LECTURE 25: CONNECTIONS AND CURVATURES

1. CONNECTIONS AND CURVATURES IN VECTOR BUNDLES

Recall that a k-form on M is a smooth section of the exterior power bundle A¥T*M. We can
extend the definition to

Definition 1.1. Let E be any vector bundle over M. We call any smooth section of A¥T*M @ E
an E-valued k-form on M. The set of all E-valued k-forms is denoted by QF(M; E).

Of course locally any element n € QF(M; E) can be written as linear combinations of elements
of the form w ® s, where w € QF(M) and s € I'°(E). Note that in general one can no longer
define the wedge products between two elements in QF(M; E). However, one can still define a
wedge product A : QF(M) x Q{(M; E) — Q¥Y(M; E) by extending the following rule linearly:

wi A (w2 ® 8) := (w1 Aws) ® s.

Similarly one can define A : Q{(M; E)®@QF (M) — QF(M; E). Thus Q*(M; E) is a graded module
over the graded algebra Q*(M).

Remark. However, if the fiber E,’s are not just vector spaces, but in fact algebras (so that one
can “multiply” vectors in each E),), then one can define the wedge products between elements in
OF(M; E) and QY(M; E). This is the case, for example, for Q¥(M; End(FE)):

A QF(M;End(E)) x Q/(M;End(E)) — Q' (M; End(E)),
(W1 ® $1) A (We ® $2) 1= (w1 Awg) ® (510 59).
Definition 1.2. Let E be a vector bundle over M. A linear connection on E is a linear map
V:QUM;E)=T%(E) - T>(T*M® E) = Q'(M; E)
such that for any f € C°(M) and any s € I'°(F), we have
V(fs)=df @ s+ fVs.

Ezample. If E = M x R" is a trivial vector bundle, then any section in I'°(F) is of the form

s =(f1, -+, fr), where each f; is a smooth function on M. In this case one can define a trivial
connection V? by VO(fy,---, f.) == (df1, -+ ,df,) eT®(T*"M @ E).

Remark. If V° and V! are linear connections on E, then for any p € C*(M),
V= pV+ (1 - p)V!

is again a linear connection. As a consequence, one can easily prove the existence of linear
connections by using “trivial connections on trivialization neighborhoods” and partition of unity.



2 LECTURE 25: CONNECTIONS AND CURVATURES
Remark. A connection is not a tensor since it is not C°°(M)-linear. However, if VY and V! are
linear connections on FE, then one can check that
A=V -V T®(E) - T>(T"M @ E)
satisfies A(fs) = fA(s). In other words, A is a tensor:
AcT*(T"M @ E® E*) ~ Q' (M; E® E*) ~ Q'(M;End(E)).
Conversely, for any connection VY and any A € Q'(M,End(E)) (viewed as a map from I'™°(E) to
[*°(T*M ® E) as explained above), one can check that V° + A is a connection. So
The set of linear connections on £ = V® + Q'(M; End(E)).

Now let’s describe linear connection V on E locally. Let {e1,--- ,e,} be a local frame of £

near x € M, i.e. for each y in a neighborhood U of z, {e1(y),- - , e, (y)} form a basis of E,. Then

any section of E|y can be written as [In what follows we will apply Einstein’s summation
convention: automatically sum over repeated upper and lower subscripts]

u=ule;.
By definition, one has ‘ A
Vu = du’ ® ej +u’Ve,.
So V is completely determined by Ve; for a local frame {ey,--- e, }.

Next let’s assume that U is a local coordinate patch and the corresponding coordinates near
x are given by {x!,---  2"}. Then we get a local frame

d.ﬂ:i®ej, 1<i<n,1<j53<r
of T*M ® E. As a consequence, there exist functions Fgl on U so that
Ve, = Fgldxi ® e;j.
This implies that for any u = u’e;,
Vu = du ® ej + Fgluldxi ® e;j.

We let I be the following 7 x r matrix-valued 1-form (i.e. when paired with a vector, you will get
a r X r matrix)

D= (Thda'),_, ., € Q'(U) ® M(r,R)
Then the previous equation can be abbreviated as
Vu = du+ T'u.
We will call I' the connection 1-form associated to the given local frame {e;,--- e, }.
Note that the connection 1-form depends on the choice of local frame. Let {é;,---,é.} be

another local frame defined on a coordinate patch U near z. Then we can write u in two ways
! e =u= @’ €;
Let g be the invertible » X r matrix so that

(éh.” 7é7") — (617'.' Jer)g'
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Then we get
Ve =Tds' ® é; =T da* ® esg; = (nggl)dxl R es.
and ' 4 A ‘
Vé = V(ejgl) = dgl @e;+giVe = dg; e, + gi1'j;dz" @ es.

