Sketch of proof of Poincaré duality for oriented manifolds M admitting a finite good cover.

We proceed by induction. The theorem holds for M admitting one good chart, in which case
M ~ R"™ and the isomorphism follows from the two versions of Poincaré lemma that we proved.

Now suppose the theorem holds for manifolds admitting a good cover of no more than £ — 1
open sets, and suppose M admits a good cover {Uy,--- ,Ux}. Welet U = Uy U---U U,y and
V = U. Then U,V and U NV all admit a good cover of no more than £ — 1 open sets. By
induction hypothesis, Pf;, Pk and PF., are all isomorphisms. By the above lemma and the five
lemma (see lecture 20), P¥, is an isomorphism. O
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Since for any connected noncompact manifold, H)(M) = 0, we get another proof of
Corollary 2.3. For any n-dimensional connected noncompact oriented manifold M, H}p(M) = 0.

Another corollary is (the result actually holds for any manifold M)

Corollary 2.4. For any oriented manifold M whose compact supported cohomology groups are
finite dimensional, H**'(M x RY) ~ H¥(M).

Proof. H*Y(M x RY) ~ HIF (M x RY) ~ HIF(M) ~ HE(M). O
Recall that the Betti number by = dim H%,(M). So
Corollary 2.5. If M is a compact oriented manifold of dimension n, then by = b, _.

Recall that the Euler characteristic x(M) =, (—1)%by.

Corollary 2.6. Let M be a compact oriented manifold.

(1) If dim M =2n+1, then x(M) = 0.
(2) If dim M = 4n + 2, then x(M) is even.

Proof. (1) If dim M = 2n + 1, we have

XOM) = (=1 e =D (=DFb+ > (=DFbopar = Y _((—1)F + (1" F)b = 0.

(2) Suppose dim M = 4n + 2, then the same argument yields

An+2 2n
XOM) =" (1) = ((=DF + (=1)*" 27y, + ba 1.
k=0 k=0

Since (—1)% + (=1)"2% = 42 it remains to prove by, is even. This follows from the non-
degeneracy of the pairing

PZ L B2V (M) x HZY (M) - R.
If fact, for any [w], [n] € Hix™ (M), we have

P2 ()], [n]) = /M wAn= /M (—1)2" i Aw = — P2 (], w]).

It follows that the matrix for the pairing Py @ Hipt (M) x H3E (M) — R is an anti-symmetric
bont1 X boyy1 matrix. It follows that

det(P*!) = det((Pif*h)") = (=1)"+ det( Py ).

S0 by, 41 must be an even number, otherwise det(P;; ™) = 0 and thus Pyt is not non-degenerate.

U

Note that in particular, we proved that for a compact oriented surface ¥, = T?# - - - #T? of
genus g, dim H},(3,) is even.



