LECTURE 24: DARBOUX THEOREM

1. MOSER’S TRICK

Recall that (PSet 6) an isotopy is a smooth map p: M x [ — M so that the family of maps
pr = p(,t) : M — M is a family of diffeomorphisms with py = Id. For each isotopy p; one can
construct a time-dependent vector field X,

dps
Xi(p) = (p—t(p))-

ds |,_,

The isotopy p; is no longer a flow since in general we no longer have p; o p; = pi1s. However, one
can still regard p; as the “flow” generated by the time-dependent vector field X, since if we let
v(t) = pe(p), then we still have

Y(t) = Xe(v(2))-
Most results on vector fields and flows (except for the group law alluded above) can be generalized
to this “time-dependent” setting. For example, given any compactly-supported time dependent

vector field X}, one can construct an isotopy p; so that the previous relation holds. When X, is
not compactly-supported, such a “flow” still exists locally near each point.

In lecture 19 we have seen that for the flow p; generated by a vector field X, and for any
k-form «, one has % pia = p;Lxa. Using that we proved the homotopy formula

(1) pia—a=dQ(a) + Q(dw),

where Q is a map Q : Q¥(M) — Q*1(M). In PSet 6 we have seen that in this time-dependent
setting, i.e. for isotopy p; we still have

d * *
(2) e = pilx.a.

By repeating the proof in lecture 19 we see that, as long as the isotopy p; exists for 0 < ¢ < 1,
one still have the homotopy formula (1).

Another consequence of (2) is

Proposition 1.1. Let p; be an isotopy, and oy a smooth family of k-forms. Then

d , . do
(3) Ept Q= Py (ﬁXtO‘t + d_tt> :
Proof. According to chain rule, for any smooth function f(x,y) of two variables,
d d d
—f(t,t) = — t — t,y).
dtf( ? ) dl‘ ot f(.fC, ) + dy y:t f( 73/)




2 LECTURE 24: DARBOUX THEOREM

Applying this to our case, we get
d d

T PO = Ar

dt

PgOt + ==
=t

dy dt

. . do
Py = Py <£Xt04t + _t) .

y=t

Remark. In what follows we will denote 92 by c(t).

Now we are ready to introduce Moser’s trick. The trick was first used by J. Moser in proving
theorem 1.2 below in 1965. It turns out that the method works in many situations.

Suppose we have two k-forms ay and a; on a smooth manifold M and we are trying to find
a diffeomorphism ¢ : M — M such that ¢*a; = «ag. Moser’s trick is to construct ¢ as the
time-1 flow map of a time-dependent vector field X; on M. In fact, Moser’s trick does much
more: for a carefully chosen smooth family of k-forms, oy, connecting ay and a;q, one try to find
a time-dependent vector field X; on M so that its flow ¢, : M — M satisfies, for all 0 <t <1,

(4) gb:Oét = Q.

To solve the equation (4), by proposition 1.1 one only need to solve

0= %gbfozt = ¢; (ay + Lx, ).
Inserting the Cartan’s magic formula, the equation to be solved becomes
(5) Ay + dux, o + Lx,doy = 0.
The last equation is much easier to solve in many cases.

As an illustration of this method, we prove

Theorem 1.2 (Moser). Let M be a compact oriented smooth manifold, and ag,a; two volume
forms on M. Then there exists a diffeomorphism ¢ : M — M such that ¢*ay = «q if and only if

fMO‘O = fM ar.

Proof. If such a diffeomorphism exists, then obviously

/040:/925*0{1:/ 041:/041.
M M o(M) M

Conversely suppose [, a9 = [,, o, i.e. [},(cq —ag) = 0. Then [ag — o] = 0 € Hjp(M), i.e.
there exists 8 € Q" 1(M) so that
a1 — Gy = dﬁ
We take the family of volume forms connecting o and a; to be
a; = (1 —t)ag + tay.

These «;’s are volume forms: Since oy and «aq are volume forms, there is a smooth nowhere
vanishing function f on M so that a; = fap. The condition [« = [y implies that f > 0
everywhere. So oy = [(1 — ) + tf]ap is a nowhere vanishing top form for 0 < ¢ < 1.
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Moreover by definition, ¢; = oy — ay = df. We want to find an isotopy ¢; so that ¢;a; = ay,
which implies the theorem. According to Moser’s trick, it is enough to solve the equation (5),
which, in our case, becomes

0=cy+dix,ap + tx,doy = d(B + tx,).
This is always solvable, because one can always find a vector field X; solving the equation
6 + LXt Oét = 07
since «’s are volume forms. O
Back to symplectic geometry. The following definition is natural:

Definition 1.3. Let (M;,w;) and (Ms, ws) be symplectic manifolds. A smooth map f : My — Mo
is called a symplectomorphism (or a canonical transformation) if it is a diffeomorphism, and

ffwe = wy.
As usual one would regard symplectomorphic symplectic manifolds as the same.

Remark. Suppose we have a diffeomorphism ¢ : X — Y. Then one can “lift” ¢ to a smooth map
¢ :T*X — T*Y via

O:T°X T, (2,6) = (p(2), (dp;) 7 ()
One can prove: ¢ is a symplectomorphism (here we equip 7*X and 7*Y with the canonical
symplectic forms we introduced last time).