Compare the above two formulae we get gf =dg+1Tyg,ie.

I'=g'dg+g 'Ty.
This is the transition rule relating the connection 1-forms in different local frames.

Conversely, one can prove

Proposition 1.3. Let E be a rank r vector bundle over M and (Uy,) an open cover of M consisting
of local trivialization charts for E. Let gos : Uy N Uz — GL(r,R) be transition maps of E. Then
any collection of matriz-valued 1-forms T, € QY (U,) @ M(r,R) satisfying

FB = g;ﬁldgaﬁ + g;ﬁlFagaB
uniquely defines a linear connection on E.

Proof. Exercise. 0

Now let E be a vector bundle over M and V : Q°(M; E) — Q'(M; E) a connection on F.
One can extend V to a family of operators

V QN (M E) — QFY(M; E)
by requiring
Viw®s)=dw® s+ (—1)*w A Vs, Vw € QF(U),s € T®(E).
One can check that these V’s are well-defined and satisfy
V(wAn) =dwAn+(=1)Fw A Vn, Vw € QF(M),n € QY(M; E).

Ezample. Let E = M x R" be the trivial bundle and V = V° : Q°(M; E) — Q'(M; E) be the
trivial connection as stated above. Then any element of QF(M; E) is of the form n = (1, ,n,)
with n; € QF(M), and the map V : QF(M; E) — QFL(M; E) is merely given by

V(- ) = (dmp, -+ dn) € Q1M E).
More generally, if V = d + A for some r x r-matrix valued 1-form A, then
Vi, on) = (dn, - o) + AN (o) € QYN M E).
Lemma 1.4. For any f € C*°(M) and any w € QF(M; E) one has
V2(fw) = F(V2w).
Proof. We have
V2(fw) =V(df Aw+ fVw) = —df AVw +df AVw+ fV?w = fV3w.
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In particular, we see that V2 : QY(M; E) = T°(E) = Q*(M;E) = T®(A*’T*M Q E) is a
tensor, and in fact is an r X r matrix valued 2-form:

VeI (NT*M® E® E*) ~ Q*(M; E® E*) ~ Q*(M;End(E)).

Note that although the matrix-valued 1-form I' is only locally defined, the matrix-valued 2-form
V2 is globally defined.

Definition 1.5. Given any connection V on F, we will call
F(V):=V? € Q*(M;End(E))
the curvature of V.

Ezample. Again consider the trivial bundle E = M x R". Let V = d+ A be any linear connection
on F, where A is any r x r-valued 1-form on M. Then the curvature of V is the two form such
that for any u = (f1, -+, f),

F(V)u=V(du+ Au) = ANdu+ d(Au) + AN Au = (dA+ AN A)u.
In other words,
F(V)=dA+ANA.
Note that in the above example, we have F(V°) = 0.
Definition 1.6. A connection V on F is called flat if F(V) = 0.

2. CONNECTIONS AND CURVATURES IN PRINCIPAL BUNDLES
Recall that a principal G-bundle P over M is a fiber bundle whose fiber and structure group
are both GG. A principle G-bundle can be described by using the following data:

e An open covering {U,} of M
e A collection of transition maps gg, : Uy N Uz — G satistying the cocycle condition

9ra(m) = gy5(m)gsa(m), Vm e UsNUsNU,.

For simplicity we will assume G is a linear group below, and as usual we denote its Lie algebra
by g. (The definitions/results below hold for more general Lie groups with slight modifications.)
Given any principal G-bundle P, one can construct a vector bundle Ad(P) to be the vector bundle
with fiber g, and, with transition maps (with respect to the open covering {U,})

Ad(gﬁa) :Ua N U,B - GL(Q)a
where recall that Ad is the adjoint action of G on g given by
Ad:G — GL(g), g+ (A gAg™).

