LECTURE 7: DECOMPOSITION OF THE RIEMANN
CURVATURE TENSOR

1. SOME TENSOR ALGEBRA

Let V be any vector space. Recall that AV C ®?V represents the space of anti-
symmetric 2-tensors on V, while S?V C ®2V represents the space of symmetric
2-tensors on V. Any 2-tensor can be decomposed uniquely as the summation of a
symmetric 2-tensor and an anti-symmetric 2-tensor. If dim V' = m, then

dim A2y = m =1
2
and
dim S*V = mim+1)
I

As a consequence, S*(A?V*) contains 4-tensors that is symmetric with respect to
(1,2) <> (3,4) and is anti-symmetric with respect to 1 <» 2 and with respect to
34, ie.

T(X,Y, Z,W) = ~T(Y, X, Z,W) = ~T(X,Y,W, Z) = T(Z,W, X, Y).
It is a vector space of dimension
m(m — 1)(m* —m + 2)
8
We note that the space of 4-forms, A*V*| is a subspace of S?(A?V*) with dimension

(1.2) dim AV = <TZ)

(1.1) dim S?(A*V*) =

Another way to describe the space S*(A?V*) is the following: Let «, 8 € A?V*
be any two 2-forms, both viewed as skew-symmetric 2-tensors. Recall that the
symmetric product of a and  is a 4-tensor given by

(1.3) (a0 p)(X,)Y, ZW)=aX,Y)3(Z,W)+a(Z,W)B(X,Y).
Using a basis one has
(a0 ® Bijir = ijfr + o Bij-
Obviously a® 3 is in S%(A?V*). Conversely, by dimension counting it is not hard to

see that any element in S?(A?V*) can be written as a linear combination of elements

of the form a ® f.
1
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For any T € S*(A*V*), we define its Bianchi symmetrization to be the 4-tensor
(1.4) VI(X,Y, Z,W) = %(T(X,Y, ZW)+T(Y, Z, X, W)+T(Z,X,Y,W)).
Lemma 1.1. b(a ® ) = 2 A 3.

Proof. We do the calculation using a basis:

1
(bl ® B))iju = 3 (i B + o Bij + aBa + caBik + ouwiBii + ajiBrs)
1
=3 (04 B — cirBii + i + ajuBa — oiBik + aBij)
1
= §(Oé A B)ijki-

As a consequence, we see that the Bianchi symmetrization map
b: SE(APVF) = SEHAVF)

has image
Im(b) = A*V*.
Moreover, by definition it is easy to check that b is a projection, i.e.
b = b.

So from the standard linear algebra one has a direct sum decomposition
S%(A2V*) = Ker(b) @ Im(b) = Ker(b) @ A*V*.
Explicitly for any T' € S?(A2V*), the decomposition is
T =1[T—-bT)+0bT).
We shall denote

(1.5) ¢ = Ker(b).
It is a vector space of dimension

_ ~m(m —1)(m? —m+2) m\ 1 ,
(1.6) dim ¥ = 3 1) =™ (m*—1)

The elements in & are called curvature-like tensors.

Example. Let Ty, Ty, € S?V*. Consider their Kulkarni-Nomizu product

TiNT(X,Y, Z,W) =T1(X, Z)T2(Y,W) — Ti(Y, Z)To(X, W)
—T(X, W)LY, Z) + Thi(Y,W)Tx(X, Z).

It is a 4-tensor in S?(A?V*). Tt is easy to see b(T1NTy) = 0, i.e.

(1.8) TI\NT, € €.

So they are all curvature-like tensors.

(1.7)
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Now suppose the vector space V' is endowed with an inner product g(-,-) = (-, ),
so that one can identify V* with V' using the musical isomorphisms b and £. In
particular, for any element 7" in % and for any vectors X, Y, Z, the linear map

T(Z,X,.Y):V >R,

ccan be viewed as an element in V* and thus be identified with an vector $7(Z, X, -Y)
in V. Fixing X,Y but letting Z varies, one gets a linear map

7 4T(Z, X, Y).

