LECTURE 5: THE RIEMANNIAN CONNECTION

1. LINEAR CONNECTIONS ON TENSOR FIELDS

Now let M be a smooth manifold, and V a linear connection on (vector fields
of) M. We will extend V to a linear connection on all tensor fields. This is very
easy for (0,0)-tensor fields (= functions), since we already have a nice one,

V:INTM)x C*(M) - C*(M), (X,f)—Vxf:=Xf=df(X),
which obviously satisfies the two conditions in the definition of linear connections.

According to the remark in the previous lecture, a linear connection on (r, s)-
tensor fields is a bi-linear map

V:INTM) xT(@TM) - TI'(®@*TM), (X,T)— VxT,
that satisfies
(1) VyxT = fVxT,
(2) Vx(fT) = fVxT + (Xf)T.

Again there are too much choices of linear connections in general, and most of
them are not interesting. However, if we impose extra assumptions that all these
connections V on (r, s)-tensor fields are related in the following natural way:

(3) V coincide with the given connections on I'(T'M) and C* (M),
(4) Vx(T1 @ Ty) = (VxTh) @ Ty + Ty ® VT,
(5) C(VxT) =VxC(T), where
C:T(@™TM) — I(Q 1~ 1TM)
is the contraction map that pairs the first vector with the first covector.

Then one can prove

Theorem 1.1. Given any linear connection V (on vector fields), there is a unique
linear connection on all tensor fields that satisfies conditions (1)-(5) above.

Sketch of proof. First we use the conditions (3)-(5) to derive the formula of V on
I-forms. Let w € QY(M) = T'(T*M) be any 1-form, then by (3) and (5) we must
have

Xw))=Vx(wl))=Vx(CweY)) =C(Vx(w®Y)).
Now use (4), we get

CVx(w®Y))=C(VxwRY +weVxY) = (Vxw)(Y)+w(VxY).
1
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So we conclude
(1.1) (Vxw)(Y) = X(w(Y)) —w(VxY),
Second we can use (4) iteratively to show that for any (r, s)-tensor field T,
(VXT)(Wl,"‘ Wy, Y7, ,Ys) :X(T(wl,-~ Wy, Y7, ,Ys))

_ZT(wl"" VWi, wp, Y1, -, V)
(1.2) p

_ZT(wl"” W, Y1, VY, -, Ye).
J

This can be done by induction. In particular, this shows the uniqueness.

To prove the existence, one just need to check that the connections defined by
equations (1.1) and (1.2) satisfies all conditions (1)-(5). O

In particular, since a Riemannian metric g is a (0, 2)-tensor field on M, we get
(Vxg)(Y, Z) = X(Y, Z) = (VxY, Z) = (Y, Vx Z).
Definition 1.2. A tensor field T is called parallel if VxT =0 for all X € ['(T'M).
Ezxample. One can view the identity map
I=1d:T(TM)—T(TM)
as a (1, 1)-tensor via
I(w,Y) =w(Y).

Then it is parallel since according to (1.1),

(VD) (w,Y) = X(w(Y)) — (Vxw)(Y) — w(VxY) = 0.

2. THE LEVI-CIVITA CONNECTION
Now let (M, g) be a Riemannian manifold, and V a linear connection on M.

Definition 2.1. We say V is compatible with ¢ if the Riemannian metric g is
parallel. In other words, V is compatible with g if for all X, Y, Z € I'(T'M),

X((Y,2)) = (VY. Z) + (Y, Vi Z).

Definition 2.2. A connection V is on (M, g) is called a Levi-Civita connection (also
called a Riemannian connection) if it is torsion-free and is compatible with g.

For example, if we let M = R" with the canonical Riemannian metric gy, then
the canonical linear connection (i.e. the one with all Christoffel symbols I'}; = 0) is
a Levi-Civita connection. An nontrivial example is
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Example. Let M = S™ equipped with the round metric ¢ = g,ound, i-€. the induced
metric from the canonical metric in R"*'. We denote by V the canonical (Levi-
Civita) connection in R"*'. For any X,Y € T'(T*S™), one can extend X,Y to
smooth vector fields X and Y on R™*! at least near S™. By localities we proved
last time, the vector
ViY

at any point p € S™ depends only on the vector X (p) = X(p) and the vectors
X(q) = X(q) for ¢ € S™. In other words, it is indepedent of the choice of the
extension we chose. So for simplicy we will write VxY instead of VY for points
on S™. It is a vector that is not necessary tangent to S™. We define VxY be the
“orthogonal projection” of VxY onto the tangent space of S™, i.e.

ny = vxy - <vx}/, ﬁ)ﬁ,

where 7 (=) is the unit out normal vector on S™. I claim that it is a (=the)
Levi-Civita connection of (M, g).