Since any fiber of Ad(P) is a Lie algebra g, there is a natural Lie bracket operator between vectors

in g. This induces a bracket operation (or wedge product operation if you prefer) for bundle valued
differential forms [-, -] : QF(M; Ad(P)) x Q/(M; Ad(P)) — Q¥(M; Ad(P)) such that

WX, neY]=(wWAn) ®[X,Y], YweQ*M),necQ(M)and X,Y € I'*°(Ad(P)).
It is easy to see that for any w € QF(M; Ad(P)), n € QY(M; Ad(P)) and ¢ € Q"(M; Ad(P)),
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(1) [w77]] = _(_1)kl[n7w]'
(2) dlw,n] = [dw,n] + (—=1)*w, dn].
(3) [[w,n), ¢+ (=), ], w] + (=1)*H7[[¢, w], ) =

Remark. Let G = GL(r,R) and thus g = gl(r,R) = End(R’"). Let A be any r X r-matrix valued
1-form on M. Then

AnA= (A A
To see this, one just write A = wg ® E;, where E'JZ is the matrix with value 1 at the (i, j)-entry
and 0 at other entries, and w! € Q'(M). Then
ANA= (W] @ EY) A (w:®E]) = (w! Aw)) ® EL,
while (use [E}, E7] = E}E; — ELE} = E0} — E}0})
[A4,A] = [w! ® B}, wi @ E7] = (w] Awi) @ (EL8] — E76%) = (w] Aw}) @ Bl + (wi Aw!) @ B = 2ANA.

(More generally one can prove A A B = $[A, B] for any r x r-matrix valued 1-forms A and B.)

Definition 2.1. Let P be a principal G-bundle over M defined by an open covering {U,} and
transition maps gg, : Uo N Uz — G.

(1) A connection A on P is a collection A, € QY(U,) ® g = Q' (U,; Ad(P)|y,) such that
Ag(m) = go5(m)dgas(m) + go5(m)Aa(m)gas(m),  ¥m € M.
(2) The curvature of a connection A on P is the collection F, € Q?(U,) ® g, where

F,=dA,+ = [AQ,A]

By definition the collection {A,} is not a global object defined on M. But we have

Proposition 2.2. Let {A,} be a connection on P. Then {B,} is a connection on P if and only
if the collection {Cy, = A, — Ba} defines an element in QY (M; Ad(P)).

Proof. 1f both {A,} and {B,} are connections on P, then by definition
CB = ggaCagﬂa Ad C

9B
Since Adg,, s are the transition maps for Ad(P), the collection {C,} define an element in Q' (M; Ad(P)).
Conversely if {A,} is a connection and C' € Q'(M; Ad(P)), then it is easy to check that the
collection {B,, = A, + C|y,} define a connection on P. O

Remark. By using partition of unity one can prove the existence of a connection on any principal G-
bundle. As a consequence, the set of all connections on P is an affine space which is a “translation
copy” of QY(M; Ad(P)).

Again we have

Proposition 2.3. The collection {F,} defines an element F(A) in Q*(M; Ad(P)).
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Proof. We need to show that the collection {F,} satisfies
Fs = gsaFugsa-
First notice that for any matrix-valued function g, we have the so-called Maurer-Cartan equations
d(g~'dg) = dg~" Ndg = —g~"(dg)g~" Ndg = —(g7"dg) A (¢”'dg) = —%[9‘1@, g~ 'dg].
Also for any matrix-valued 1-form A, one has
d(g~'Ag) = —g~'(dg)g™' N Ag + g~ (dA)g — g A Ndyg

=—g 'dgNgAg+ g ' (dA)g— g " AgAg'dg

1 1
= —g[g‘ldg, g "Agl+ g7 (dA)g — 5[9‘1149, g 'dg)
= —[g7'dg, g7 Ag] + g~ (dA)g.

As a consequence, we see (with g = g, for abbreviation)

1
Fg=dAs + 5[1457/15]

_ _ 1, _ _ _ _
=d(g 'dg+g 1Aag)+§[g 'dg+ g7 ' Ang, g7 dg + g7 Ang)

_ 1. _ _
=g 1(dAa)ngi[g '4,9,97 " Aug]

= gilFag-

Next we will prove the Bianchi identity:
Proposition 2.4 (The Bianchi identity). Notations as above. One has
dF, + [Aa, Fo] = 0.
Proof. This follows from a direct computation:

1 1 1
dF, = §[dAa,Aa] — §[AomdAa] = [dAn, Au] = [Fo — 5[
where in the last step we used the fact that for any matrix-valued 1-form A,

A, A], A] + [[A, A], A] — [[A, A], A] = 0 = [[A, A], A] = 0.

Aon Aa]7 Aa] = [Fom Aa]7