Definition 1.2. For any curvature like tensor T' € ¥, the Ricci contraction ¢(T) of
T is the following 2-tensor:

(1.9) (M) (X,Y):=Te(Z = tT(Z, X,-,Y)).
Lemma 1.3. ¢(T)(X,Y) = ¢(T)(Y, X).

Proof. Fix X and Y. Let K : V — V be the map
K(Z)=4T(Z,X,-Y)
and let K : V — V be the map
K(Z)=4T(-,X,Z,Y)
Then for any Z,W € V', one has
(K(Z),W) ={T(Z,X,,Y),W)=T(Z,X,W,Y)
(Z, K(W)) = (ZAT(-X,W,Y)) = T(Z,X,W,Y).
So K is the transpose of K. In particular, they have the same trace. But by

definition, the trace of K is ¢(T)(X,Y), while the trace of K is ¢(T)(Y, X) (since T
is in € C S?(A?V™)). O

Another way to see the symmetry of ¢(7") is to write down everything in a basis.
If o', -+ v" be a basis of V*, and we denote gP? = g(vP,v7), then one has [exercise!]

(1.10) C(T)ij = 9" Tpjq

Back to the Kulkarni-Nomizu product. Since g is a symmetric 2-tensor, one can
define a map

(1.11) VSV =€, Tw—Tdg.

As we explained in lecture 1, a metric g on V induces a metric on space of tensors.
For example, if e!,--- , e™ is an orthonormal basis of V* under the metric g, then
one defines the induced metric on ®*V* by requiring that {e"! ® 2 @ e ® e} be
an orthonormal basis. Under the induced metric, one can show that ¥ is “almost”
the adjoint of the Ricci contraction map c:

Lemma 1.4. For any S € € and any T € S*V*, one has
(1.12) (S, W(T)) = 4(c(S), T).
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Proof. We calculate using the orthonormal basis el, -+, e™:

(S, TD®g) = Siju(Tiwgn — Tixga — Tagjk + Tgix)
= Sijkj L — SijeiTjr — SignTu + SijuTy
= 45ijk; Tix
— 4(e(S)) Tk = 4(e(S), T,
0

One can repeat the procedure above to define the trace of a symmetric2-tensor
using the metric: If 7" is any symmetric 2-tensor, then one can regard it as a map

T(X,): V=R

which can be identified with an element in V*, and thus a vector §7°(X,-) in V.
Again one gets a linear map

X —tT(X, ).
The trace of this map is a constant now.
Definition 1.5. The trace of T € S?V*, Tr(T), is the scalar
(1.13) Tr(T) := trace(X — 47T'(X,-)).
In a basis one has

(1.14) Tr(T) = gP"T,.
Note that by using the inner product, one can also write this as
(1.15) T(T) =(T,g9),
since the right hand side equals

(T,9) = Tiygug™ 9" = Ti;019" = Tijg".
Lemma 1.6. For any symmetric 2-tensor T € S?V*,

(1.16) c(W(T)) = (m—2)T + Te(T)g.

Proof. Again we prove this using the orthonormal basis above. We have

C(T®g>ij - gpq(Tijgpq - ijgiq - Tz’quj + qugij)
= mTy; — Ty — Tij + Txe(T) gy

As a result, we can prove

Proposition 1.7. The map ¥V is injective for m > 2.
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Proof. Suppose W(T') = 0. Then
0= (¥(T), ¥(T))

Ac(V(T)),T)

4(m—2)T +Te(T)g,T)

4(m — 2)|T)? + 4(Tx(T))>.

It follows that T'= 0 if m > 2. O

In particular,

Corollary 1.8. V¥ is bijective if m = 3.