As an application of Moser’t theorem, we have

Theorem 1.4 (Classification of compact symplectic surfaces). Let (M, w;) and (M, ws) be two
closed 2-dimensional symplectic manifolds. Then they are symplectomorphic if and only if they
have the same genus and the same symplectic area.

Proof. This follows from the fact that two smooth compact oriented surfaces are diffeomorphic if
and only if they have the same genus together with Moser’s theorem. 0

Remark. This is no such classification theorem for symplectic manifolds of dimensions > 4.

As another application of Moser’s trick, one can prove that a deformation in the same de
Rham cohomology class will not give us any new symplectic structure:

Theorem 1.5. Let M be compact and w; = wo + df; a smooth family of symplectic forms on M.
Then there exists a smooth family of diffeomorphisms ¢, : M — M so that ¢fw; = wy.

Proof. Repeat Moser’s argument as before. Now Moser’s equation (5) becomes
d(ﬁt + Ltht) = 07
and thus it is enough to find a vector field X; solving
By + tx,wp = 0,

which is always solvable because of the non-degeneracy of the symplectic forms. U
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2. DARBOUX THEOREM

Now we are going to apply Moser’s trick to prove

Theorem 2.1 (Darboux theorem). Let (M,w) be a symplectic manifold of dimension 2n. Then
for any p € M, there exists a neighborhood U of p in M and a neighborhood Uy of 0 in R*" so that
(U,w) is symplectomorphic to (Uy, ), where Qq is the standard (linear) symplectic form on R?™.

Remark. (1) In the language of local coordinates, this means that near any p € M, one can
find coordinate patch (U, z1, -+ ,xp, &1, -+, &) centered at p such that on U,
w=Y_ dr; Adg;.

Definition 2.2. This coordinate patch is called a Darboux coordinate patch.

(2) As a consequence we see that for symplectic manifolds there is no local geometry: locally
all symplectic manifolds of the same dimension look the same. So symplectic geometry is
very different from Riemannian geometry where one has many local geometric quantities
(like curvature). (However, there are much to say about the global geometry /topology of
symplectic manifolds!)

In fact, we will prove a stronger theorem:

Theorem 2.3 (Weinstein’s Darboux theorem). Let M be a smooth manifold and i : N — M a
compact submanifold. Let wy and wy be two symplectic forms on M such that wo|y = wi|n. Then
there exist neighborhoods Uy and Uy of N in M and a smooth map ¢ : Uy — Uy such that ¢|y = 1d
and ¢*wi = wy.

In the proof we need the following variation of Poincare’s lemma whose proof is lefted as an
exercise:

Lemma 2.4. Let 1 : N < M be a submanifold, o € Q¥(M) a closed k-form on M such that
t*a = 0. Then one can find and a neighborhood U of N in M and a (k — 1)-form 3 € Q¥1(U)
with =0 on N such that o« = dp on U.

Proof of Weinstein’s Darbouz theorem. Let wy = (1 — t)wy + tw;. Since wy = wp on N and N
is compact, one can find a tubular neighborhood U of N so that w; is symplectic on U for all
0 <t < 1. According to the lemma above, there exists a 1-form o on U with a|y = 0 such that
Wy = wy; — wp = da on U. Again we solve the equation

Lx,wr +a=0

to get a vector field X; on Y. Since a = 0 on N, we see X; = 0 on N. So we may shrink U/ to a
neighborhood U, of N so that the flow of X; is defined for 0 <t < 1 on Uy. Now set ¢ to be the
time-1 map of the flow of X; on Uy and set Uy = ¢(Up). O

Finally we can prove Darboux theorem:
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Proof of Darbour Theorem. We need to show the existence of a Darboux coordinate system near
each point p € M. Pick any symplectic basis {x}.--- 2], -+, &} for the symplectic vector
space (T,M,w,), and extend it to a coordinate system in a neighborhood U’ of p. On U’ one has
two symplectic forms: the given one wy = w, and a new one w; = »_ dz; A d§,. Now apply the
previous theorem with X = {p} and M =U’, we can find neighborhood U, and U; of p in U’ and
a diffeomorphism ¢ : Uy — U; so that ¢(p) = p and

o (Y daf A dE)) = w.
To complete the proof we only need to set x; = ¢*(z}) and & = ¢*(&)). O

(2 7

A natural question is: What can we say about global picture of symplectic geometry? Of
course any symplectomorphism is an area-preserving diffeomorphism. Is it true that globally a
symplectomorphism is as soft as area-preserving diffeomorphisms? The answer is no. For example,
we have the following non-squeezing theorem due to Gromov:

Theorem 2.5 (Gromov). If there is a symplectomorphism that maps the unit ball B**(1) in R*"
into the cylinder

Z(r) = B*(r) x R = {(z,y) € R*™ | (2)* + (y')* < 1},

both equipped with the standard symplectic structure wg, then r > 1.

So the group of symplectomorphisms, Symp(R?", wy), is much smaller than Diff,,(R?"), the
group of volume-preserving diffeomorphisms.

Remark. However, for any 6 > 0, the map
(z,y) = (0,67 "y)

is a symplectomorphism on R?*" which embeds B?"(1) into B"(r) x R™.