To prove this, first notice that V is bilinear, and V;xY = fVxY. Also
Vx(fY) = Vx(fY) = (Vx(fY), @)
= fVx(Y) = {(Vx(Y), m)ii + (X )Y = (XY, m)n
= (XY + fVxY,

where we used the fact that Y is a tangent vector field of S™ and thus (X f)Y,7) = 0.
So V is a linear connection on S™.

This connection is torsion free because (we use [X,Y]| L 7 here!)
VxY —VyX =VxY —VyX — (VxY — Vy X, ii)id
=[X,Y] = (X, Y], @)n
= [X,Y].
Finally this connection is compatible with the metric g, since
X{(Y,Z) = (VxY,Z)+ (Y,VxZ) = (VxY,Z) + (Y,VxZ),

where we used the fact that the difference between VY and VY is a vector in
the normal direction, and thus is perpendicular to Z.

Remark. By the same argument, one can prove that if (X, ¢g) is a Riemannian mani-
fold, with a Levi-Civita connection VM and if (IV, 1*g) is a Riemannian submanifold
of (M, g), then the “orthogonal projection” of VM onto T'N,

VY = (VYT
defines a Levi-Civita connection on (N, t*g).

Remark. Since any Riemannian manifold can be embedded to the standard Euclidian
space isometrically, the arguments in the previous remark immediately implies that
on any Riemannian manifold, there exists Levi-Civita connection!
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Our main theorem is to prove

Theorem 2.3 (The fundamental theorem of Riemannian geometry). On any Rie-
mannian manifold (M, g), there is a unique Levi-Civita connection.

Remark. Roughly speaking, smooth manifolds are the underlying space, and in ge-
ometry we are interested in various extra geometric structures defined on manifold.
Given any smooth manifold, one has

e infinitely many different distance function (all compatible with the underly-
ing topology),

e infinitely many different measures,

e infinitely many differnt Riemannian structures,

e infinitely many linear connections etc.

However, for the first five lectures in this course, we proved that if you fix a Rie-
mannian metric, then you will get

e a canonical distance function (the Riemannian distance)
e a canonical measures (the Riemannian measure),
e a canonical linear connections (the Levi-Civita connection).

First proof (coordinate free). Assume the Levi-Civita connection exists. Then

(VxY,2) =X((Y, Z)) = {Y,VxZ)

Y({(Z,X))—(Z,VyX)

+(2, Y], X) = (V. [X, Z])

=X(Y,2)) = Z((Y, X))+ Y({Z, X)) = (2, VxY) = (Z,[Y, X])
+(2, Y], X) = (V. [X, Z])

=X({Y;2)) = (Y, V2 X) = (Y, [X, Z])
=X(Y,2)) = Z({Y, X)) + (V2Y, X) — (V, [X, Z])
=X((Y,2)) = 2((Y, X)) + (Vv Z, X) + ([2,Y], X) = (Y, [X, Z])
=Xy, 2)) = Z({Y, X)) +

{

{

It follows that VxY must be the vector satisfying
2VxY, Z) =X({Y,2)) = Z((Y, X)) + Y ((Z, X))

(2.1) —(Z, [V, X]) +{[Z,Y], X) — (Y, X, Z)).

The right hand side is determined by the metric. So the uniqueness is proved. [The
last formula is called the Koszul formula.]

To prove the existence, one only need to check that the VxY defined by the
above formula satisfies all conditions of Levi-Civita connections. ]

Second proof (local coordinate). Again we first prove uniqueness. Let V be a Levi-
Civita connection. Pick a coordinate neighborhood and let Ffj be the functions
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Vo, 0; = Ffjak. Then it is enough to prove that the Ffj’s are determined by the
metric g. First we note that by torsion free property,

k 2
1“2-]- = Fji.
Second we calculate

aigjk = 81(9(837 ak)) = g(vaiajv ak:) + g(aj7 vazak)
g(T400, k) + 9(0;,Ti01) = Tlygie + Tigi.