Proof. Since in this case, both S?V* and € are of 6 dimensional. O

2. DECOMPOSITION OF THE RIEMANN CURVATURE TENSOR

Now suppose (M, g) be a Riemannian manifold. As usual, we shall use S? (A*T* M)
to represent the sub-bundle of @*T*M whose fiber at p is S? (A*T;M). By the for-
mulae above,

— ) (m? —m+2
dim S (A*TF M) = m(m )(Z m+2)
where m is the dimension of M. By this definition, a section T' € T'(S*(A?T*M)) is
a (0,4)-tensor that satisfies
T(X,Y,Z,W) = —T(Y,X,Z,W) = ~T(X,Y,W,Z) = T(Z,W,X,Y).

Example. Last time we showed Rm is in T'(S?(A?T*M)).

All the constructions in the previous section works for tensor fields without any
difficulty. For example, the Bianchi symmetrization of T € T' (S?*(A*T*M)) is

1
bT(X,Y, Z.W) = 5(T(X.Y. ZW) + T(Y. Z,X, W) + T(Z,X.Y.W)).

So b is now a map b : T'(S*(A*T*M)) — T (S*(A*T*M)). According to the first
Bianchi identity, b(Rm) = 0.

Definition 2.1. A tensor field T € T' (S*(A*T*M)) is called curvature-like if T €
Ker(b).

Definition 2.2. We will call the symmetric 2-tensor field
(2.1) Ric := ¢(Rm)

the Ricci curvature tensor of (M, g).

Definition 2.3. We will call the function

(2.2) S := Tr(Ric)

the scalar curvature of (M, g).
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Definition 2.4. We will call the symmetric 2-tensor field
(2.3) A ﬁ (Ric - 2(%_1)9)
the Schouten tensor of (M, g).

Definition 2.5. We call the curvature-like tensor

(2.4) W = Rm — AQyg

the Weyl curvature tensor of (M, g).

Lemma 2.6. ¢(W) = 0.

Proof. Since Tr(g) = (g, 9) = m, we have

1 S S
=555 (- am0) “
So
c¢(W) = Ric — ¢(A@®g) = Ric — (m —2)A — Tr(A)g
. . S S
= Rie = (Rie = 50 =539 ~ 5an =17

=0.

Corollary 2.7. If m = 3, then W = 0.

Proof. Since m = 3, there exists symmetric 2-tensor field 7" so that W = WU(T'). So
by lemma 1.4,

(W, W) = (W, W(T)) = 4(c(W), T) = 0.
So W = 0. O

Let’s play with the decomposition
(2.5) Rm =W + AQyg
a bit more.

Definition 2.8. We will call
S
(2.6) E = Ric— —g
m
the traceless Ricci tensor.

It is called traceless because

TrE = Tr(Ric) — %Tr(g) =95 - %m = 0.
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Using E we can rewrite the equation (2.5) as

1 S
(27) Rm =W + mE@Q + mg@g

Proposition 2.9. The decomposition (2.7) is an orthogonal decomposition.

Proof. We have
(W EQg) = (W, ¥(E)) = 4c(W), E) = 0.
Similarly one can prove (W, g®g) = 0. Finally

(EQg, 9Og) = (E,c(9Dg)) = (E, (2m = 2)g) = (2m — 2)Tx(E) = 0.

Our final goal for today is to prove
Theorem 2.10. We have

4 2
(2.8) |Rm|* = [W|? + mmiq? — 2

(m—1)(m —2) o
Proof. We first note that for any symmetric 2-tensor field T,
T®g)* = (T®9, TOg) = AT, (TD9))
=4T,(m—2)T+ Tr(T)g)
= 4(m — 2)|T|* + 4Tx(T)>.

In particular,
[EQgl* = 4(m — 2)|EP,
1gDg|? = 4(m — 2)m + 4m? = 8m(m — 1).

Since the decomposition (2.7) is orthogonal we get
Rm|* = |W? EP 4+ ———5%
[Rf! = W24 2B 2

Finally we use

P = {Ric— 2, Ric — 2 )

: 25 : S?
= |Ricl? = Z(Ric,g) + —g"

2 2 2
i = 25
m - m

2

= |Ric|* — 5

m

to get
2

(m—1)(m —2)

[Rm? = [W]2 + —— | Ric]? — s2.
m— 2