Similarly one can prove

Oigri=Tlpgui + Thig and  Okgij=Tluq1; + Tk 9u-

So we get

0igri + 0igjk — Okgij = 2gul’s;.
It follows
(2.2) 21%- = ¢ (9;91: + 0igx — Ongij)-

This proves the uniqueness.
For the existence, we can define locally (for X = X'0; and Y = Y79;)

VxY = X'9,Y70; + X'Y'T},0,

where I} is the function given by (2.2). By tedious compotations one can check
that this give a Levi-Civita connection whose Christophel symbols are exactly the
Féj’s. [In particular we immediately see that the connection is torsion free.| O

The local expression (2.2) for I'}; in terms of g;;s is very useful in computations.
For example, we have

Proposition 2.4. Let V be the Levi-Civita connection on (M, g). Then

; 1
M, = —oG.
Ve

[Note: for the left hand side we are using the Einstein summation convection!]

Proof. We first use the formula (2.2) to get
2F§¢ = gjk(aigkj + 0;9ik — Orgij) = gjkaigkj = Tr((9"*)0i(gn;))-

We need
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Lemma 2.5. Let A = A(t) be a family of nonsingular matrices

that depends smoothly on t, then

d d
2. Tr(A'—A) = —1 A.
(2.3) r( o ) o n det

Proof. By the standard perturbation trick, it is enough to prove the
theorem for diagonalizable matrices. We write A = P~!DP, where
D is the diagonal matrix whose entries are the eigenvalues of A.
Then the left hand side becomes [We use A’ to represent 4]

Tr(A'A") = Te (P'D7'P[(P~")DP + P'D'P + P~'DP))
=Tr (P(P~"Y+D'D' + P'P)
=Tr (DD,
where in the last step we used the fact
P(PYY +P'P =(P'P)=0.
For the right hand side we have
(Indet A)" = (Indet D)".

So the problem is converted to prove (2.3) for the diagonal ma-
trix D (whose entries depends on t), which is trivially true after
straightforward computations. U

Applying this to A = (g;;), we get

' 1
21, = 0 Indet(gr;) = 20; VG = Qﬁai\/a

and the conclusion follows.

3. THE HESSIAN

Now let (M, g) be a Riemannian manifold, and V the Levi-Civita connection on

M. For any vector field X € I'(T'M), we can define a linear map

VX :T(TM) > T(TM), Y — VyX.

According to locality 2, at each point p, VX is just a map from T,M to T,M. In
particular, it makes sense to talk about the trace of VX at each p, which gives us

a function on M.

Lemma 3.1. div(X) = Tr(VX).

Proof. Both sides are functions on M, so one only need to prove it at one point p.

We pick a local coordinate system near p. Then

V&»X = (Vain)aj + vaaiaj = aZ(X])a] + Xjrfiak
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implies

Te(VX) = 9,(X) + XT3, = 9,(X") + X —\/aa,\/c; = —\/_aZ(X VG) = div(X).
0

Recall that Af = —divV f. So by the proposition above, we get another formula
for the Laplace-Beltrami operator:
Af = —Tr(V%f).
Definition 3.2. For any f € C>®(M), we will call V2f = V(V f) the Hessian of f.

Remark. The V in V f here represents the gradient, not the connection. The con-
nection on functions is Vxf = X f = df(X). In other words, the connection V is

Vf=df.
So V2f is a map
V2f :T(TM) — T(TM),
which can be identified with a (1, 1)-tensor
V2F(X,w) =w(Vx V).
Using the metric g, one can also convert this (1,1)-tensor V2 f into a (0, 2)-tensor
VE(X,Y) = V2f(X,bY) = 0Y)(VxVf) = (VxV[Y).

Proposition 3.3. V2f is a symmetric (0,2)-tensor.

Proof. By metric compatibility,
VIA(XY) =(VxVLY) = Vx((VFY)) = (Vf, VxY) = X(Y ) = (VxY) .
On the other hand, by the torsion-free property,
XY [) = (VxY)f =Y(X[f) = (VyX)f.

So we conclude
VF(X,Y) = V2f(Y, X).
O

Remark. One could define the Hessian of f with respect to any linear connection
(and without using the metric structure), by setting

V2F(X,Y) = X(Yf)— (VxY)f.

Then the proof above shows that the Hessian is symmetric if and only if the con-
nection is torsion free. This gives another explaination of the torsion tensor.



